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It is shown that under very general conditions there is a rigorous identity between the group velocity and 
the velocity of energy transport in nonhomogeneous media with or without anomalous dispersion. The 
medium is assumed nondissipative and the parameters such as density, rigidity, dielectric constant, etc., 
vary from point to point but are independent of the Cartesian coordinate lying in the direction of the mode 
propagation. This covers propagation in any type of wave guide, surface waves, propagation in stratified 
media, etc. The identity is established for fluids, for isotropic and anisotropic solids with or without pre 
stress, and for electromagnetic waves. Anomalous dispersion is assumed to result from hidden coordinates 
such as electron oscillators, A new variational] formulation of field theory is introduced. An interesting appli- 
cation is to wave propagation in an electron gas and it is shown that such wave propagation obeys the 


relativistic Schrédinger equation for a mass particle. 


1, INTRODUCTION 


HE purpose of the present analysis is to show that 
there is a rigorous identity under very general 
conditions between the group velocity as defined kine- 
matically and the velocity of transport of energy. The 
kinematic definition of group velocity uses the concept 
of stationary phase, and the velocity of energy pro- 
pagation is defined as the energy flux divided by the 
energy density. The general conditions under which the 
identity of the two definitions is shown to be true are 
of two types. 

One condition is of a geometrical nature. We assume 
that the parameters defining the heterogeneous system 
are functions of only two Cartesian coordinates and 
independent of the third, and we shall consider propaga- 
tion modes along this third coordinate. Such systems 
generally act as wave guides and as specific examples 
we may cite the propagation of acoustic waves in a rod 
or tube composed of concentric layers of fluid and solid, 
seismic waves in a solid with continuous distribution 
of density and rigidity depending on depth, all sorts of 
surface waves, and analogous systems for electromag- 
netic waves with layered dielectric or perfectly con- 
ducting materials. 

The other conditions are of a physical nature. We 
assume that there is no change in entropy, i.e., no 
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dissipation or scattering. We include the case of 
anomalous dispersion, i.e., those for which the pa- 
rameters such as the elastic or dielectric constant are 
functions of the frequency, provided the macroscopic 
effect may be represented by the dynamical behavior 
of certain hidden degrees of freedom such as the motion 
of undamped electron oscillators continuously dis- 
tributed. The radiation and Coulomb interaction of the 
electrons are taken into account but their distance 
compared to the wavelength is assumed small enough 
so that scattering is negligible. 

Under those conditions we will show that the identity 
of the group velocity and the velocity of propagation 
of energy is quite rigorous and general for heterogeneous 
media with frequency-dependent parameters, i.e., for 
cases where the dispersion of the propagation modes is 
both geometrical and anomalous in origin. 

The general procedure to establish this identity is 
outlined in Sec. 2. It is shown in Sec. 3 how it can be 
applied to modes of propagation in a fluid. The purpose 
of treating first such a simple example is to clarify the 
procedure. The theorem is then extended in Sec. 4 to 
elastic waves in heterogeneous solids, including the most 
general case of anisotropy. Wave propagation in an 
elastic continuum which is in an initial state of pre- 
stress is considered in Sec. 5. The state of pre-stress may 
be heterogeneous under the same conditions as the 
physical parameters, i.e., it must be independent of the 
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coordinate lying along the propagating mode. A par- 
ticular example of this is that of a gas such as the 
atmosphere, This also applies to surface gravity waves 
in an incompressible fluid where the identity of group 
velocity and energy transport is well known.! The 
theorem is extended in Sec. 6 to the case of anomalous 
dispersion of elastic waves and the proof is illustrated 
on the simple model of a string under tension coupled 
elastically to another lying alongside without tension. 
It is found that such a model exhibits all the features of 
anomalous dispersion in the most general cases, in- 
cluding that of electromagnetic waves. Although the 
example is formulated for only one resonant frequency, 
the proof is clearly valid for any number of such fre- 
quencies, It is pointed out that for the theorem to 
apply to the case of anomalous dispersion it is essen- 
tial to include the energy of all the hidden degrees 
of freedom in the definition of the energy density. 
Finally, it is shown in Sec. 7 how the theorem ex- 
tends to electromagnetic waves in heterogeneous sys- 
tems with or without anomalous dispersion. The 
variation of dielectric constant with frequency is as- 
sumed to result from the motion of electric charges 
as harmonic oscillators. Coulomb interaction and radia- 
tion due to the motion of the charges are taken into 
account. An interesting application is the particular 
case of waves propagating in an electron gas or plasma. 
These plane waves are found to satisfy the relativistic 
Schrédinger equation and to behave as de Broglie 
waves for mass particles. The frequency of the plasma 
oscillations corresponds to the frequency of the rest 
mass of the particle. The variational formulation of the 
field problem which we have introduced is different 
from the current one in field theory and appears to be 
of physical significance beyond the mere formalism. 

The relation between the transport of energy and the 
group velocity was pointed out simultaneously by 
Reynolds* and Lord Rayleigh.’ In the case of propaga- 
tion of electromagnetic waves in a homogeneous 
medium this relation was the object of a detailed in- 
vestigation by Brillouin,*® who showed that the iden- 
tity between group velocity and the velocity of transport 
of energy holds for media with anomalous dispersion in 
the frequency range where dissipation is negligible. 
More recently, Broer’ has shown the identity to be 
valid for waves in one-dimensional conservative sys- 
tems obeying a certain type of propagation equation. 

1A. Sommerfeld, Mechanics of Deformable Bodies (Academic 
Press, Inc., New York, 1950), p. 189. 

#0. Reynolds, Papers on Mathematical and Physical Subjects 
(Cambridge University Press, Cambridge, 1901), Vol. 1, p. 198. 

+ Lord Rayleigh, Scientific Papers (Cambridge University Press, 
Cambridge, 1901), Vol. 1, p. 322. 

‘L. Brillouin, Propagation des Ondes Electromagnetiques dans les 
Milieux Materials (Congres International d’Electricite, Paris, 
1932), Vol. II, Ser. 1, Pp. 739-788, . at 

*L. Brillouin, Wave Propagation in Periodic Structures (Dover 
Publications, New York, 1946). 

*L. Brillouin and M. Parodi, Propagation des Ondes dans les 


Milieux Periodiques (Masson and Dunod, Paris, 1956). 
™L, J. F. Broer, Appl. Sci. Research A2, 329 (1951). 
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The treatment however does not apply to inhomogene- 
ous or discontinuous media. With respect to anomalous 
dispersion it is restricted by the type of propagation 
equation which is assumed. The present analysis 
generalizes Brillouin’s and Broer’s results to nonhomo- 
geneous media of the general class defined above for 
both elastic and electromagnetic waves. It furthermore 
establishes that for any type of anomalous dispersion 
due to hidden coordinates the identity is rigorous 
provided there is no dissipation. 

An important application of the identity of group 
velocity and the velocity of propagation of energy has 
been suggested by Tolstoy*® with reference to the 
numerical calculation of the group velocity. He points 
out that if the amplitude of a mode of propagation is 
known the energy flux and energy density may be easily 
calculated, thereby giving directly the value of the 
group velocity and avoiding the usual rather inaccurate 
process of calculating derivatives of the phase velocity 
plotted against frequency. The present theorems es- 
tablish the validity of the procedure in a wide varity 
of cases. 


2. OUTLINE OF THE GENERAL METHOD 


Let us reformulate a general and well-known principle 
of eigenvalue perturbations. Consider a dynamical sys- 
tem defined by two positive definite forms V and 7” 
defining the potential and kinetic energies, respectively, 
in terms of general coordinates g. We write 


2V=20 ais9.95, 
“i (2.1) 


ar" = z. MijGiqj- 
ij 


For harmonic motion of angular frequency w Lagrange’s 
equations are written 


(2.2) 


where T is the function 7” in which q; is replaced by qj. 
These equations are mathematically identical with the 
extremum condition 


OV /dqgi=w'dT/dq;, 


(2.3) 
for all possible variations 4g; under the constraint 


(2.4) 


T= const. 


If we multiply Eq. (2.2) by g; and then add them to- 
gether, we find that for any characteristic solution of 
(2.2) we have 

(2.5) 


w= vu/T. 

where V,, 7, and w, are values corresponding to a 

characteristic solution. If we now vary the coordinates 

Jn, Maintaining 7 constant but at the same time varying 
also the coefficients a;;, we may write 

bw n” - (6aVnt6_V ») yr 


* I. Tolstoy, J. Acoust. Soc. 27, 897 (1955). 
*I. Tolstoy, J. Acoust. Soc, 28, 1182 (1956). 


(2.6) 





EQUIVALENCE OF GROUP 
where 6, and 6, indicate variations due to a, and qi, 
respectively. However, because of (2.3) the variation 
5,V, vanishes, we derive 
bn? = 5aVn/T n. (2.7) 
The variation of the eigenvalue depends only on that 
of the coefficients a,;. This is the fundamental property 
which will be used hereafter in evaluating the group 
velocity. If the coefficients a;; depend on a single pa- 
rameter k, we may write (2.7) as 
day 1 dV, 
(2.8) 


dk waT, dk 


From (2.5) we may also write 


E=0,"T nt Van= wat n. (2.9) 


This represents the total energy stored in the oscilla- 
tion. Hence (2.8) becomes 


dwn wnrdV, 


; (2.10) 

dk E dk 
This is the basic formula we shall apply in the analysis 
below. We shall consider a certain mode of wave pro- 
pagation as giving rise to a standing wave pattern de- 
pending on the wave number & as a parameter. We 
shall omit the subscript ». The group velocity associated 
with the particular mode is 


da wdV 


: , (2.11) 
dk Edk 

We propose to show in the following section that the 
group velocity is equal to the energy flux G divided by 
an energy density E of the wave. We shall identify E 
with the energy density per unit distance and give a 
proof that in all cases considered the group velocity 
is given by 


G/E, (2.12) 


where G is the energy flux across a fixed plane per unit 
time. As we can see by comparison with (2.11), we 
shall have to prove that the energy flux is equal to 


G=wdV /dk. (2.13) 


Also, we shall have to verify that 7 is independent of 
k; otherwise expression (2.8) would not be valid. 

In the evaluation of the energy flux we shall also 
need a well-known expression for the average value of 
the product of two quantities varying sinusoidally in 
time with the same frequency and represented by two 
complex vectors. If the two representative vectors are 
Z, and Z2, the corresponding real quantities as a func- 
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tion of time are” 

1 =4(Z,e'#'+ ao"), 

a= 4(Z,¢'"'+Z,%e*"), 
The average time integral of the product is 


%e/ 


on™ 
P f 22d }(Z,Z2" +-ZZ;*) (2.15) 
2r 0 


P } Re(Z,Z."*). (2.16) 


We shall apply this expression repeatedly in evaluating 
the energy flux. 


3. GROUP VELOCITY IN A COMPRESSIBLE FLUID 


We shall first consider the case of a compressible 
fluid. The bulk modulus A(y,z) and mass density p(y, 
are assumed independent of x. Wave modes of ampli- 
tudes proportional to exp[+ikx+-iwt | are propagated 
in this system with a dispersive phase velocity v= w/k. 
Two trains of waves propagating in opposite directions 
produce a standing wave pattern. Omitting the time 
factor, exp(iwt), the displacement components in the 
x, y, 2 directions are 


’ 
u, = uy’ (y,z) sinks, 


Uy = Uy’ (y,z) coskx, (3.1) 


Us= us (y,2) Coskx. 
These are all real quantities. The problem is thus re- 
duced to that of a vibrating slab of fluid lying between 
rigid plane boundaries parallel to the yz plane and inter 
secting the x axis at x=0,x=a/k. The restraint that 
the mode is sinusoidal along x reduces the originally 
three-dimensional problem to a two-dimensional one in 
the yz plane. The boundary conditions in this plane are 
of course determined by the original problem. These 
may be on finite boundaries or at infinity. 
The hydrostatic stress (negative pressure) is 
a de, 
with 
Ou, Oly Ouy Ou! Ou, 
{ + ku,’ t + 
Ox Oy Oz oy Oz 
The elastic energy density is 
W = hoe= he’. 


Its average value along x is 
Inik 


k Ou! Ous/\? 
J Wdx NC | { ) . (3.4) 
2rd, oy Oz 


The average total elastic energy of the slab per unit 


W. 


Throughout the paper the symbol * indicates the complex 
conjugate and Re “the real part of.” 
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thickness is 


V = J faye (3.5) 
We see that V is effectively a function of k. We also 
verify that 7 which corresponds to the kinetic energy 
is independent of k. By averaging the kinetic energy 
along x, we find a value of 7 per unit length: 


1 
T J focwn ty'* + us"*)dydz. 
4 


The problem of determining the modes of propagation 
is an eigenvalue problem expressed by the condition 
that V is stationary, i.e., 


5V =0 


(3.6) 


(3.7) 


for JT =const. We may therefore proceed exactly as 
outlined in the previous section. The parameter k 
appears in the coefficients of V. Following the general 
outline in Sec. 2, we must evaluate 


dV dW. 
ff dydz, 
dk dk 
dW, 


Ou! Ou! 
=}duy' | ku,’ + ) 
dk oy Oz 


In order to relate this expression to the energy flux, 
it is convenient to express it in a different form as 
follows. 

Instead of real displacements as given by (3.1), we 
introduce the complex amplitude fields corresponding to 
the wave propagation in the negative and positive x 
direction. They are respectively : 


(3.8) 


(3.9) 


u,= U,(y,2) exp(ikx), 
(3.10) 

u;* = LU *(y,2) exp(—tkx). 
Multiplying these expressions by the time factor 
exp(iwt) shows that they represent waves moving in 
opposite directions. The standing wave pattern of 
(3.1) is there represented by 4(u,;+-u,*). From (3.2) 
and (3.3), we may write 


OU 4 


c ie + } 
oy Oz 


OU; 
(3.11) 


| exp(ikx) 


and 
W = 4X(e+e*)?. (3.12) 
The average along x is 


k 2Qn/k 
Wem—[  Weter)de= Breet, 


2n/ 


and we derive 
dW, 
——= }di[uye*—u,*e }. 
dk 
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Introducing the stress o=\e and forming V from 
(3.5), we obtain 


dV iw 
w—= J [Ror —uitoayde. 
dk 4 


The integrand is the product of two complex quan- 
tities. If we refer to expression (2.15), we see that it 
represents the time average of the product of the stress 
a by the fluid velocity iwu,, in the x direction. In other 
words, the quantity 


(3.15) 


G=wdV /dk (3.16) 


in (3.15) represents the energy flowing per unit time 
across a plane perpendicular to the x axis. Hence we 
have established that for the present case the group 
velocity is given by relation (2.12). 

With reference to the sign of the group velocity as 
calculated from dw/dk, it should be noted that it is 
ambiguous, since only w* is determined as a function of 
k’, However, once the sign of the group velocity is 
chosen, that of the phase velocity, which can be posi- 
tive or negative, is determined, unless the group 
velocity is zero. This latter case corresponds to standing 
waves which must be excited through local disturbances 
since energy input cannot occur through propagation. 


4. GROUP VELOCITY IN THE ELASTIC SOLID 


Next consider an elastic solid with mass density 
p(y,z) and elastic moduli A(y,z) and u(y,z), both inde- 
pendent of «. The compressible fluid is a particular case 
of the present one since it corresponds to an isotropic 
medium with vanishing shear modulus. Any combined 
fluid solid system such as a fluid in a pipe or a layer of 
fluid on an elastic medium, etc., fall in the present case. 
It is convenient to denote the coordinates xyz by x1x2%3, 
respectively. 

The displacement field of the solid, as in the case of 
the fluid, is represented by the complex vector u; given 
in (3.10). This vector and its complex conjugate repre- 
sent waves propagating in opposite directions. The cor- 
responding complex strain components and stresses are 


1/du; Ou; 
OX; Ox; 


(4.1) 


0 ij = 2wegtb re, (4.2) 


e= > ei. 


with 


The elastic potential energy density when 4, is real is 
W= b pe OijCij= ph Z eft bre’. (4.3) 
ij ij 
When u; is complex, the energy density of the standing 


wave pattern must be written 


W=4hy ¥ (eujtes*)* +4 (e+e*)*. (4.4) 
) 
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We derive for the average value along 2. 


k 2a/k 
wef Wdx,= hu > ejeyj*+hr0e*. (4.5) 
Qn 0 oF 


The invariant V is then obtained by the surface integral 
(3.5), where W, is expressed by (4.5). The value of 7 is 
the same as for the fluid, i.e., is given by (3.6) and is 
independent of &. We must now evaluate dW ,/dk. 
We note that ¢ is given by (3.11) and that 

€::=tkU, exp(ikx), 

€12= 4 (tkU2+-0U;/0x2) exp(ikx,), 

€13= 4 (ikU g+- OU 1/025) exp(ikx,). 


(4.6) 


These are the only components of e;; which contain k 
as a coefficient. That part of 30 .,e:e;;* which contains 
k is therefore 


+ * * 
11611 + 2€12€12* + 2613613". 


(4.7) 
Hence 


dW q/dk = }yi(uyes;* — uy*e\,) +4 ut (ue y2* — us" ey) 


+ 4pyi(usess* — u3*ey3) + fA1(uye*—u,*e). (4.8) 


From (4.2) we see that this may be written 


dW ,/dk=}i ¥ j(ujou;*—uj*o3,). (4.9) 


The stress component oj; is acting in the jth direction 
on an element of surface perpendicular to the direction 
of propagation x. The product }iw(ujo,;*—1u;*o;) 
represents the average product of the stress o,; by the 
velocity iwu;, and hence the power input of this 
component. 

Therefore, we may write the total energy flux across 
the yz plane, as 


dV 


G=wa —= tia ff X(wo.t—uou)dyds (4.10) 
dk i 


This proves the formula (2.12) for the group velocity 
in the isotropic solid. 

These conclusions are easily extended to the aniso- 
tropic solid. 

In order to show this we must introduce a more com- 
pact mathematical language. With the usual summation 
convention, the stress is related to the strain by 


(4.11) 


0 j= Ci j""0U,/ OX). 


In this expression u, is the displacement field. There are 
twenty-one distinct elastic moduli satisfying the sym- 
metry relations 


Ci"= Cy” =Ci;"" - Cue". (4.12) 


The strain energy density is 
Ou, OU; 


W=3C,""- , 
Ox, Ox; 
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The elastic moduli and the mass density are assumed to 
be functions of the two coordinates %2, x3, only. A wave 
propagating in the medium is thus described again by 
the complex vector u;. In this case the elastic energy 
density of the standing wave pattern is 
ti] 0 

(4+ y*)—(u i+"). 


Ox, OX; 


W=AC (4.14) 


We have in this case 
k pies Ou, Ou,* 
W,= f Wdx,=}4C,;"" 
Qn 0 Ox, Ox; 


(4.15) 


+complex conjugate. 
We note that, from (3.10), 
ik; exp(ikx,) 
OU ;/Ax, exp(tkx,), 


Ou,/dX,= iku,, 
Ou (/ OX 


Ou;/dx3= OU ,/Axs exp(ikx,). 


dW, ou,* OUy 
=hil Ci", —Cy""—u,"* }. 
dk Ox; Ox, 
Denoting by o,; the stress field associated with the dis- 
placement u,, we derive from (4.11) 


Hence, 


(4.17) 


Cy 0u,*/dx;= Cy0u*/dx;= oy", 


(4.18) 


Cy""0u,/Ox,= 04). 


We finally write 


dW ,/dk=}i(uyoys* ~us*ou). (4.19) 


Again it is seen that wlW,/dk is the power input of the 
stress acting on the plane x,;=const. Hence relation 
(2.13) is verified and therefore also expression (2.12) 
for the group velocity. 


5. WAVES IN AN ELASTIC CONTINUUM 
UNDER PRE-STRESS 


A state of pre-stress modifies the wave propagation." 
A general theory of elasticity for a body under 
initial stress was developed by Biot." The state of 
initial stress is denoted by Sy. A perturbation produces 
an incremental stress defined by the symmetric tensor 
t,;. This is not a stress in the usual sense since it refers 
to areas as measured immediately before incremental 
deformation. It is related to the incremental strain by 
the same relation (4.11) as above: 


Lij=Ci""0u,/dx,, (5.1) 


with the same properties (4.12) for Cy*’. 


uM. A. Biot, J. Appl. Phys. 2, 522 (1940) 
7, 


2M. A. Biot, Phil. Mag. 468 (1939). 
4M. A. Biot, Z. angew. Math. Mech. 20, 89 (1940). 
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The incremental force acting at a boundary per unit 
initial area was found to be 
AF, - [lip +S i yo+ LS iyo AS ytvi di, 


where a, is the unit normal to the initial boundary and 
1/du, Ou, 
wh = -_ : 
2\dx, Ox, 
Ou, OU, 
Cy = ( + ). 
2\dx, Ox, 
It was shown" that the theory of elasticity under pre- 


stress may be treated by variational methods provided 
the energy density be replaced by 


(5.2) 


Ou, OU, 
Cif — FS pr (wp rites 'eyit fur'wy'). 
OX, OX; 


(5.4) 


This may also be written 
Ou, OU; 

W =4Ciy’ + 1s,,(3 
OX, OX; 


Ou, Ou, Ou, OU, 


Ox" Ox" Ox, OX, 


Ou, Ou; Ou; OU, 
- , sae 


Ox, OX, OX, OX; 


We consider a medium with elastic moduli C,;“” and 
initial stress S,,, both functions only of the coordinates 
%, ¥3, and a wave mode of the type (3.10) propagating 
in this medium. Expressions (5.4) and (5.5) for the 
energy densities are valid for real displacements u,. In 
order to express the energy of the standing wave pat- 
tern in terms of the complex propagation field, we must 
replace u, by 4(u;-+-u,*). In averaging the energy along 
the coordinate x, only those terms remain which con- 
tain complex conjugate quantities. Hence 


k pile Ou, Ou,* 
Wdx,=4Cij"" 
Tro 


2 OX, Ox; 


“ 


Wa 


Ou, du du, Ou,* 
tAS.1 3 : 
16” wT: ae 
0 vy Ox, OX; OX; 


du, Ou;* 


ou,* =| 


Ox; Ox, 


Ox, Ox, 
+complex conjugate. (5.6) 


We must also evaluate the derivative of this expression 
with respect to k. We find 


du,* du,* ou,* 
Swat + ) — Suit; 
Ox, Ox, Ox; 


(5.7) 


dW,,/dk=hinyty.* 
ou,” 

tygi] SSim, 
Ox, 


+complex conjugate. 
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By referring to relation (5.2) for the case a;= (1,0,0), 
i.e., for a boundary parallel to the xx; plane, we may 
write 


dW ,/dk=}ilu,AF,*—u,*AF,]. (5.8) 


The quantity wdW,/dk is the power input per unit 
area in the initial xx, plane of the incremental force 
AF, acting on this plane. Hence again we have demon- 
strated the formula (2.12) for the group velocity. 

This applies, of course, not only to elastic solids but 
to waves in a gas under initial distributed pressure such 
as waves propagating in a horizontal direction in the 
atmosphere, and also to the limiting case where the 
waves are due to the initial stress alone such as surface 
waves in the ocean. 


6. ANOMALOUS DISPERSION 


We have not introduced any dependence of the 
material constants \, uw, p on the frequency. Such a de- 
pendence introduces what is known as anomalous dis- 
persion. The previous treatment may be extended to 
this case when the anomalous dispersion is a conse- 
quence of the existence of hidden degrees of freedom 
without dissipation. This is best illustrated by a simple 
example. 

Consider a string under tension F and of mass density 
pi per unit length along its coordinate x. It is coupled 
elastically to another parallel string without tension, 
of mass density pz per unit length. The deflections 1, 
and u» of the strings for harmonic motion satisfy the 
equations 

Fd’u,/dx?—1(uy— U2) + wp, = 0, 


(6.1 
1 (Uy— U2) +o" pot, =0, } 


where r is an elastic coupling coefficient between the 
strings. Eliminating #2, we find 


uy p2 1 
F— +14( ) jrom=o (6.2) 


dx? pi \1— w/w? 


with wo?=1/p2. This shows that the string behaves as 
if its mass p; varied with the frequency as the bracketed 
factor in the equation. Consider standing waves of 
amplitude distribution 


U;=U' sinkx, U.= Uy’ sinkx. (6.3) 


Substitution in (6.2) gives 


pe 1 
Fr= 1+4— ) jn. 
pi \1—w?/w? 7 - 


There is a cutoff for a range of frequencies in the vi- 
cinity of wo for which the bracket is negative. The phase 
velocity is w/k and the group velocity », is found by 


(6.4) 
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calculating dw/dk from the above relation. We find" 
dw F, 


== , (6.5) 
dk wl pitp2/(1—w?/w")*] 


v 


We may, however, proceed as we have done in the 
previous sections. The value of V is found by averaging 
the value of the elastic energy per unit length. It is 
given by 


k pak du; 3 / 
2V= f [e(- ) tray a 
ode dx (6.6) 


= 4 FRuy'*+-1(4;— 2)? ]. 


The value of T is found by averaging the total kinetic 
energy per unit length. We find 


2T =} (pis? + potty”). (6.7) 


Proceeding as before, we evaluate 


dV /dk=}Fku,”. (6.8) 


It is easily seen that 4w/ku,” is the power input G 
into the string, since /ku,’ is the normal component of 
the string tension and wu,’ the normal velocity. Hence 


whV /dk=G. (6.9) 
Applying (2.11), we finally get 


v1,=G/(2*T)=G/E. (6.10) 


The group velocity is again the power input divided by 
the energy density £. It is important to point out that 
the energy density in this case must include the energy 
of both strings, i.e., if we consider the string under 
tension as the observed system the energy must also 
include that of the “hidden” degree of freedom repre- 
sented by the coupled string. It easily verified that 
expression (6.10) for the group velocity gives the same 
value as (6.5) derived from the kinematic definition. 

The procedure illustrated here on a simple example 
is obviously quite a general one and may be used to 
prove the identity of the kinematic and energy defini- 
tion of the group velocity whenever the anomalous 
dispersion is caused by nondissipative hidden degrees 
of freedom in any number. 


7. GROUP VELOCITY OF ELECTROMAGNETIC WAVES 


In the absence of charge and current, Maxwell’s 
equations for periodic phenomena proportional to the 
factor exp(iwt) are 


curlE= — (iw/c)H, 
curlH i(Kw/c)E. 


We assume first that the dielectric constant K is inde- 
pendent of the frequency and a function only of the 


(7.1) 


Note that the group velocity is zero at the lower cut-off fre- 
quency wo while it does not vanish at the upper cutoff. 
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coordinates. With a vector potential A defined by 
E =— (tw c)A, 
H=curlA, 
Maxwell’s Eqs. (7.1) reduce to 
curl curlA— K (a*/c)A=0. 


We introduce the two invariants 


1 

V fff ccortayar, 
Sr 
1 K 

T Sff A’dr. 
Sor e 


These quantities correspond to the magnetic and elec- 
tric energies. It is easily verified that Eq. (7.3) is 
equivalent to the extremum principle, 


5V —w*h T =0, (7.6) 


for all arbitrary variations 6A which vanish at the 
boundary. This is also equivalent to the bound 
extremum 
6V=0, with 7 =const. (7.7) 

This constitutes a variational formulation of the eigen- 
value problem for any standing waves. We may, there- 
fore, apply the general considerations of Sec. 1 to this 
case. 

We now consider a dielectric system such that K is 
function only of x, and xy. The standing waves are 
represented by a vector potential }(A+ A*), where 


A= a(x2%5) exp(ikx,) (7.8) 


represents a mode of propagation in the negative direc- 
tion of x,. In analogy with the mechanical problem, we 
average the energy density in the x, direction. We may 
write a relation such as (3.5) with 


(7,9) 


k (Qa/k) 
W, J [curl(A+ A*) Pda. 
Sor 


Qn 0 


This may be written 


1 
W,= curlA curlA*. 


16mr 


(7.10) 


Components of a are denoted by a; and those of A by 
A;. The components of curlA are: 


da 3 Ode 
curl,A= — ) exp(ikx,), 


Ox 2 Ox 4 


Oa, 
curleA ( : ita) exp(ikx,), 


OX, 
Oa; 
) exp(ikx). 
OX, 


(7.11) 


curlA= (ito 
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As before, we must evaluate dW ,/dk. This gives 
dW. 
dk 


i 
= rs 2 curl,A* —A a curl,A* | 


(7.12) 


+complex conjugate. 
This can also be written 


dW ,/dk= — (c/4m) Re}_ EX H*),. (7.13) 


The subscript 1 denotes the x; component of the 
Poynting vector. 

This represents the average value of the energy flux 
in the negative x, direction."* Hence 


dV dW, 
w— = of f dydz=G 
dk dk 


represents the energy flow across a plane perpendicular 
to the axis. This establishes relation (2.12) for the 
group velocity. 

Note that we have assumed the dielectric constant K 
to be a function of two coordinates so that the above 
consideration applies to any layered material. They 
may be concentric layers or plane layers of any arbi- 
trary distribution. It is also easily seen that the theorem 
is applicable if some of the layers are perfect conductors. 

Let us now extend this to the case where the di- 
electric constant is not only a function of the coordinates 
but also of the frequency, i.e., to the case of anomalous 
dispersion. We shall, however, assume as above that the 
anomalous dispersion arises from nondissipative hidden 
coordinates. Such is the case, for instance, if the wave 
propagates in a medium where electrons are continu- 
ously distributed as harmonic oscillators. It is assumed 
that they are attached to fixed positive charges of equal 
magnitude and that the charges of opposite sign coincide 
in the undisturbed state. The displacement of the elec- 
trons from their equilibrium is elastically restrained 
and the application of an electric field produces a 
dipole. The natural frequency of an isolated electron 
oscillator of mass m is denoted by wo. If m is the number 
of electrons per unit volume in the undisturbed state, 
then p= —ne is the electrical charge density in this 
initial state. We denote the electron displacement field 
by u. Because of the appearance of first-order time 
derivatives, it is convenient to use the time differential 
operator p=0/dl or tw. Equations for the coupled 
mechanical and electromagnetic fields are 


curlE= — (p/c)H, 

curl = (p/c)E+-(49/c)ppu, 

divH =0, 
nm(p*+-wo")u=pE. 


(7.14) 


(7.15) 


We shall consider the modes of propagation in such a 


J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, New York, 1939), p. 137. 
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system, assumed to behave as a continuum, for the 
general case where the two constants p and w» are 
functions of two coordinates x2, x3. The propagation is 
considered along x. The first and third equations are 
satisfied by introducing a vector potential following 
Eqs. (7.2). This leads to the two equations 


1 rer 
— curl curlA+——A—-pu=0, 
4 of ¢ 


(7.16) 
nm(p-+we)ut+—pA =(), 
c 


Eliminating u, we find 


2 
curl curl ef” 
Ce +w 


(7.17) 


The constant w,? is 


wy? = 4arne"/m, (7.18) 


where w, represents the “plasma” frequency of an elec- 
tron gas of charge density p.'*!7 Note that Eq. (7.17) 
does not represent a simple eigenvalue problem since 
we are dealing with a nonhomogeneous medium, i.e., 
the equivalent dielectric constant is at the same time a 
function of the frequency and of the two coordinates 
%, x3. The interaction of matter and radiation in equa- 
tions (7.16) is represented by the antisymmetric coup- 
ling terms —(p/c)pu and (p/c)pA of the gyrostatic 
type. However, we may represent the equations by 
another equivalent system using another vector &— as 
auxiliary variable. We write 


wW 2 
curl curt A+ 224-8) =0, 
Ce Cc 


(7.19) 


By eliminating &— between these equations, we obtain 
Eq. (7.17). The eigenvalues are, therefore, the same as 
for the original Eqs. (7.16). The value of & is related to 
u and, by comparing the second equations of each sys- 
tem, we find 


(7.20) 


The system (7.19) contains only p* and represents 
standing waves of real amplitude A and €, all in phase. 
Relation (7.20) shows that u is 90° out of phase with & 
as it should be. There obviously is a group of linear 
transformations of A and u which yields the same eigen- 
value of w. The particular combination A, & is chosen 
because it suits our purpose here. Note that the trans- 
formation is not Hermitian. 


u I. Langmuir, Phys. Rev. 33, 954 (1929). 
‘TL. Spitzer, Physics of Fully Ionized Gases (Interscience Pub- 
lishers, Inc., New York, 1956). 


u= p(e/mcws)E. 
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It is readily seen that the variational form of Eqs. 
(7.19) is obtained as in the previous problems by putting 


1 Wy? 
v=—f ff (cunay+= (aver, 
8a C 
1 1 Wp’ 
ra—f f f(a ear 
8a ce we 


Then, proceeding exactly as for (7.14), it is shown that 
wd V /dk is the energy flux. However, in the present case 
we must also show that 2w*7 is the energy density. 
From the general properties outlined in Sec. 2, we write 
wT = V; hence 


(7.21) 


2? T =V +u"T. (7.22) 


Now if we consider only absolute amplitudes, we may 
write (7.18) as 


(7.23) 


Substituting this value into V and T in Eq. (7.21) and 
using (7.19), we find 


1 w 
v+wr=—f f f[couay+—a le 
8a 3 
1 
tf f frmet-totyutar (7.24) 


E= (mcw)"/ew)u. 


The first line is the energy of the electromagnetic field 
and the second line the mechanical energy stored in 
the oscillators. Expression (2.12) for the group velocity 
is thereby established. 

It is of considerable interest to compare Eqs. (7.17) 
and (7.19) with Eqs. (6.1) and (6.2) for the propagation 
of waves in the string with dispersion. In fact, for 
propagation in a homogeneous medium they become 
identical. This indicates that the propagation in the 
string constitutes a model for a very general class of 
dispersive phenomena. In fact, the analogy may be 
extended easily much further to include propagation in 
a medium with boundaries, i.e., with geometric dis- 
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persion by adding additional features such as lateral 
elastic restraint. 

Another interesting point is brought out by consider- 
ing the particular case of wave propagation in an elec- 
tron gas. This case is obtained by canceling the elastic 
restraint of the electrons, i.e., putting w)=0. Equation 
(7.19) for the propagation then becomes 


curl curlA+ (1/c*)(p*+-,")A=0. (7.25) 


The vector A may be separated into a solenoidal part 
and a gradient. The first represents wave propagation 
and the second the plasma oscillations. 

Consideration of a plane wave with A parallel to one 
axis and proportional to exp(ikx+iwt) leads to the 
relation: 

— Ah + yy? = w,?. 


(7.26) 


For infinite wavelength, k=0, the frequency becomes 
equal to the plasma frequency w,. The propagation is 
dispersive. Differentiating (7.26), we find that the 
phase and group velocities v, and v, satisfy the relation 


(7.27) 


This is the same relation as that satisfied in a perfect 
wave guide for modes of propagation of reflected waves. 
It is also the same as for de Broglie waves of the free 
mass particle. As in the latter case, Eq. (7.27) is also 
a direct consequence of the Lorentz transformation. 
This points to an analogy between plane waves in an 
electron gas and the wave mechanical behavior of mass 
particles. Putting ~?=—w?=—4n'm'ct/h? and w,? 
=49'mic'/h®, Eq. (7.25) becomes the Schrédinger 
equation for a particle of relativistic mass m and rest 
mass mo. The plasma frequency w, is nothing but the 
characteristic frequency associated with the rest mass 
mo. The analogy may be carried out much further and 
may very possibly have deeper implications, but we 
shall not elaborate on it beyond these few remarks, 
since it reaches beyond the scope of the present article. 
It is also of interest to point out that the mechanical 
model of the string under tension with lateral elastic 
restraint analyzed in Sec. 6 is a model for the relativistic 
Schrédinger equation of the mass particle. 


Vplg= Cc". 
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Accuracy of a Microwave Resonant Cavity Measurement of the Velocity of Light* 


D. H. Janneyt 
Physics Department and Microwave Laboratory, Stanford University, Stanford, California 


(Received November 13, 1956) 


Most of the problems involved in a measurement of the velocity of light by a microwave resonant cavity 
are discussed briefly on the basis of work reported elsewhere. A more nearly complete theoretical analysis 
of the effects of the cavity-surface impedance is given. In general, the surface reactance and resistance must 
both be known to relate the measured resonant frequency to the normal-mode frequency. This problem 
limits the accuracy of the experiment to an uncertainty of no less than about 2 parts in 10°. The formal 
requirements for reducing this uncertainty are stated, but no experiment is suggested. 


I, INTRODUCTION 


WO measurements of the velocity of light by 
microwave resonant cavities have been made in 
recent years. Hansen and Bol! used a cylindrical cavity 
of fixed length and measured its height. Two modes were 
used in order to eliminate the average diameter. Essen’ 
constructed a long cavity in the form of a wave meter 
of variable length and measured the change in length 
between resonances. The diameter was measured 
mechanically and checked by a multiple-mode process. 
Helmer® has outlined an experiment which uses a 
variable-length wavemeter, and which makes the 
elimination of part of the effects of dimensional per- 
turbations, as well as all of the absolute dimensions, 
possible by measurements of the frequencies of several 
modes and a single change in length. Helmer also shows 
that the accuracy of some of the previously used 
methods of dimension elimination is questionable. 
Before an experiment such as Helmer’s is performed, 
techniques must be devised for measuring the change in 
cavity length, the resonant frequencies, the remaining 
dimensional perturbations, and the effects of finite wall 
conductivity. These problems are discussed in detail 
elsewhere.‘ The results show that if a cavity is chosen 
to resonate in low-order To, modes in the frequency 
range of 2000 Mc/sec to 4000 Mc/sec, several consecu- 
tive length changes can be measured to an accuracy of 
about 3 parts in 10’ by an optical interferometer built 
into the apparatus. These modes will have Q factors in 
the range from 50000 to 100 000, hence the resonant 
peaks can be detected with an uncertainty of 1 or 2 
parts in 10’, Helmer’s theory can be easily extended to 
eliminate the first-order effects of all dimensional 
perturbations. Therefore, these three problems do not 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research, Air Research, Air Development 
Command. 

t Present address: Los Alamos Scientific Laboratory, Los 
Alamos, New Mexico. 

1K. Bol, Phys. Rev. 80, 298 (1950); K. Bol, Ph.D. thesis, 
Stanford University, 1950 (unpublished). 

2. Essen, Proc. Roy. Soc. (London) A204, 260 (1950). 

‘J. C, Helmer, Engineer’s thesis, Stanford University, 1954 
(unpublished). 

$ D. H. Janney, Ph.D. thesis, Stanford University (unpublished) ; 
also issued as Technical Report M. L. No. 343, Stanford Uni- 
versity Microwave Laboratory (October, 1956) (unpublished). 


preclude an uncertainty of 1 part in 10° in the measured 
velocity of propagation. The limiting factor on the 
accuracy of the experiment is the effect of a finite 
cavity-surface conductivity. 

The following discussions show that the usual Q 
correction is not valid in general and that surface 
reactance as well as the resistance must be known. A 
specific case is discussed in which these quantities are 
not equal. 


II. MODIFIED Q CORRECTION 


The equation given by Slater’ may be solved for the 
resonant frequency of a lossy cavity which contains no 
volume currents and has no coupling guides. This 
equation 1s 


a 
is f (H-H,)dV +h, f (H-H,)aV 
dt? V V 


d 
= — ¢«— (nX E)-H.dS, (1) 


dtd 5 


where ¢ and u are the dielectric constant and magnetic 
permeability, respectively, of the medium filling the 
cavity, V is the volume of the cavity, S is the cavity 
surface, kg is the wave number of normal mode a, H, 
is the magnetic field in normal mode a, H, and E are 
the actual magnetic and electric fields in the cavity, 
and nis a unit normal vector outward from the surface. 
The normal-mode fields are normalized by an integra- 
tion over the volume of the cavity, so that the expan- 
sion coefficients h, are given by 


iis f (H-H,)dV. (2) 
j 


The surface impedance Z of the cavity walls will be 
defined by 
nx E= ZH, (3) 


where E and H are evaluated at the surface. From 
Eqs. (2) and (3), by expanding H in normal modes, 


®J. C. Slater, Microwave Electronics (D. Van Nostrand Com- 
pany, Inc., New York, 1950), p. 67. 
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Eq. (1) becomes 


aha 1d 
—+w,7h,= —-- fee hH,)-H.dS, (4) 
8 


dt? pdt b 


where w, is the angular frequency of normal mode a. 
The presence of all modes other than a will be neglected, 
and h, will be assumed to have a time variation of the 
form e“', where w represents the complex resonant 
frequency. Then Eq. (4) may be solved for w: 


iZ 
oma 1+ fimvas], 
2UWa 8 


where second-order terms have been neglected and the 
surface impedance has been assumed to be uniform 
over S. The real part of w is the frequency of damped 
oscillation and is given by 


= 
Rew = of = -f | Hs} (6) 
2uwaY s 


a 


(5) 


where X is the imaginary part of Z. Equation (6) may 
be written in terms of the cavity Q: 


Rew=w.[1—(1/20)(X/R)], (7) 


where R is the real part of Z. If X is equal to R, Eq. (7) 
reduces to the usual Q-correction equation. 

If the discussion is restricted to modes which have a 
vanishing electric field at the cavity walls, the simi- 
larity of Eq. (6) to Slater’s perturbation formula shows 
that the same frequency shift would be obtained by 
expanding a lossless cavity by an amount X/(ywa4) in 
all linear dimensions. Because of the frequency de- 
pendence of this quantity, the use of multiple modes 
cannot eliminate it in the same manner as dimensional 
perturbations unless all the modes have the same fre- 
quency or unless X is proportional to w. 


Ill. SPECIFIC CONDITION REQUIRING 
MODIFIED Q CORRECTION 


A specific model for the structure of the cavity sur- 
face which will produce unequal real and imaginary 
components of the surface impedance will be analyzed. 
This model will consist of a thin layer of conductivity 
a, and thickness d on top of an infinitely deep material 
of conductivity 02. This surface is a crude approxima- 
tion to the surface which might exist if the cavity walls 
were structurally deformed or charged with polishing 
compounds during the polishing operation, or were 
coated with a chemical reaction product from exposure 
to the atmosphere. 

Ramo and Whinnery’ give the surface impedance for 

*S. Ramo and J. R. Whinnery, Fields and Waves in Modern 
Radio (John Wiley and Sons, Inc., New York, 1953), second 
edition, p. 250. 
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Fic. 1. Maximum value of ¥/R—1 for a value of R within a 
specified percent of that deduced from the bulk base material. 
X = surface reactance, R= surface resistance, 0, = de conductivity 
of first layer, and o,=dc conductivity of base material, Parameter 
marked on each curve is amount by which measured surface 
resistance differs from that expected from the base material. 





1.0 


this model: 
Ff 
= (1+1) 
1 
j sinh (1 +1)d/6, |+ (01/o2)' cosh[ (1+1)d/5, || 
x ’ 
| cosh{ ( 1+-1)d/6, ] +-(ay /a»)' sinh{ (1 +1)d/6, || 


where Z is the surface impedance of the composite 
material, R, is the surface resistance of an infinitely 
thick layer of conductivity o,, and 6, is the skin depth 
in a material of conductivity o;. 

A measurement of the ( is frequently used to deter- 
mine if the cavity surface behaves in an assumed 
manner. The maximum amount by which X/R may 
differ from unity if the Q, which is proportional to 1/R, 
is within a specified amount of its value predicted from 
g, may be determined after separating Eq. (8) into 
real and imaginary parts. This determination is most 
easily made by plotting X and R as functions of d/é, 
for various values of (0;/o,)! and combining the results 
into a third graph showing the maximum value of X/R 
defined above as a function of (o;/a,)'. Figure 1 shows 
such a graph. The parameter marked on each curve of 
that graph is the amount by which the Q differs from 
the value predicted from o,, 
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Figure 1 shows that if 0; is very small compared with 
ax, then (X/R)—1 may be at least as great as about 0.2 
even if the Q is nearly equal to the expected value. The 
assumption that X equals R could, therefore, lead to a 
systematic error in the application of Eq. (7) of as 
much as about 2 parts in 10° if O were of the order of 
10°. To reduce this error, an independent experiment 
must be performed to measure X/R. 


IV. CONCLUSIONS 


All of the measurements which are necessary to 
determine the velocity of light by a resonant cavity 
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can be made with sufficient accuracy to obtain a value 
correct to 1 part in 10° except the measurement of the 
surface reactance. Unless this quantity can be measured 
independently, or eliminated by the use of several 
modes at the same frequency, the velocity of light as 
measured by a resonant cavity cannot be justifiably 
stated with an uncertainty of less than 2 parts in 10°. 
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Volume Change on Melting of N, up to 3500 kg/cm”* 
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New and more accurate measurements were made of the volume change on melting of N» up to 
3500 kg/cm*. Liquid density and thermal expansion were also studied along the melting curve. A low- 
pressure metering system was used throughout. The AV, data were fitted to the empirical equation, 
AVm=A—B logio(P+C), with success. Combination of this equation with our previously reported melting 
equation yields expressions for AS and AH of melting useful up to 3500 kg/cm’. 


I, INTRODUCTION 


N a preceding paper! we presented accurate measure- 
ments of the melting curve of N» up to 3500 kg/cm’. 
These data are especially useful if they can be combined 
with consistent measurements of AV, the volume 
change on melting, over a similar pressure range to 
yield values of the thermodynamic properties governing 
the melting process. 

To date the only known AV,, measurements of No 
are those reported by Bridgman? for the pressure range 
1000-6000 kg/cm*. Some of his experimental points 
show considerable deviation from a smooth line drawn 
through them and hence are unsuitable for the deriva- 
tion of thermodynamic values from the melting curve 
mentioned above. 

Recent speculation’ concerning the existence of a 
critical point in melting curves has heightened interest 
in better determinations of AV,, over a wide pressure 
range. 

We report here accurate measurements of the volume 
change on melting of Nz up to 3500 kg/cm’, It is hoped 
that the program will be extended to include similar 
studies of He’, He‘, Ha, Da, T2, Ne, and Or. 


° Work done under the auspices of the U. S. Atomic Energy 
Commission. 

r R. L. Mills and E. R. Grilly, Phys. Rev. 99, 480 (1955). 

* P. W. Bridgman, Phys. Rev. 46, 930 (1934); Proc. Am. Acad. 
Arts Sci. 70, 1-32 (1935). 

+L. Ebert, Osterr. Chem.-Ztg., No. 1/2, 1, (1954). 


Il. EXPERIMENTAL 
A. Apparatus 


The apparatus finally adopted‘ is shown schematically 
in Fig. 1. The hydraulic system which included a con- 
trolled-clearance free-piston gauge and mercury U-tube 
was identical to that described previously! with the 
exception that the lower pressure limit of the piston 
gauge was extended to 79 kg/cm’. The high pressure Nz 
loading system was also similar to that previously 
described except that a small compression cylinder was 
added to reach the higher pressures. Valves were 
commercial items which had been modified to have a 
minimum dead volume. The manganin resistance pres- 


‘ The first method tried was one of piston displacement in which 
the movement of the piston in a free-piston gauge was observed. 
Solid N» in a high-pressure cell was placed in pressure equilibrium 
with an oil system through a mercury U-tube. A controlled- 
clearance free-piston gauge was connected to the oil system. 
Piston height as a function of time was recorded to give the back- 
ground rate of fall of the piston. This rate could be kept extremel 
small by a suitably high jacket pressure. Temperature of the cell 
was then raised slightly above the melting point which induced 
melting in the cell, The piston rose until all solid Nz in the cell had 
melted after which the piston resumed its background rate of fall. 
A plot of piston height vs time, with corrections for leakage, made 
it possible to calculate the piston displacement and hence the AV 
of melting for the specific cell volume. The calculation however 
required a knowledge of the density of Nz at room temperature 
as well as at its melting point. In practice it was found that 
reproducibility of AV», measurements obtained in this way 
approached only +1%, and the method was abandoned in favor 
of the low-pressure metering system. 
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sure gauge has been described elsewhere’; in this appli- 
cation its sensitivity was 0.1 kg/cm*. The high-pressure 
cell, nominally 0.3 cm’ in volume, was made of A/SI 
No, 304 stainless steel welded shut at the bottom and 
had an inlet capillary silver-soldered in the top. All 
components in the high-pressure system were joined by 
AISI No. 347 stainless steel capillary 0.75 mm o.d. 
0.15 mm i.d. where minimum dead volume was 
desirable. The low-pressure volume-manometer has been 
described previously.® 


B. General Procedure 


The following experimental technique was used in 
measuring AV,,. With valve 4 closed and valves 1, 2, 
and 3 open, the system was charged to some fixed 
pressure with N»; then valve 1 was closed and the gas 
pressure was balanced against the free-piston gauge. 
The cryostat bath was lowered just out of contact with 
the high pressure cell, and the bath temperature was 
adjusted to some value between 0.3° and 1.0° lower than 
the equilibrium freezing point at that pressure. An 
automatic screw then raised the Dewar at the rate of 
2mm per minute until the bath covered the cell. From 
observations made of the rate of fall of the piston gauge, 
freezing in the cell could be verified. The piston was kept 
floating by means of an oil injector so that constant 
pressure prevailed during the freezing process. In this 
way, thecell was completely filled with solid from bottom 
to top. The manganin gauge was read, and valve 2 was 
then closed. Thereupon, current through the bath 
heater was increased, and the bath was warmed to a 
temperature ~0.5° above the equilibrium melting point. 
Melting in the cell was accompanied by a pressure rise 
observable with the manganin gauge. Valve 4 was then 
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Fic. 1. A schematic diagram of the AV,, apparatus. 


Phys. Rev. 101, 1246 (1956). 
1 (1955). 


*R. L. Mills and E. R. Gay, 
*W. E. Keller, Phys. Rev. 97, 
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cracked, and excess gas was bled into the low pressure 
metering system during the melting process. When 
melting was complete and the manganin gauge was 
brought to its initial reading, valve 4 was closed and 
valve 2 was opened to check the manganin gauge 
against the free-piston gauge for drift. Finally, the 
amount of excess gas removed was determined from 
P-V-T measurements at low pressure. From three to 
six separate AV,, determinations were made at each 
pressure. 

A determination of the liquid coefficient of thermal 
expansion a, (needed as a correction term) was made in 
the following way. The cell immersed in coolant bath 
was adjusted to a temperature slightly greater than the 
melting point. When pressure equilibrium had been 
established with the free-piston gauge, the manganin 
gauge reading was observed and valve 2 wasclosed. 
Bath temperature was raised ~2°; and excess gas, 
indicated by increased pressure on the manganin gauge, 
was bled via valve 4 into the volumetric system. 

Absolute liquid density along the melting curve was 
determined as follows, With liquid in the cell balanced 
against the free-piston gauge, the bath temperature was 
adjusted to just above the melting temperature. Valve 
3 was closed; valve 4 was opened; and the entire 
contents, high-pressure cell plus dead volume, were 
expanded into the metering system. 


C. Temperature Measurements and Control 


The methods and apparatus used here were essentially 
the same as those used in the melting curve measure- 
ments.' The baths, liquid N» up to &3°K, liquid Og in 
the 83-97° range, and liquid CH, above 97°, were 
controlled by a pneumatic manostat and stirred by a 
heater at the bottom of the bath. The thermometer was 
a copper-constantan thermocouple soldered to the top 
of the cell and calibrated in situ against vapor pressures 
of Nz and O, which contained negligible amounts of 
impurities [see Sec. F of this paper for Ny and Sec. 
2B(g) (3) of the previous paper! for O, |. An auxiliary 
thermocouple at the bottom of the cell was useful in 
eliminating thermal gradients in the bath. 

The measurements of AV,,, V;, and a, were made as 
direct functions of pressure; however, as a check, the 
approximate melting temperatures were also determined 
during the AV,, experiments. They agreed to +0.05° 
with those calculated from the pressure by means of 
our P,, vs T, formula.' 


D. Volume Calibrations 


The low-pressure volume-manometer was built and 
calibrated by Keller® for his P- V-7T work on the heliums ; 
his stated uncertainty contributes negligible error to the 
present measurements, 

The volume of the experimental cell was determined 
from the weight of mercury required to fill it completely. 
Several determinations were made under slightly dif- 
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ferent conditions, but the results were consistent to 
0.01%. After the cell had been leak tested at 3600 
kg/cm*, its volume increased 0.07%. To the final 
volume of 0.29405 cm* at 1 atmos and 300°K, correc- 
tions were made for: (1) the decrease caused by inser- 
tion of the capillary tube leading out of the bath 
(determined by geometry to be 0.00175 cm*); (2) the 
contraction with decrease in temperature; and (3) the 
expansion with increase in pressure. For (2), the linear 
thermal expansion coefficients of stainless steel AISI 
No, 304 measured by Altman, Rubin, and Johnston’ 
were used, giving a maximum correction of —0.9% at 
OO°K. To calculate (3), Eqs. (3.11) and (3.14) of 
Newitt® for 6R/R and 6L/L, respectively, were summed 
as 6V/V=6L/L+2(6R/R). The computations were 
made with the 77°K value of Young’s modulus, 27 X 10° 
psi, based on the work of Zambrow and Fontana’ on 
18-8 steels and of the International Nickel Company” 
on AISI No. 304 stainless steel. The value of Poisson’s 
ratio was estimated" to be 0.30+0.05 (where the pos- 
sible error in the ratio is equivalent to +2.8% of the 
correction), At 3500 kg/cm? the expansion correction 
amounted to +0,5% of the cell volume. 

There were two dead volumes of concern to this 
research. The one of major importance, designated »,, 
was that volume included in the capillary “Tee” be- 
tween the seats of valves 3 and 4, excluding the high- 
pressure cell, The quantity of gas contained in 0, appears 
as a negative correction to the density determinations 
as discussed later in Sec. E. Dead volume 2. was 
included between valves 2 and 4 with valve 3 open 
exactly one-half turn. This volume enters a small 
correction term for pressure mismatch, which is also 
discussed in Sec, E. 

Volumes v, and 2 were determined separately by 
filling them at room temperature with He to 1000 
kg/cm® and then transferring the contents into the 
low-pressure volume-manometer, The determinations 
were carried out with a plug substituting for the high- 
pressure cell. Volumes were computed from densities 
for He reported by Wiebe, Gaddy, and Heins."* The 
results were v,;= 0.02222 cm’ and v2= 0.1860 cm', 


E. Corrections 


The quantity of gas in the dead volume » during 
liquid density experiments was computed from P-V-T 
data for Nz measured by Michels, Wouters, and de Boer™ 


7 Altman, Rubin, and Johnston of The Ohio State University; 
(private communication). 

* Dudley M. Newitt, The Design of High Pressure Plant and the 
Properties of Fluids at High Pressures (Oxford University Press, 
London, 1940), pp. 43-45. 

* J. L. Zambrow and M, G, Fontana, Trans. Am. Soc. Metals 
41, 480 (1949). 

” Reported by V. N. Krivobok in National Bureau of Standards 
Circular 520, 1952 (unpublished), p. 123. 

' Metals Handbook, edited by Taylor Lyman (The American 
Society for Metals, Cleveland, Ohio, 1948), p. 431. 

1% Wiebe, Gaddy, and Heins, J. Am, Chem. Soc. 53, 1721 (1931). 

4 Michels, Wouters, and de Boer, Physica 3, 585 (1936). 
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and by Benedict.'* The calculation took account of the 
temperature gradient along the lead-in capillary, which 
was determined experimentally by thermocouples. The 
total dead volume correction varied with pressure from 
0.8 to 6% of the liquid specific volume. The extrapola- 
tion from the experimental to the melting temperature 
was made with our thermal expansion coefficient and 
amounted to less than 0.1% of the specific volume. 

The observation of the melting process actually 
involved the constant-pressure change in state as 
follows: solid at T,— liquid at 7,. In order to get the 
volume change of melting, one must correct for the 
expansion due to warming of the solid from T, to T,, 
and of the liquid from 7,, to T). For the latter, the 
directly observed thermal expansion coefficient a; was 
used; whereas for the expansion of the solid, an in- 
directly determined correction was obtained by freezing 
the nitrogen at different temperatures at the start of 
AV», measurements, then choosing the a, giving the 
most consistent values of AV,,. The expansion correc- 
tions amounted to 1 to 2% and 2 to 4% of AV» for the 
liquid and solid, respectively. 

In the event of pressure mismatch between the 
manganin gauge and free-piston gauge when valve 3 
was opened after completion of a AV,, or a; measure- 
ment, a knowledge of volume 2, in conjunction with 
density data,” '* permitted calculation of the deficient 
or excess gas in the volume-manometer. This correction 
was as large as 1% of AV, at 80 kg/cm’, where N2 
compressibility is great, but it was essentially zero at 
3500 kg/cm?. 

During the AV,, and a; studies at 1920.7 kg/cm’, a 
slight leak appeared in the system between valves 3 and 
4, for which corrections were made from the observed 
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VOLUME CHANGE 
pressure drop, corresponding to a leak rate of 0.0108 cc 
(STP)/min. The leak corrections amounted to 11% of 
apand <1% of AV,,. The leak was located and repaired 
following the determinations at 1920.7 kg/cm’, but 
another leak was observed during the measurements at 
3555.6 kg/cm’. Leak corrections here amounted to 52% 
of a, and <3% of AV. It is estimated that the leak 
corrections at both pressures were known to +5%. 


F. Purity of Nitrogen 


The nitrogen was of Linde Air Products Company 
“spectroscopically pure” quality. Our mass spectrome- 
ter analysis showed that it contained 0.014% A, 0.005% 
Ox, <0.01% Ne, and <0.1% He. The rather poor 
limit set on the H, content results from the apparent 
contamination of the spectrometer ; the real Hy content 
was probably much less than 0.1%, for the melting 
point remained constant during the AV,, measurements 
even after several withdrawals of gas. 


III. RESULTS 


The general character of the data for the volume 
change on melting AV,,, the specific volume of the liquid 
V,, and the thermal expansion coefficient of the liquid 
a,;= (1/V,)(0V,/AT) p, on the melting curve, is shown 
by the curves of Figs. 2, 3, and 4. The experimental 
values of these properties and the derived thermal 
expansion coefficients of the solid a, are given in Table 
I, which also includes the number of AV,, determina- 
tions made at each pressure and the degree of re- 
producibility. The accuracy of the measurements is 
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estimated to be 0.59% for AV, 0.2% for Vi, and 2% 
for ai. 

Tammann'® has successfully expressed AV,, data by 
an empirical equation of the form 


AVm=A—B logi(P+C). (1) 
The data of Table I were fitted to this equation by the 
method of least squares, and the three constants were 
evaluated as A=0,20707 cm'*/g, B=0.048457 cm'*/g, 
and C= 275.98 kg/cm? with a rms deviation in AV,, of 
0.00043 cm*/g, 

The specific volume and thermal expansion data 
could be represented by an equation of the type 


v= b'(P+a’')", (2) 


where a’, b’, and c’ are constants for the particular 
variable x. For the specific volume of the solid V,, this 
form of equation has the attraction of possibly having 
theoretical significance, for its derivation from the 
Griineisen equation of state and the Lindemann melting 
formula the derivation of the 
melting equation,'® 


is similar to Simon 


P=a+bT°. (3) 

The constants of Eq. (2) for the various properties are 
given in Table IT. 

16 (3, Tammann and G. Moritz, Z. anorg. u allgem. chem. 218, 


& (1934). 
16, Salter, Phil. Mag. 45, 369 (1954), 
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TABLE I, Properties of nitrogen along the melting curve. 


al a 
av dev,» Vi (108 (108 
n* (+%) (em*/g) deg) deg) 


Pa T= 4Vm 
(kg/em?*) (°K) (mm*/g) 
1 63.14 (90.13)¢ 
79.0 OAB4 84.65 
202.0 6740 77.71 
354.7 7046 72.69 
504.1 73.36 66.90 
710.9 77.24 62.34 
1066.8 83.57 55.91 
1422.7 89.54 51.24 
1920.7 9740 44.50 
2631.9 107.83 39.71 
3555.6 120.29 33.52 
(18503)* (256,4)* 0 


4.40 
4.03 
3.41 
3.12 
2.88 
2.37 
2.02 
1.68 
1,08 
0.95 


042 
0.55 
0.37 
0.16 
0.58 
0.16 
0.27 
0.26 
0.31 
0.93 


1.1495 
1.1376 
1.1229 
1,1081 
1.0984 
1.0771 
1.0582 
1,0334 
1.0081 
0.9782 


4.56 
4.14 
3.49 
3.17 
2.92 
2.39 
2.03 
1,68 
1.07 
0.94 


LS SOLAS S & 


*n «number of AV» determinations at each Pm. 
» The average deviation from the mean of the nOVm determinations, 
© Values in parentheses are extrapolations of the measurements. 


IV. DISCUSSION 
A. Comparison with Previous Results 


The only previous measurements of AV,, for Nz were 
made by Bridgman* over the pressure range 1000-6000 
kg/cm*, His piston displacement method is considered 
less reliable than the present method in that his low- 
temperature fluid density was obtained indirectly by 
using high-pressure P-V-T relations for gas at room 
temperature. Furthermore, his temperature scale is in 
doubt, for he apparently used, as calibrating baths, 
liquid Ny and O, of unspecified purity. Probably the 
most troublesome part of any method is in filling the 
cell completely with solid. Bridgman recognized this 
and sought to fill his cell completely by raising and 
lowering the bath around the cell. Even so, he concluded 
that his higher AV,, values were more reliable. In the 
present observations, it was found that the most 
reproducible data resulted from raising the freezing 
bath at a slow, uniform rate. A comparison of the 
present results with Bridgman’s in Fig. 2 indicated fair 
agreement in general, although he reports several 
values that appear to be 25% too small. Also on the 
graph is the value of AV,, at 1 atmos calculated from the 
initial slope of the melting curve’ and the AH,, of 
Giauque and Clayton"’; it agrees to 0.7% with an extra- 
polation of the present measurements, 

Figure 3 shows the present V; data compared with: 
those extrapolated from Benedict’s'* measurements 
(made at temperatures from 5 to 20° higher than 7,,) ; 
the value at the triple point extrapolated from the 
measurements of Mathias ef al.’* along the vapor 
pressure curve; and Bridgman’s* measurements. The 
Benedict results'* covered a wide range of pressure and 
temperature and were put into two equations of state, 
Eq. (8) of Paper I and Eq. (2) of Paper II. Since the 
latter resulted from a more restricted range, it should 
not be expected to extrapolate as well to the melting 


Ww. F. Giauque and J. O, Clayton, J. Am. Chem, Soc, 55, 4875 
(1933). 

® Mathias, Onnes, and Crommelin, Leiden Comm. No. 145c 
(1914). 
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curve, However, his Eq. (I-8) along with the Mathias 
value fit the present data within 0.2%, while Bridgman’s 
values differ by as much as 6%. 

The only comparative data on a; result from dif- 
ferentiation of Benedict’s equations of state and are 
given in Fig. 4. If one considers the extrapolation of his 
results and the accuracy of the present measurements, 
the agreement is adequate. 


B. Formulas for Specific Volume and 
Thermal Expansion 


A comparison of the constants of Eq. (2) with those 
of Eq. (3) indicates that the following relations should 
hold for V, and possibly for V»: 


a’ =a (= 1638), 


RT) (1+2c 
b/ = ( ~) (=894), 


2a/*X\ ¢ 


1 
—1 (=—0.44), 


¢=- 
¢ 


where R is the gas constant, 7» is the triple point 
temperature, and the numbers in parentheses are 
obtained from a, b, and c, the constants in the Simon 
melting equation for Nz as measured previously.’ It is 
readily apparent from Table II that there is some 
consistency in the relationships for a’ of V:, ai, and a,; 
b’ of V,; and V,; and c’ of V; and V,, It is rather sur- 
prising that the a’ for V,, which should come closest to 
a, deviates the most. 


C. Thermodynamic Properties of Melting 


From the Clapeyron equation and Eqs. (1) and (3), 
one can obtain the following expressions for the thermal 
properties of melting, 


AH,,=c(P—a)[A—B logy(P+C)], (4) 
" ASm=cb"!¢(P—a)/LA—B logio(P+C)], (5) 
where, for No, 
a= — 1638.3 kg/cm’, 
b= 0.97678 kg/cm*/deg, 
c= 1.7910, 


A =().20707 cm*/g, 
B=0,048457 cm*/g, 
C= 257.98 kg/cm?. 


Up to 3500 kg/cm’, the error in computed values of 
AH,, and AS,, should be <1%. At P=1 atmos, Eq. (4) 


TABLE II. Constants in Eq. (2) for specific volumes 
and thermal expansion coefficients. 


a’ b’ 
(kg/cm?) (em!/g or deg™) c 
1695.3 3.4402 
4480.5 5.8963 
1904.0 754.1 
2035.8 950.6 


, 


—0.14671 
—0.20386 
—1,5851 
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yields AH,,= 6.19 cal/g, whereas the calorimetric value 
of Giauque and Clayton’ is 6.15+0.05 cal/g; the 
agreement is satisfactory if one considers that Eq. (4) 
combines extrapolations of the melting curve below 
23 kg/cm? and of AV,, below 79 kg/cm’. 


D. Question of a Critical Point 
in Melting Curves 


In a review article, Bridgman’ summarized the 
experimental and theoretical work done on the fusion 
process, pointing out that the question remained as to 
whether the melting curve: (1) ends in a critical point; 
(2) rises to a maximum temperature and then falls; 
(3) rises to an asymptotic temperature; or (4) rises 
indefinitely with increasing pressure and temperature. 
Bridgman concluded, from his measurements” to 
50000 kg/cm? of melting phenomena and of the 
volumetric behavior of liquid and solid phases, that 
Hypothesis (4) is valid. Certain assumptions applied to 
the temperature-perturbed Thomas-Fermi atomic mode] 
led Gilvarry” to predict a melting curve with normal 
behavior; i.e., with dP/dT always positive and always 


wp, wW. ‘iti Revs. Modern Phys. 
*”P. W. Bridgman, J. Chem. Phys. if 
Acad. Arts Sci. 74, 399 (1942). 
21 J. J. Gilvarry, Phys. Rev. 102, 317 (1956). 


18, 1 (1946). 
794 (1941); Proc. Am. 
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increasing with P. In addition, he showed that 
AH,,/AV» always has a positive pressure coefficient, 
which is consistent with the absence of a critical point. 

Recently Ebert,’ combining Bridgman’s data with 
analogies drawn from the vaporization process, showed 
that, for certain substances, AS, and AV, might 
extrapolate to zero at the same pressure, a criterion of 
a critical point. It should be pointed out, however, that 
AS, was calculated from P», T,, and AV,, by means of 
the Clapeyron equation. Then if dP/dT remains finite, 
as required by the Simon melting equation, AV,, and 
AS, must necessarily vanish at the same pressure. 
Since the Simon equation has been strengthened by 
several theoretical derivations,'®?*~* it is interesting to 
compute P,=18 500 kg/cm* and T,,=256°K from 
Eqs. (1) and (3) when AV,,=0 for Ny. These values 
indicate that the vanishing of AV,, might occur within 
the range of experimental pressures. 
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Superposition (Double-Life) Model of Liquid Heliumt 
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London’s idea of representing the liquid state by a superposition of phonon and translational modes of 
motion is generalized. The superposition procedure is given a rigorous quantum mechanical basis, and a 
statistical mechanical method is used to derive the superposition ratio for both isotopes of liquid helium ; the 
ratio is correlated successfully with the thermodynamic data. 


INTRODUCTION 


N his second volume on superfluids,! London gave 
some very convincing reasons for doubting the 
essential significance of Landau’s quantum hydrody- 
namics as an explanation of the anomalous behavior of 
liquid helium. Pragmatically the most compelling points 
are (a) that quantum hydrodynamics ought to be 
equally applicable to all liquids, and would predict 
substantially the same behavior for He’ as for He‘, and 
(b) that no explanation is offered by the theory for the 
+ This | investigation was supported by research funds of the 
State College of Washington. 

*On leave of absence from the University of Allahabad, 
Allahabad, India. Present address: National Research Council, 
Ottawa, Canada. 

1 F, London, Superfluids (John Wiley and Sons, Inc., 
1954), Vol. IT. 
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lambda transition above which the anomaly ceases to 
exist. A priori, quantum hydrodynamics is clearly no 
better than a quantum formalization of the classical 
continuum approximation to liquid theory: it substi- 
tutes a fictitious continuous field for the microscopic 
actuality, and there is little reason to believe that a 
quantized fiction is any better than the classical one. 
As a tentative alternative procedure, London sug- 
gested (reference 1, p. 107) an additive superposition of 
translational modes of motion on the one hand and 
longitudinal vibrational modes (phonons) on the other. 
The phonons on London’s picture represent the low- 
energy excitations and make appreciable contributions 
only at the lowest temperatures, 7<T,; while the 
translational modes, described in terms of Bose-Einstein 
gas theory, dominate near the lambda temperature. The 
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superposition idea may be rationalized somewhat as 
follows. All possible motions of the atoms are included in 
the description of the assembly as a Bose-Einstein gas, 
but cooperative phonon motions correspond to only very 
small extensions in phase compared with the random 
motions characteristic of the gas in thermal equilibrium. 
At small enough energies however, molecular inter- 
actions in the liquid may be supposed to make coopera- 
tive motion much more probable than in a gas, and an 
additive superposition of pure phonon motion along 
with the complete gas spectrum may be a plausible way 
of taking this effect into account. 

On London’s model the phonons are included in the 
“normal fluid,” and the inertia of the phonons makes a 
contribution to the partial density assigned to the 
normal fluid ; while this is exceedingly small except near 
absolute zero, London’s equations have the formally 
unfortunate result that the normal fluid has a partial 
density slightly greater than the total density of the 
liquid at the lambda point [reference 1, Sec. 16, Eq. 
(32) |. Actually the additive superposition is needed 
only to take care of the behavior of the liquid near 
absolute zero where the Bose-Einstein gas model be- 
comes inadequate. The behavior near the lambda point 
is taken care of by the Bose-Einstein equations for a gas 
of “effective particles” Laving mass 9.1 times the mass 
of each helium atom, their number being reduced in 
proportion to keep the total density correct. A slight 
change in this number could be accepted to make the 
ratio p,/p exactly unity at 7, although this will change 
T, slightly away from the observed temperature. A 
potential energy gap O=8.8k is assumed to exist be- 
tween the superfluid states and the lowest normal state 
with zero momentum in the gas spectrum. The equa- 
tions are the same as those given by Landau, but the 
physical interpretation is different. 

The superposition idea deserves further elaboration. 
Quantum superposition does not usually permit one 
simply to add two contributions, Let @, and @, be the 
normalized state functions corresponding, respectively, 
to phonon and gas; then the superposition principle 
allows one to write a combined normalized state func- 
tion in the form 

o=Adbyt Bo, (1) 
where A*+ B’=1, The expectation value of some ob- 
servable such as entropy or density, represented by X, 
in the combined state is given by the integral 


(X) f exoar ro ac +B f 6.Xodr, (2) 


provided always that ¢, and @, are orthogonal’: 


[iano (3) 


? There are no exchange terms for macroscopic observables. If X 
were the microscopic energy operator, exchange terms would occur 
because the Hamiltonians for @, and @, do not necessarily 
commute. 
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Since the two functions @, and ¢, are ordinarily ex- 
pressed in different coordinate systems, the meanings of 
these integrals have to be examined. In London’s work, 
both coefficients A and B were assumed equal to unity, 
and it would seem appropriate to attempt a more 
rigorous procedure. 

In making such an attempt it is natural to expect that 
the superposition ratio 


A*/B=B (4) 


should not be independent of the thermodynamic state 
of the liquid; in fact the temperature dependence of 8 
should be the quantum mechanical parameter de- 
termining the thermodynamic behavior of the liquid. 
Moreover, it is also natural to generalize the theory so 
that it could apply to all liquids, not only to liquid 
helium. Since the liquid phase is a transition between 
solid and gas, and since the solid phase is describable in 
terms of phonons, it is not a very far step to discuss the 
liquid phase as a superposition of gas-like and solid-like 
states. In other words we postulate that normal liquids 
can be described by superposition wave functions 
formed from translational modes and vibrational modes, 
the latter including not only longitudinal but possibly 
also transverse modes. In He‘ the transverse modes are 
apparently unnecessary, but there is no a priori reason 
to assume this generally. It is to be emphasized at this 
point that the quantum mechanical superposition prin- 
ciple is a purely mathematical theorem; the physical 
existence of the superposed states is not demanded by 
the strict interpretation of superposition—in fact it is 
denied. The undoubted fact that the complete solid- 
phase phonon spectrum is not observed in the liquid is 
no objection to the use of that spectrum in the super- 
position procedure. 

Discussed from the point of view of statistical me- 
chanics, this superposition model becomes the “double- 
life”’ model.’ While the true state of the liquid is repre- 
sented at all times by a superposition of solid states and 
gas states, in some proportion 8, statistically we can 
regard it as a resonance mixture of solid and gas, the 
lifetimes of the two phases having the ratio 8, which is 
then equivalent to a population or probability ratio of 
the two phases. In the present paper we first demon- 
strate the possibility of defining a superposition of 
phonon and translational states in such a way that 
Eq. (2) is valid: 


(X) = AX) p+ BUX). 5) 


Then we apply the grand partition function method to 
the double-life model and show that it is possible to 
correlate the quantum mechanical superposition ratio to 
the thermodynamic properties of both isotopes of liquid 
helium. 


*W. Band, /ntroduction to Quantum Statistics (D. Van Nostrand 
Company, Inc., Princeton, 1955), Sec. 12.3. 
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GAS-SOLID SUPERPOSITION PRINCIPLE 


A typical symmetrized wave function for an ideal gas 
of indistinguishable particles is 


N 
Wol{k}=N“> (+1)? [] exp(ikp;-r,), (6) 
P 


j=l 


where r; is the vector position of the jth particle relative 
to some arbitrary origin, kp; a wave-number vector 
associated with the particle obtained from j by the 
permutation P; the sign is positive if the permutation P 
is even, and negative if P is odd and the particles obey 
Fermi-Dirac statistics; the sign is always positive if 
Bose-Einstein statistics apply. {k} represents some 
selected set of wave-number vectors. 

To each integer j we can assign a vector j with three 
integer components jg, a= 1, 2, 3, in such a way that the 
points at positions rj’= oa jafa fill a lattice with basic 
cell vectors g4. Then the vector 


Gi=")— La jaba (7) 


represents the position of the jth particle relative to the 
jth lattice point. Although the jth particle is in no 
sense ‘“‘on’’ the jth lattice point, the coordinates q; are 
the coordinates used in first setting up a description of 
the lattice-based crystal. The normal coordinates X,, of 
the crystal are obtained by a linear transformation 
which may be written 


q) a: p= a m a 2: sls 
which permits (7) to be written in the form 
5 he Lm T imX mt p a jie (9) 


Substituting this into Eq. (6), we have the gas wave 
function expressed in terms of the normal coordinates of 


3N, (8) 


the crystal: 
vatk}=N4D (+1)" TI 
P i 
Xexp(ikp;:Y jaba) [Lexp(ikp;:TjmXm). (10) 


The last factor in this expression is a well-behaved 
function in the space of the normal coordinates X,,, and 
can be expressed in terms of the simple harmonic 
oscillator eigenfunctions, which are known to form a 
closed orthonormal set : 


exp(ikp; Feral 


=>, A({k},P,j,mn)N nll (Xm) exp(—hXm?), (11) 


where the coefficients are determined by 


zz 


A (HP, jm) Nef H (Xm) exp(—4X»,”) 


—D® 


Xexp(ikp;-TimXm)dXm (12) 


(N, being the normalization constant for the Hermite 
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polynomials). Note that although in applications to 
crystal dynamics the normal coordinates remain almost 
at their equilibrium values, they are defined for the 
infinite domain, and the theorem of Eqs. (11) and (12) 
is valid in the infinite domain explicitly appearing in the 
integral. Substituting Eq. (11) into Eq. (10), we have 


Walk} =L Ck} {n}) 
«IT Namll nm ( be exp 


m 


A a), (13) 


where 


C({ky{n})=NOD (41) T] 
P | 


Kexp(ikp;:>> jade) [] A ({k},P,7,m,n»). 


m 


If now we form a wave function for the gas-like states 
from Eq. (6): 


va p> A{ky Walk}, (14) 


(13) to 


where A{k} are constants, we can use Eq. 
express this in the form 


Va 2 C{njPs{n}, 


(15) 


where C{n} are constants defined by 


C{ny=> A{RIC({R} (n)}) 


\k 
and Ws{n)} are typical solid state wave functions: 
¥stn} 


To set up a solid state wave function orthogonal to (15) 
is now a simple matter in principle. A solid state wave 
function has the general form 


Ws ) 2 D{njWs{n}, 


[Im VnmlZnm(Xm) exp(—4Xn2). (17) 


(18) 


and this is orthogonal to Pg of Eq. (15) if 


> C{n} D{n} =0, (19) 


which always has a solution, from the basic theorems of 
function space. While therefore it is unnatural and 
certainly impractical to express the gas wave function in 
the form (15) in terms of the normal lattice coordinates, 
it is in principle possible from the closure theorem on the 
oscillator wave functions, and hence ? follows that 
orthogonality between the gas wave function and the 
solid wave function is definable and in principle obtain 
able. Using the superposition principle in the way sug 
gested in the double-life model involves the further 
hypothesis, that the thermodynamically most probable 


*L. L. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1955), second edition, p. 64 
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set of wave numbers ({k} in the gas states leads to 
coefficients C{n} which are in fact orthogonal to the 
coefficients D{n} obtained from the thermodynamically 
most probable set of phonon quantum numbers {mn} in 
the solid state. One can make this hypothesis appear 
plausible by the remark that the kind of oscillator wave 
functions one needs to describe the gas state in Eq. (15) 
are likely to be very high frequency ones, compared with 
those ordinarily found in solids, and it is unlikely that 
any of the sets {mn} in the gas coincide with those 
appearing in the solid state function. Orthogonality is 
thus assured for physical reasons alone. 


MODIFICATION OF LONDON’S MODEL 


The most obvious procedure at this point is to use the 
superposition ratio 8 as a correction on London’s equa- 
tions [reference 1, Eqs. (31) and (32), Sec. 16]. The 
phonon contributions are to be multiplied by 8/(1+-8) 
and the gas contributions by 1/(1+ 8). It is clearly 
possible, by choosing a suitable function for 8, to make 
these equations give better agreement with experiment 
both for entropy and density ratio near the lambda 
point, because here the data lie somewhat below the 
theoretical curve given by London’s equations. Below 
about 1.7°K, however, the superposition ratio can only 
worsen the agreement because at these temperatures 
London’s curves are already lower than the experimental 
ones. 

On the London model, as also on the Landau model, 
the energy gap is required to make the entropy and 
p»/p curves rise sharply enough with temperature to 
match the experimental behavior near the lambda point, 
in contrast to the weak rise given by the ideal Bose- 
Einstein gas model. The width of the energy gap was 
adjusted to give the best over-all match for p,/p. This 
gap results in a value for entropy about nine times too 
great and the equivalent mass concept is introduced to 
correct for this; very fortunately for the model, the 
same effective mass results in the correct transition 
temperature 7. The hypothesis of an energy gap is 
qualitatively attractive because it seems to aid in 
understanding superfluidity. The magnitude of the gap 
A used in the London and Landau models is however far 
greater than needed to understand superfluidity. Indeed 
the existence of the critical velocity of about 30 cm/sec 
would suggest that A should not be greater in order of 
magnitude than about 4My,.(30)*=2.18K10~%, and 
such a gap would be so small as to vitiate the approxi- 
mations used by London in developing his Bose- 
Einstein equations—in fact that the ideal 
Bose-Einstein gas equations would still be valid (refer- 
ence 3, Sec. 8.7). 

The entropy of liquid helium at 7) is about 0.4 
cal g deg™', while that of an ideal Bose-Einstein gas of 
the same density is 0.636 cal g™' deg“. On London’s 
model this is corrected for, as just mentioned, by using 
equivalent particles of great effective mass m* fewer in 


so small 
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number than the atoms, in the statistical equations. On 
the present picture it seems more natural to interpret 
the lower entropy of the liquid as due to the greater 
degree of order in the states of motion of the actual 
atoms, i.e., to the superposition of the phonon modes, 
which contribute much less entropy than the trans- 
lational modes that they replace in the superposition 
formula. Thus we shall abandon the concept of equiva- 
lent particles insofar as the statistics are concerned. The 
equations for entropy are therefore replaced by 


T<T,: S=[8/(1+6)]X1.87X 107" 
+[1/(1+8) ]X0.636(7/T))* per gram, 
and since only the Bose-Einstein gas fraction of the 


mixture is responsible for the transition temperature, 7 
is given by 


[1/(1+8) ]o=2.612m(2emkT,/h?)', (21) 


where p is the density of the liquid. To give the correct 
value for 7, this equation demands that at the lambda 
point 


(20) 


1 
[—] =0.63; 7T,=2.18°K. (22) 
1+, T=T) 


Very fortunately, this choice of 8 also gives exactly the 
right entropy at 7). The sharp rise in entropy towards 
7, must now be taken care of by the temperature 
dependence of the superposition ratio, and we therefore 
assume 


1/(1+8) =0.63(T/T))‘, (23) 


which gives the observed entropy curve exactly. The 
heat capacity curve automatically gives exact agree- 
ment with the observed curve near 7). At very low 
temperatures 7<<7), the ratio 


B/(1+8)=1—0.63(T/T))* 


approaches unity as closely as needed to make the 
equation go over into the London-Landau expression. 
In order to compare this picture with the two-fluid 
model, we have to decide how much inertia is associated 
with the excitations. This inertia has to be equal to the 
total mass of the liquid at T=7,, where the whole 
liquid is “excited.” The inertia of the phonons is com- 
puted from their momentum density, and we accept 
London’s result multiplied by the superposition ratio 
B/(1+-8). The inertia of the translational modes is not 
necessarily equal to the partial density as ordinarily 
calculated for the Bose-Einstein gas. In London’s model 
the Bose-Einstein gas was composed of fictitious effec- 
tive or equivalent particles and its partial density was 
identified with the inertia of the translational modes. In 
our model the gas is composed of the actual helium 
atoms. The inertia of their translational modes may 
differ from the partial density of the gas. We assume it 
to be proportional to the partial density of the gas, the 
constant being adjusted to give the correct value at 7). 


(24) 





SUPERPOSITION 
The resulting formula is 


pn/p=[8/(1+8) ]X 1.24 10-47" 


+1.58[1/(14+8)]X(T/T)). (25) 
We can think of the factor 1.58 as the effective inertia of 
excitations per gram of fluid, or an effective mass ratio 
with a slightly different interpretation from that in 
London’s model: it enters only in discussions of non- 
equilibrium effects like viscosity, and is not involved in 
equilibrium thermodynamic properties. 

Whether one prefers this procedure to the one used by 
London may be partly a matter of taste at present. 
Here we have a much more reasonable effective mass 
and a much smaller energy gap, both of which may be 
easier to understand in terms of atomic theory than the 
large values called for on London’s model. On the other 
hand, we have a continuous function 8 without as yet a 
method whereby it can be predicted theoretically for 
any particular liquid. It would be completely convincing 
if one could carry out a variation procedure to derive the 
superposition ratio, but we have not yet succeeded in 
doing this. Instead we attacked the problem indirectly 
through the double-life model statistically, in the hope 
that 6 could be derived in terms of some simple parame- 
ter of the model. This attempt is outlined in the next 
section. 


GRAND PARTITION FUNCTION METHOD 
AND DOUBLE-LIFE MODEL 


The grand partition function for an ideal gas is 


Q,*=exp(X sV (2amkT/h?)'(+1)/1j-8eim/kTy, (26) 
j=l 


where for Bose-Einstein statistics and zero spin we take 
s=1 and the positive sign, for Fermi-Dirac statistics and 
spin one-half we take s= 2 and the negative sign; u is the 
atomic free energy. The grand partition function for a 
Debye crystal is 


(27) 


exp (u—¢)/kT+D(/T) 
ot-[1 77 ’ 


(1 —e o/T)s 


where @ is the Debye characteristic temperature, D(6/T) 
the Debye function, eo is the energy difference between 
the lowest gas state (taken zero) and the lowest solid 
state. We regard the liquid as possessing the two sets of 
states in the same volume. Under these circumstances 
we can still treat the two competing sets of states as two 
phases in the grand partition function formalism, and 
write the grand partition function of the liquid as the 
product of these two sets, or phases, with the same free 
energy in each: 

Priq.*=0,*0.*. (28) 
The number of atoms in the liquid is 


N=kT9A(InQiig.*)/Op=nytne, (29) 


(DOUBLE-LIFE) 
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where n, is the number in the gas-like states averaged 
over the ensemble, and », the number in the solid-like 
states averaged over the ensemble. This equation in 
principle determines the free energy u as a function of 
temperature, and in turn fixes the superposition ratio 


from 


1+B=N/n,. (30) 


Explicitly, from Eq. (27), we see that 
(1 —¢ o/T)8 


-1 (31) 
exp(u— €0)/kT+D(0/T) 


n= 


and this number cannot be appreciable compared with 
N unless the first member inside the square braces is 
almost exactly unity. There is only a very small range 
of values of » for which there is any contribution from 
the phonons, namely the values given by 

w= eo—k7[D(0/T)+3 In(i—e"7)}. (32) 
On the other hand, when pu does satisfy this relation, the 
number , is essentially indeterminate, because a change 
in w by a minute fraction can change n, by orders of 
magnitude. As a practicable method of determining yu 
and 6 the method therefore fails. 

We may attempt to circumvent this difficulty in the 
following way. We may be interested only in conditions 
below the lambda point, where w=0, We may then 
imagine the energy € subject to a cooperative effect, 
such that it decreases with increasing population n, even 
when all other parameters remain fixed. Under this 
cooperative effect n, will spontaneously increase until € 
reaches the value given by Eq. (32), with w=0. It 
cannot decrease further than this because that would 
cause m,, through Eq. (31), to go beyond N towards 
infinity, which is physically impossible. Thus we can use 
Eq. (32) to determine ¢9 rather than y, as a function of 
T. Actual values of ¢ obtained in this way for liquid 
helium are tabulated below: 


2.186°K 
0.078 107" erg 


1.75 2.0 
0.032 0.054 


T=1,50 
€y 0.018 


for He* with 6= 20°K. These values are so small as to 
give rise to a completely negligible term in the heat 
capacity. The familiar thermodynamic functions are 
derivable directly from the grand partition function. 
The ratio f still has to be obtained by comparison with 
the thermodynamic data, so the method adds nothing to 
the discussion of the previous section. 


APPLICATION TO He’ 


When one uses Fermi-Dirac statistics for the gas 
states, the equation for n, derived from Eq. (29) reads 


nyg=4eV (2mkT/h*)'F (4,2), (33) 
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where z= y/kT and 


* x'dx 
F(s3)= f _, 
0 1+e” F 


These functions have been tabulated.® Instead of using 
heat capacity data, or entropy data, it is more con- 
venient to accept the values of wu calculated by Lifshitz® 
from vapor pressure data between 1°K and 3.1°K, ex- 
pressed in the form of an empirical equation: 


p/k=2.82—0.387?+-0.0177". 


(34) 


(35) 


If one writes n,= N/(1+ 8) in Eq. (33), and uses the 
known numerical density of the liquid for N/V and 
tabulated values of (4,2), then Eqs. (33), (34), and (35) 
permit the evaluation of the superposition ratio 6 as a 
function of 7’, The result can be represented to within 


“%, by the equation 


1/(14+-8) = 0.39+-0.047 + exp(5—19.7/T) ; 


the highest value of 1/(1+-) (at 3.1°K) is 0.791. 
The heat capacity of He’ can be calculated from the 
formula 


C=[6/(14+8)}C.+C.+[1/(1+8) ]C,, 


(36) 


(37) 


where C, is the contribution of the phonons: 
C,= 3k( D(6/T)+TdD/dT}, (38) 


and @ is the Debye temperature, assumed to be at 
10°K?: C; is a transfer contribution: 


dp/dT F (4,2) 
{er 
(1+)? F (4,2) 


aid C, is the contribution from the translational modes 
(Fermi-Dirac gas) : 


—€9—3kTD(0/T) , (39) 


F (4,2) 
(9/4)- 
[dF (4,2)/dz | 


F (4,2) 
| 5/2) — (¢ 


; (40) 
F(},2) 


The energy parameter ¢9 has been found from Eq. (32) 


*J.S. McDougall and E, C 
A237, 67 (1939) 

*E, M. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 659 
(1951) 

11. Prigogine, Advances in Physics 3, 131 (1954). 


Stoner, Trans. Roy. Soc. (London) 
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by using Eq. (35) for the free energy; its values are 
surprisingly large and cannot be neglected in computing 
the heat capacity. The heat capacity turns out to agree 
very well with experimental data within the temperature 
range 1° to 3.1°K for which the free-energy formula 
holds.* The following table gives the theoretical results: 


Temperature "K 3.1 28 25 20 15 10 O05 


«X10! ergs 2.65 2.38 2.35 2.55 2.96 3.37 3.80 
C cal/mole deg 4.55 3.91 341 2.62 1.88 1.21 0.60 


The last entries represent very rough extrapolations for 
comparison with recent data’ between 0.5° and 1°K. 
The observed curve falls much less rapidly with temper- 
ature in this region than these calculated values. 


DISCUSSION 


The application of the superposition principle to 
classical liquids is fairly obvious. The most natural 
thermodynamic variable to use would be the entropy 
density. We would seek a function # such that the 
superposition formula 


S= [B/ (1 +8) IS Jebye + (1 /( 1 +8) WSeas (41 ) 


matched the observed entropy. This is quite similar to 
the cage or cell model of a liquid: the entropy of the 
assembly of cages is analogous with the phonon con- 
tribution, and the communal entropy due to leakage 
between the cages is analogous to the translational 
contribution. Provided only that S lies everywhere be- 
tween Spebye and Syas, a physically acceptable value for 
the function can always be obtained: 


1/( 1 + B) = (S— S| Yebye) / (Sess ‘dine S| Yebye)- 


With the present interpretation, we could proceed to 
write down the general form of the wave function for the 
liquid : 


(42) 


L=[8/(1+6) }Wst[1/(1+8) }¥o, (43) 


where ws and Wg have been discussed in the second 
section of the present paper. The general form (43) 
might conceivably be useful in developing the quantum 
mechanical theory of transport processes in the liquid. 


8 G. de Vries and J. G. Daunt, Phys. Rev. 92, 1572 (1954); 93, 
631 (1954). 

® Osborne, Abraham, and Weinstock, Phys. Rev. 94, 202 (1954); 
T. R. Roberts and S. G. Sydoriak, Phys. Rev. 93, 1418 (1954). 
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Neutron Specific Color Center in Fused Silica and an Impurity Band 
of Identical Wavelength* 


Atvin J. Conent 
Mellon Institute, Pittsburgh, Pennsylvania 
(Received October 11, 1956) 


A color center at 242 my is produced in certain specimens of fused silica only by pile irradiation and not 
by x-ray, high energy electron, or proton bombardment. It is removed by heating to 700°C and can be 
reintroduced only by pile irradiation. The significance of an impurity absorption band already reported in 
fused silica at the same wavelength is discussed. An intense band appears in rather pure optical-quality 
fused germanium dioxide centered at 245 my and is due to the same reduced germanium species that causes 


the 242-my impurity band in fused silica. 


I. INTRODUCTION 


HAT fused silica developed a weak band at 242 

Mu upon reactor exposure was earlier reported 
by Levy! for a specimen of Corning “purified” fused 
silica. At the same time it was shown by Cohen? that 
x-irradiation of the Corning material does not produce 
this band. Nelson and Crawford’ found that fast 
neutrons also introduce a poorly resolved band at 275 
mu in Corning silica. These workers suppose their 
band to be the same as that found by Levy at 242 mu. 
The 242 my band discussed here is probably that one of 
the Bz bands of Mitchell and Paige* which is located at 
5.2 ev (238 my) in neutron-irradiated optical quality 
fused silica obtained from the Thermal Syndicate. 
These workers found the B, bands to increase with 
neutron dosage, the maximum dosage being 7X10!" 
neutrons/cm’. 

An understanding of this color center at 242 my is 
complicated by the presence of an impurity band at the 
same wavelength, which is present or can be developed 
in most fused silica. Several of the reports on this 
impurity band are not in harmony. It is unaffected by 
x-irradiation and annealing at 700°C: Yokota® at- 
tributes this band to interstitial silicon atoms and was 
the first to point out that the intensity of the fluo- 
rescence in fused silica becomes larger as the band is 
enhanced by heating the silica under reducing condi- 
tions. Garino-Canina® at first attributed the 242-my 
band to a metallic impurity present in the silica and 
found three luminescent emission bands at 280, 396, 
and 436 my. The latter band is produced by reducing 
treatment of the silica. He associates the luminescent 
centers with metallic impurity present in the glass.’ 


* Presented before the Pittsburgh Meeting of the American 
Physical Society in March, 1956 [Bull. Am. Phys. Soc. Ser. IT, 1, 
136 (1956). 

t Multiple Fellowship on Glass Science. 

1p. W. Levy, J. Chem. Phys. 23, 764 (1955). 

2A. J. Cohen, J. Chem. Phys. 23, 765 (1955). 

3C, M. Nelson and J. H. Crawford, Jr., Bull. Am. Phys. Soc. 
Ser. IT, 1, 214 (1956). 

4E. W. J. Mitchell and E, G. S. 
(London) B67, 262 (1954). 

®R, Yokota, J. Phys. Soc. Japan 7, 316 (1952). 

*V. Garino-Canina, Compt. rend. 238, 1577 (1954). 

7V. Garino-Canina, Compt. rend, 239, 875 (1954). 


Paige, Proc. Phys. Soc. 


In a later experiment® he removed the 242-my absorp 
tion band and the ability of the fused silica to luminesce 
by electrolysis at 1000°C. Garino-Canina® was able to 
reintroduce the 242 my band and luminescence by heat 
treatment of this silica under reducing conditions, He 
then concludes, in concordance with Yokota, that the 
centers responsible for the 242 my band are interstitial 
silicon atoms. On the contrary, Cohen* has shown that 
the 242 my band cannot be produced in some samples 
of fused silica upon comparable reducing treatment 
and concludes, in accord with Garino-Canina’s earlier 
belief, that the 242 my band is associated with an 
impurity. Dainton and Rowbottom' suggest the 


possibility that the thermoluminescence in fused silica 
(incidentally containing the 242 my band) is due to 


lead impurity, They find that the ratios of lead contents 
and of thermoluminescence intensities are nearly the 
same for two different silica specimens. 

Since the experimental portion of this paper has 
been completed, Garino-Canina has published un 
equivocal proof" that the 242 my impurity band is 
due to germanium. This is shown by production of the 
band in varying degrees in fused silicas matching 
addition of varying amounts of this impurity. He has 
thus revised his interpretation’ that the band is as- 
sociated with interstitial silicon. The results of the 
present work and of Garino-Canina now mutually 
confirm the fact that the 242 my band is due to ger 
manium impurity in a reduced state, 


Il. EXPERIMENTAL 


The three sets of specimens of fused silica used in 
this investigation were a series of wafers of Heraeus 
fused silica known as Homogenized Ultrasil grade,'? 
a series of wafers of Corning purified fused silica, uv 
grade,” with k=0.800 cm™ (74% transmission for 
1.5-mm thickness) at 186 my, and a series of special 


*V. Garino-Canina, Compt. rend. 240, 1331 (1955). 

*V. Garino-Canina, Compt. rend. 240, 1765 (1955) 

” F.S. Dainton and J. Rowbottom, Trans. Faraday Soc. 50, 480 
(1954). 

"VY. Garino-Canina, Compt. rend, 242, 1982 (1956) 

% Purchased from the Amersil Company, Inc., Hillside, New 
Jersey. 

4 Purchased from Corning Glass Works, Corning, New York. 
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samples of Corning purified fused silica with k= 0.163 
cm at 186 my (76% transmission for 0.80-cm 
thickness). 

Absorption spectral data were taken on a Beckman 
Model DU Spectrophotometer having a photomultiplier 
attachment. Air was used as a standard. The data 
presented are not corrected for background or reflection. 

The x-ray irradiations were made in a Picker 
Industrial Unit with a Machlett AEG 50T tube with 
tungsten target and beryllium window. The irradiations 
were at 50 pkv, 20 ma, 6 cm from the tube window. 
The dosage rate is in the order of 1.5 10° r/hour in 
air at the surface of the specimen. The irradiations were 
carried out near room temperature (34°C), All samples 
were wrapped in aluminum foil before the irradiation 
and transferred to the spectrophotometer in subdued 
light to eliminate light bleaching of the color centers 
under study. The samples were all protected from light 
during storage at room temperature. 

The Ultrasil and Corning fused silicas subject to pile 
irradiation were placed in Rabbit 2 of the Brookhaven 
pile where the flux is 3.110" slow neutrons/sec cm? 
and the fast neutron flux is one-third of this amount. 
The sample temperatures while in the pile were 70°C 
or less. 

The proton bombardment was performed in the 
Saxonburg Cyclotron of the Carnegie Institute of 
Technology. The samples received 3.8 10'* protons/ 
cm? at 400 Mev. The irradiations given an Ultrasil 
and Corning sample were the same within + 10%, 

The electron-bombarded Ultrasil received 1.25 10° 
reps (roentgen equivalent physical units) of 2-Mev 
electrons from a Van de Graaff generator. (The actual 
flux value was not available.) It was protected from 
light with aluminum foil. 


III. RESULTS AND DISCUSSION 
A. Impurity Band at 242 my 


As stated earlier,’ this band could be produced in 
Ultrasil grade Heraeus fused silica which did not 
originally contain this band, by heat treatment at 
1000 to 1400°C for 2.5 hr using sugar carbon, silicon, or 
silicon carbide powders. The intensity of the band was 
independent of the type of reducing agent used but 
dependent on temperature to 1300°C. Treatment at 
1400°C gave no enhancement over 1300°C. The data 
obtained were not precise enough for heat of formation 
calculations. The Corning purified silica treated under 
identical conditions at 1400°C did not develop the 
242-mu band. Table I gives a comparison of impurities 
in Heraeus Ultrasil and the Corning silica with k= 0.800 
cm at 186 mug. 

These analyses were made on powdered samples and 
on trace residues remaining after removal of the silica 
by treatment with hydrofluoric acid in platinum ware. 
The impurities reported from residues are only those 
which were not found in blanks run on the same 
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quantity of hydrofluoric acid as used for dissolution of 
the glass. 

Since beryllium and germanium were found in 
Ultrasil but not in Corning silica, these elements were 
regarded as possible sources of the 242-my band in 
Ultrasil. Germanium was chosen first for investigation 
because of its easy reduction and the established 
existence of a lower valence state. In addition, the 
ultraviolet absorption spectrum of gaseous GeO 
exhibits absorption lines in the region 2261 to 2478 A.™ 

Because of the difficulty of producing a high purity 
fused silica containing uniformly dispersed germanium 
impurity, it was decided to investigate first the absorp- 
ton spectrum of a rather pure optical quality ger- 
manium dioxide glass to see if it contained a 242-my 
peak or if this peak could be produced by mild reducing 
treatment. Earlier workers found an ultraviolet cutoff 
at 315 my,'® and at around 280 my" for a 2.51-mm thick 
sample of high purity fused germanium dioxide. 

In this laboratory, optical quality high-purity fused 
GeO," free of bubbles was prepared and thin polished 
wafers were made in order to study the ultraviolet 
region below the lower reported cutoff. (A detailed 
account on GeO, glass will be transmitted later.) In 
a 72-u thick wafer, the optical density was 1.940 at 
272.5 my. By use of fine copper screens as a reference, 
it was possible to extend the optical density range of 
the Beckman Spectrophotometer to almost four with 
decreased precision. A 100-4 thick polished wafer gave 
the spectrum shown in Fig. 1. An absorption maximum 
was found at 245 my with k= 3.6X 10? cm™. It appears 
that another peak may be present below 222 my which 
was the cutoff when this method was used. An emission 
analysis of this material showed the following impurities 
(in ppm)'*: Ca, present; Cr, 10; Cu, present; Fe, 
present; Pb, 10; Mg, <10; Mn, 10; Ag, 3; and Si, 
~100, The starting material was of higher purity, the 


TABLE I. Impurities found by emission analysis 
in parts per million (ppm).* 





Corning purified 
silica 


Relative 
concentration 


Heraeus 
Ultrasil 


<10 

trace 

>5, <10 
>1 

> 5(strong) 
<10 


Element 





<10 

absent 

>5, <10 

>1 

>5(medium), <10 
<10 

absent 

<5 

absent 


trace 
<5 
absent 


HavaiveietvVve 


* Absolute values between § and 3 times values indicated, 
» Found in residue only. 


4 G. Drummond and R. F. Barrow, Proc. Phys. Soc. (London) 
A65, 277 (1952). 
1 R, W. Shaw, Phys. Rev. 51, 146 (1937). 


‘©N. J. Kreidl and J. R. Hensler, paper VII-3, Fourth Inter- 
national Congress on Glass, Paris, uly. 1956 (to be published). 
‘7 Obtained from Eagle-Picher Company, Miami, Oklahoma 
as crystalline GeO. 
'® Absolute values between 4 and 3 times values indicated. 
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major portions of impurity being introduced in produc- 
tion of the glass. An approximate calculation using 
the Smakula equation gave 135 ppm (assuming an 
oscillator strength of one) of centers causing the 245 my 
band. This order of magnitude eliminates detectable 
impurities other than silicon as being responsible for 
this band. 

It has been shown that the band at 242 my in fused 
silica cannot be due to silicon.? Therefore it is concluded 
that this absorption band in fused germania is caused 
by trace quantities of the same germanium species 
that produces the 242 my band in fused silica. It 
appears best to denote this species as either germanium 
(II) or elemental interstitial germanium. It was 
planned to produce fused silica from two samples of 
synthetic quartz containing differing quantities of 
germanium impurity but this experiment is now 
unnecessary with publication of the recent work of 
Garino-Canina." As a result of his and the present work 
there is now no doubt that the 242 my band in fused 
silica and the approximately 245 my band in fused 
germania are produced by the same chemical species 
of germanium. Whether this species is germanium 
(II) or (0) remains to be determined. 


B. 242 my Color Center in Fused Silica 


That reactor radiation induced a color center at 
242 mu seemed confusing at first until it was discovered 
that this band was indeed a true color center, being 
partially bleached by ultraviolet light and completely 





Fic. 1. Ultraviolet ab- 
sorption spectrum of fused 
germania wafer of 1004 
thickness. 
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Fic, 2. Comparison of absorption spectra of fused silica before and 
after various types of high-energy irradiation. 
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annealed by heating. The center discussed in Sec, A was 
completely unaffected by heat, ultraviolet light, or 
more energetic radiations, 

As discussed earlier,? Ultrasil (Amersil) develops a 
242 mu band upon reducing treatment alone. Upon 
x-irradiation alone, weak color center bands centered 
at 220, 300, and 540 my appear. These three bands are 
strongly enhanced upon x-irradiation after reducing 
treatment. This is due either to increase of the (reduced) 
cation species required for interaction with the unpaired 
electron or to an increase in the number of anion 
vacancies or to both. The production of the 242-my 
germanium band by reducing treatment could be 
accompanied by creation of one [if Ge(IL) is the 
product | or two [if Ge(O) is the product | anion vacan- 
cies per germanium reduced, 

Figure 2 illustrates the effect of four types of radiation 
upon Ultrasil. Spectrum 1 illustrates a bombardment of 
11.5 10'® fast neutrons/cm’; in addition the slow- 
neutron bombardment was three times this value. The 
well-known 214-my color center appears as well as the 
subsidiary center at 242 my. Proton bombardment with 
3.4% 10" 400-Mev protons per cm? gave only the 
214 my band as shown in spectrum 2. It is not under- 
stood why the 242 my band is not found in fused silica 
after proton bombardment. There are at least two 
possible explanations for its absence. First, the 242 my 
band may be more rapidly annealed than the 214 my 
band by the heat produced during the irradiation, 
However, estimates suggest that the samples did not 
go much above 100°C, This should be insufficient to 
anneal either band unless the centers are much more 
sensitive to temperature under irradiation, than later, 
Second, the dosage of ionizing radiation is probably 
larger with the proton irradiation than with the neutron 
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h16, 3. Absorption spectra of fused silica after reactor irradiation. 


irradiation. Since the 214 mp band is enhanced by 
ionizing as well as displacing radiation, the roughly 
similar heights of the 214 my bands in two of the 
samples (Spectrum 2, Fig. 2 vs spectrum 1, Fig. 3) 
may not prove that the samples suffered approximate 
equal numbers of displacements. More prolonged proton 
bombardments should settle this question. The effect 
of 3 10* r of 50 pkv, 20 ma x-rays is shown in spectrum 
3. The 214 my band is ill defined, The effect of 5 10° 
reps (actual flux unavailable) from an electron bom- 
bardment is shown in spectrum 4. The results from 
electron bombardment and x-irradiation are almost 
identical, Spectrum 5 illustrates the absorption spec- 
trum of the original fused silica without any treatment. 
The effect of neutron bombardment on the Corning 
fused silica with k=0.800 cm™ at 186 my treated 
concurrently with the Ultrasil is similar for the 214 and 
242-myu centers, as will be discussed later. However, 
this series of Corning samples developed an additional 
color-center band of very poor resolution located at 
approximately 260 my under x-ray, electron, and proton 
bombardment. This band found in no other silica 
investigated in this laboratory, appears as a distinct 
peak, and is different from the 242 my band developed 
in the same material by pile bombardment. The Corning 
series with k=0.163 cm™ at 186 my developed only 
the 214 my band with x-ray treatment even after a 
dosage of several billion r. Upon pile bombardment of 
11.510" fast neutrons, this silica developed the 
214 mu and 242 my bands. The unique 260 my band 
is undoubtedly due to impurity contained in the 
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Corning silica of lower ultraviolet transmission. It is 
absent in the Corning silica with the higher transparency 
in the deep ultraviolet and in the Ultrasil studied. 

The absorption spectra in Fig. 3 illustrate the effect 
of three different dosages of neutron bombardment 
upon Ultrasil. The accompanying Corning. silica 
(analysis Table I) bombarded at the same time gave 
very similar results. In the plot of optical density vs 
fast-neutron dosage, it is seen that the growth rate of 
the 214 my band is slightly greater for the Corning 
material while the rates for the 242 my band are the 
same in both materials (this neglects any effect on the 
242 mu band of the slight difference in the optical 
density of the long-wavelength tail of the 214 my 
band). The Ultrasil was x-rayed at 50 pkv, 20 ma after 
pile bombardment. This resulted in apparent growth 
of both bands as shown in spectrum 4 of Fig. 3. The 
growth of the 242 my band under x-irradiation however 
is not a true growth as the increase in the region of this 
band can be accounted for by the growth of the tail 
of the 214 my band as taken from data on x-irradiated 
Corning silica. It has been established that x-ray 
treatment of Corning silica (k=0.163 cm™') produces 
only the 214 my color-center band. This follows. from 
the observation that the long-wavelength side of the 
band is invariant for }& during continuing growth to the 
limit of the spectrophotometer, It is concluded that the 
band has constant half-width and thus is a simple band. 


Results of bleaching studies of Ultrasil are illustrated 
in Fig. 4. Spectrum 1 shows the sample before bleaching. 
The bands are both partially bleached by ultraviolet 
light as shown in spectrum 2. By heating for one hour 
periods in steps of 50 to 100°C, complete bleaching of 
both bands was achieved at 700°C as shown in spec- 


trum 3. The bleached Ultrasil was then x-rayed. 
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Spectrum 4 shows that the 242 my band produced 
by pile bombardment has been annealed out irreversibly 
and is not produced by ionizing radiation, while the 
214 my band appears as is expected but saturates well 
below the optical density of the band produced by the 
neutron bombardment. This indicates that this type 
of center is partially annealed by the bleaching treat- 
ment. A cursory investigation of the ultraviolet bleach- 
ing of the 214 and 242 my bands in the pile irradiated 
Ultrasil specimen illustrated in Fig. 4, indicated that 
the former band decayed at a slightly faster rate. When 
the 214 my band was about 83% and the 242 my band 
76% bleached, no further change occurred. Then the 
partially optically bleached specimen was heated with 
little further change until 400°C. At this point the 
bands were bleached about 91% and 83%, respectively. 
At 400° they were 95 and 92% bleached and became 
completely bleached at 700°C. 


IV. CONCLUSIONS 


The absorption band at 242 my found in most fused 
silica after reducing treatment results from reduction 
of germanium impurity present in the glass. This band 
is independent of the 242-my color-center band produced 
by pile bombardment, The 242-my color center may 
be due either to Si(II) or interstitial silicon. Since SiO 
vapor has a strong absorption band at 2413.8 A,” 


“ R. W. B. Pearse and A. G. Gaydon, The Identification of 
Molecular Spectra (John Wiley and Sons, Inc., New York, 1950), 
second edition revised, p. 224. 
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the Si(II) is favored. Using the same argument one 
might favor Ge(II) as being responsible for the 242-my 
impurity band." 

This color center shows specificity for fast neutrons. 
In the present studies it has behaved as a dosimeter 
over a neutron flux range of 10'® to 10"’ fast neutrons 
cm’, Further work would be required to establish the 
limitations of fused silica as a fast neutron dosimeter. 
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K X-Ray Absorption Spectrum of a Single Crystal of Germanium* 


D. G. Dorant anv S. T. STEPHENSON 
State College of Washington, Pullman, Washington 
(Received November 13, 1956) 


The extended fine structure on the short wavelength side of the K x-ray absorption edge of Ge in a thin 
single crystal of Ge has been studied by using a double-crystal spectrometer. Extended structure was 
obtained out to 300 ev from the main edge. Positions of the structure observed are given. 


INTRODUCTION 


CCORDING to the Kronig theory! of extended 

structure in x-ray absorption edges of crystalline 
solids, a study using polarized x-rays incident on a 
single-crystal absorber should be more meaningful than 
the usual procedure using unpolarized x-rays and a 
polycrystalline absorber. Attempts at such measure- 
ments have met with limited success,?* 

Nelson, in this laboratory, recently attempted to 
study the germanium K edge with a double-crystal 
spectrometer utilizing a germanium single crystal both 
as the absorber and as the second analyzer. He found no 
extended structure, This same experimental technique 
was also used in the previously cited investigations and 
suffers from several important disadvantages: (1) Few 
crystals are perfect enough to give optimum resolution. 
(2) The experimenter has no control over absorber 
thickness. (3) The incident intensity Jo cannot be 
measured, The appearance of a plot of transmitted 
intensity J vs wavelength \ is strongly dependent on 
the absorber thickness. To correctly indicate the varia- 
tion of absorption coefficient with wavelength, In(Jo/J) 
should be plotted vs \. Because of the advantages of a 
transmission-type experiment, in which the absorber 
can be removed from the beam at will, it was decided to 
prepare a single crystal of germanium thin enough for 
transmission absorption measurements and to investi- 
gate the fine structure observed with this arrangment. 
Results reported here are for unpolarized x-rays. A 
later experiment with polarized x-rays is projected. 


EXPERIMENTAL 


Various means of preparing a single-crystal germa- 
nium absorber of the desired thickness (about 20 y) 
were investigated, Vacuum evaporation, electrodeposi- 
tion, and thermal dissociation were considered and 
discarded in favor of thinning a bulk single crystal. The 
original crystal was 15X15X1 mm, of p-type (indium 
concentration 0.16 ppm), and had been cut with faces 
parallel within a few degrees to the (111) planes.* The 


* This work was supported in part by the Office of Naval 
Research. 

t Now at the Stanford Research Institute, Stanford, California. 

'R, de L. Kronig, Z. Physik 70, 317 (1931); 75, 468 (1932). 

*S, T. Stephenson, Phys. Rev, 44, 349 (1933). 

§ Krogstad, Nelson, and Stephenson, Phys. Rev. 92, 1394 (1953). 

‘ The crystals were supplied by W. F. Leverton of the Raytheon 
Manufacturing Company. 


crystal was waxed to a brass plate and lapped to a 
thickness of about 100 yw. It was then removed from the 
plug and waxed over a hole in a glass microscope slide 
and chemically etched to the desired thickness. A 
modified CP-4 etch was used, consisting of 25 parts 
nitric acid, 15 parts hydrofluoric acid, 25 parts acetic 
acid, and 2-3 drops of bromine. The etching was done 
by dipping the crystal into the etch solution contained 
in a shallow Teflon dish. The thickness was checked 
periodically by placing the foil in a monochromatic 
x-ray beam. 

The double-crystal spectrometer employing Geiger 
counter registration was of the Ross type and has been 
described elsewhere.’ For the wavelength of the Ge K 
edge, the spectrometer was used in air without a bell jar. 
A Machlett (AEG-50-T)W target tube was used as 
source. Cleavage faces of calcite were used in the (1,+1) 
position, They gave a (1,—1) rocking curve at 1.54A 
which had a full width at half maximum of 15 sec. 

This arrangement, of course, did not yield polarized 
x-rays. It was considered desirable to run the simpler 
nonpolarized experiment first to determine the extent 
of the structure in the germanium K edge of a single- 
crystal absorber. 

The x-ray tube with tungsten target was operated at 
21 kv and 46 ma. The tungsten Ly, line served as a 
convenient reference line about 177 electron volts from 
the edge. In passing over the line, aluminum absorbers 
were introduced to keep the counting rate below 100 
counts/sec, making a dead time correction unnecessary. 
For a typical run, J» was about 50 counts/sec including 
1.6 counts/sec background; J varied from 26 to 5 
counts/sec on the long- and short-wavelength sides, 
respectively, including a background of 0.9 count/sec. 
At each angular setting, 5000 counts were taken for 
Ty, 5000 for I, and another 5000 for J. This gave a 
standard deviation of about 1% for points on the short- 


TABLE I, Structure positions in electron volts relative to 
the center of the main edge. 


A a B 8 Gc + Pp 8 E e PF f 
Present work 6.7 15.7 25.2 31.7 48 61 79 114 147 186 223 271 
Hulubei and 5.7 146 20 28 39 47 77 #108 157 193 225 287 
Cauchois 
Beeman and 4.3 16 
Friedman 


' S. T. Stephenson and F. D. Mason, Phys. Rev. 75, 1711 (1949). 


1156 





K X-RAY ABSORPTION SPECTRUM 


1157 





3.2 
3.0 
2.8 


2.6 


2.4 ie 
a B 


2.2 
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wavelength side of the edge. Three runs were made to 
300 ev and one to 60 ev. Shifting the general area of the 
absorber covered by the beam between two runs had 
no effect on the results. 


RESULTS 


The germanium K edge shows structure extending 
300 ev from the edge. The curve in Fig. 1 is a composite 
of all runs; the points are from run IT. The maxima and 
minima of absorption are labeled with capital letters and 
small Greek letters, respectively. Their positions in 
electron volts, relative to the inflection point of the 
main edge, are given in Table I. Also given for compari- 
son are the values reported by Hulubei and Cauchois.® 
The closest structure only was covered by Beeman and 
Friedman’ and the positions listed in Table I, deemed 
comparable to our A and a, are estimated from their 
curve, 

DISCUSSION 


To the writers’ knowledge, the only investigations of 
the germanium K edge are those by Beeman and 
Friedman’ and Hulubei and Cauchois.6 The former 
made a study of the shape of the edge itself (out to 
~ ©H. Hulubei and Y. Cauchois, Compt. rend. Acad. Sci. (Paris) 


211, 316 (1940). 
7W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939), 


1.105 1,100 1.095 1.090 


WAVE LENGTH (A) 


only 20 ev) using a double-crystal spectrometer and an 
absorber in the form of powder. Hulubei and Cauchois 
worked with a curved-crystal spectrometer, photo- 
graphic registration, and (presumably) a polycrystalline 
absorber. Their observed structure was given in tabu- 
lated form only and no curves or intensity data were 
presented, The agreement between the present work and 
that of Hulubei and Cauchois, beyond 80 ev, is con- 
sidered quite good in so far as the position of the 
structure is concerned. The different methods used in 
the two investigations might introduce some discrep- 
ancies especially since a single crystal absorber was 
used in the present work. Agreement with the work 
of Beeman and Friedman is inconclusive since their 
results did not extend very far beyond the edge. 

Of particular interest is the absorption maximum A. 
This maximum, while not so pronounced as is observed 
in some insulators, is more pronounced than that 
observed for such metals as copper. The extended 
structure (D—f{) beyond 80 ev is quite broad in its 
general aspects compared to copper. 
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Single crystals of potassium iodide have been irradiated with x-rays at room, liquid nitrogen, and liquid 
helium temperatures. Only a negligible F-center production occurs at liquid helium temperatures, whereas 
a greatly increased rate prevails at normal temperatures. A number of new absorption bands have been 
found to occur at liquid helium temperature, whereas the room and liquid nitrogen temperature spectra are 
much simpler, At least two of these bands are shown to be associated with impurities. Spectra are presented 
which show the initial existence of centers with absorption bands near the fundamental absorption edge in 
the unirradiated crystal. Evidence is presented which shows that the initial effect of irradiation is to lower 
the absorption in the long-wavelength tail of the fundamental absorption band, presumably by radiation 
damage of those nonequilibrium aggregates initially present in the crysta!. More certain purity is required 


for further studies. 


I, INTRODUCTION 


T is believed that alkali halides represent key 
substances, the understanding of which will elucidate 

much broader areas of solid state physics. For this 
reason a good part of our knowledge of the imperfections 
of solids is based on properties of the 1, 7 compounds. 
The fact that the pure alkali halides are transparent 
from about 200 my to 10-100 w has naturally focussed 
attention on optical properties associated with induced 
imperfections. These are often complementary to 
electric and magnetic properties. It is characteristic 
of much of this work that conclusions based on data 
from one or a few of these substances are generalized 
to include all the alkali halides. Unfortunately, as yet, 
a self-consistent detailed account of the properties of 
color centers applicable to all the 1, 7 compounds is 
not available.! 

Our knowledge of nonstoichiometric alkali halides 
with excess of halogen is confined to KI and KBr? 
These characteristic absorption bands, the so-called V 
bands, of KI(1)* and KBr(Br) are supposed also to 
occur as a result of x-irradiation of stoichiometric 
crystals, This has been verified only for KBr but not 
for KI; the x-ray-induced absorption bands in KC! 
and NaCl (toward the violet from the F band, desig- 
nated as V bands) cannot be compared to KCl or 
NaCl! containing an excess of chlorine in these com- 
pounds.” Perturbation bands have been studied only 
in the iodides and bromides of potassium and rubidium. 
Our knowledge of tunneling,‘ inferred from rate studies 
of the bleaching of the F band in KBr, still requires 


‘Since the subject of color centers has a long development it 
seems desirable here to give references only to several general 
reviews: F, Seitz, Revs. Modern Phys. 26, 7 (1954); F. Stockman, 
Landolt-Bornstein Tables (Springer-Verlag, Berlin, 1955); K. 
Przibram, Verfarbung und Luminessens (Springer-Verlag, Berlin, 
1953), 

* EF. Mollwo, Nachr. Akad. Wiss. Gott. (1935), p. 215; Ann. 
Physik 29, 394 (1937). 

* The symbols KI(I) and KBr(Br) are used here to represent 
only the fact these crystals contain, respectively, stoichiometric 
excesses of iodine and bromine, without regard to their molecular 
state or type of association. 

* Markham, Platt, and Mador, Phys. Rev. 92, 597 (1953). 


substantiating measurements on the perturbation 
bands. These bands, however, are outside the range of 
the photometric equipment ordinarily used. Our 
knowledge of so-called colloidal bands is based on 
studies limited to a few metals in some sodium and 
potassium halides; it does not touch upon, say, the 
optical properties of nonmetallic colloidal particles. 

All alkali halides do not behave the same. It is a 
fact that F centers can be easily induced in KBr, 
CsBr, and KI as a result of x-irradiation at room 
temperatures, but this is not so in CsI and NaI. NaBr 
is reported to color not at all even at liquid nitrogen 
temperature.® The rate of production of F centers at 
various temperatures has been investigated by two 
groups of workers with entirely different results. 
Duerig and Markham® found it just as easy, if not 
sasier, to produce F centers in KBr, NaCl, and KCI at 
5°K as at room temperature. Martienssen,’ working 
with KBr and RbBr, found quite different results: at 
liquid hydrogen temperatures he obtained a much 
smaller F band and a much larger a band than at 
room temperature. Measurements of the a band by 
Duerig and Markham might have resolved this conflict 
and clarify the coloration process as well, but un- 
fortunately this band in KBr was outside the spectral 
range of their instrument. 

The unifying Born-Mayer theory of the alkali 
halides, and the success of the theory of imperfections 
in explaining some of the common properties of these 
salts give reason to believe that at least some of the 
observed differences among members of the alkali 
halide family are extrinsic or accidental, rather than 
intrinsic. Yet, considering the nature of the coloring 
process and the different physical and chemical proper- 
ties of the ions, one might reasonably expect some 
differing behavior, especially in exciton and V-band 
phenomena. It is, therefore, desirable to study the 


Phe- 
7, 772 


*P. Pringsheim, Discussion, Ter on Impurit 


nomena, Schenectady, New York [J. Phys. Chem. 
(1953) }. 
®W.H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 


7 W. Martienssen, Z. Physik 131, 488 (1952). 
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differences in behavior among members of the alkali 
halide family as well as generic similarities. 

In consideration of the foregoing, it seems indicated 
that it would be worthwhile to study intensively one 
alkali halide with regard to as many phenomena as 
possible. “Complete” color center studies restricted to 
one salt should include its optical, magnetic, electrical, 
and thermal behavior upon ultraviolet and x-irradiation, 
electron and neutron bombardment, electron and hole 
injection, chemical addition of either component 
rendering the salt nonstoichiometric, and the effects of 
impurities and mechanical treatment. Potassium iodide 
is especially suited for such a study: the edge of the 
fundamental absorption band and the important 
perturbation bands are in the spectral region covered 
by most readily available spectrophotometers. The 
frame of reference for most V-band work is KI and 
K Br containing excess iodine and bromine, respectively. 
Because iodine is less reactive and volatile than bromine, 
it is easier to make KI nonstoichiometric than KBr. 
Further, it is possible to inject holes in KI whereas this 
is not as yet possible with KBr. A comparison of the 
V-bands in x-rayed KI with those in KI(I) might be 
easier because of the characteristic doublet structure 
of the prominent V bands in KI(I). Furthermore, KI 
can be colored by particle bombardment, as well as 
by ultraviolet radiation. 

The present work, concerned primarily with obtaining 
necessary data, represents the first phase of the afore- 
mentioned program. Specifically, this paper deals with 
color centers introduced in KI by means of x-irradiation 
at liquid helium temperature (LHT), liquid nitrogen 
temperature (LNT), and room temperature (RT).* 


II. SUMMARY OF PREVIOUS WORK ON KI 


Ottmer’ first observed that KI, like some other 
alkali halides, develops a visible coloration (green) 
after x-irradiation at RT owing to the formation of 
F centers. The F band is reported by him to be at 
720 mp (1.72 ev). Mollwo” studied the positions and 
half-widths of the F band at 28°K, 128°K, and RT. 
These results are presumably for F centers in KI(K). 

Mollwo also observed two bands in the ultraviolet 
at about 350 my (3.54 ev) and 290 my (4.27 ev) in 
suitably heat-treated KI(I).2 Uchida and Nakai" 
obtained the same bands as a result of high-temperature 
electrolysis using a platinum anode; they also observed 
a third band at about 265 my (4.68 ev). Noble and 
Bronstein” have studied the formation of a larger 
number of bands in KI(I) under different conditions 
of heat treatment. 


®* The abbreviations RT, LNT, LHT will hereafter be used, 
when convenient, for room, liquid nitrogen and liquid helium 
temperatures, respectively ; x-LHT refers to x-irradiation at LHT. 

*R, Ottmer, Z. Physik 46, 798 (1928). 

” E. Mollwo, Z. Physik 85, 56 (1933). 

" Y, Uchida and Y. Nakai, J. Phys. Soc. Japan 8, 295 (1953). 

2G, Noble and L. Bronstein, Bull. Am. Phys. Soc. Ser. II, 1, 
33 (1956). 
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Molnar observed R, M, and \ bands to the red of 
the F band in a number of alkali halides, but not in 
KI." 

Delbecq, Pringsheim, and Yuster have observed and 
studied two absorption bands, the @ and § bands, 
appearing on the tail of the fundamental band; they 
interpret these as due to perturbed transitions of the 
optical electrons of iodide ions adjoining iodide ion 
vacancies and F centers, respectively.’* They observe 
no electron surplus bands other than the F band and 
probably the F’ band at RT and LNT. A broad, weak 
band occurs between the F band and the bands after 
irradiation at RT or LNT. 

Scott and co-workers have reported a colloidal band 
due to potassium metal in KI(K)'® at 885 my (1.40 ev). 

The fundamental absorption band of unirradiated 
KI has been studied by several authors'®; the most 
pertinent feature of this work is that the low-energy 
side of the absorption edge is quite temperature- 
sensitive, shifting to shorter wavelengths as the tem- 
perature is decreased. The effects of ultraviolet rays 
upon the fundamental absorption band in thin films 
as well as in large single crystals have also been in- 
vestigated by Delbecq and Yuster'’ in an extension of 
their work on the perturbation bands. 


——THERMOMETER LEADS 
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Fic. 1, Low-temperature optical cell, 


4 See footnote 3 of F. Seitz, reference 1 

4 Delbecq, Pringsheim, and Yuster, J. Chem. Phys 
(1951). 

4 Scott, Smith, and Thomson, J. Phys. Chem, 57, 757 (1953). 

1 R, Hilsch and R. W. Pohl, Z. Physik 68, 721 (1931); E. G. 
Schneider and H. M. O’Bryan, Phys. Rev. 51, 293 (1937); H 
Fesefeldt, Z. Physik 64, 626 (1930). 

'7C, J. Delbecq and P. H. Yuster, J. Chem, Phys, 22, 921 
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Fic, 2, Low-temperature spectrophotometric apparatus. 


Thus, the a, 8, /, and probably F’ bands are the only 
bands clearly identified in KI irradiated at LNT or 
higher. No work on KI at LHT has been reported. 

In order to take advantage of the increased ultra- 
violet transparency at low temperatures, it seemed 
desirable to extend these measurements to the lowest 
available temperatures. This touches upon the question 
of the effect of the temperature of irradiation on the 
generation of F centers in KI; during the course of this 
work, Ritichardt'* observed that no F centers or a 
centers are generated in KI below 50°K. However, as 
reported herein, if the irradiation time is long enough 
one can observe the formation of F centers. 


Ill, EXPERIMENTAL 
A. Apparatus 


The experimental apparatus was designed to irradiate 
and make photometric measurements on the alkali 
halide at liquid helium temperature or higher, in order 
to compare the production rates of color centers at 
different temperatures, as well as to study bands in 
additively colored crystals up to at least 100°C. The 
optical cell (Fig. 1) is made of Pyrex, except for the 
brass helium container, and is essentially a double 
Dewar flask, containing tubulated connections between 
the outer and the inner Dewar for the purpose of 
admitting light or x-rays to the crystal. The helium 
container is copper- or gold-plated and is polished to a 
high luster. The crystal holder, screwed to the copper 
bottom of the container, is in the vacuum space and 
cools the crystal by conduction. By means of a Pyrex 
standard taper joint and a Kovar-to-Pyrex tubing 
seal, the crystal may be rotated 90 degrees or more in 
vacuo so that it is in position for irradiation through 
the exterior beryllium window or measurement through 
the two exterior quartz windows. The windows are 
sealed to the tubulations in the outer wall of the nitrogen 
container with Apiezon wax. All interior parts of the 


HH. Richardt, Z. Physik 140, 547 (1955). 


cell are silvered, and the exterior is covered with 
camera cloth to keep out any light. The cell holds 
about 300 cc of helium with an evaporative loss of 40 cc 
per hour. The high thermal conductivity of alkali 
halides is relied upon to cool the crystals to the tem- 
perature of the liquid coolant. 

The cell is mounted on a square metal base which 
may be accurately positioned in the spectrophotometer 
as well as in front of the x-ray tube. Special light shields 
are used in front of the quartz windows to prevent 
optical bleaching when the cell is carried from the 
x-ray chamber to the spectrophotometer. 

The absorption-measuring instrument is a Beckman 
Model DU spectrophotometer employing a 1P28 
photomultiplier in place of the standard blue-sensitive 
phototube to increase sensitivity and_ resolution. 
Modifications have been made in the mechanical 
placement of the components in order to accommodate 
the optical cell; a fused quartz lens is used to focus the 
divergent exuent light from the monochromator into 
the aperature of the crystal holder and onto the surface 
of the crystal (Fig. 2). The spectral absorbance of the 
crystal-plus-cell is measured and the absorption 
introduced as a result of x-irradiation is the difference 
in absorbance values A (after irradiation) — A (before 
irradiation), where A =logio(Jo/Z). Since the spectro- 
photometer is of the manual, nonrecording kind, 
requiring point-by-point measurements, the whole cell 
was moved on a semiautomatic motorized track between 
definite limits in and out of the beam to obtain the J 
and J» readings, respectively, at any particular wave- 
length. The wavelength scale has been calibrated using 
a standard mercury arc line spectrum. 

The x-ray apparatus used was a General Electric 
OX-140 tube with tungsten anode, operated at 140 kvp, 
5 ma, and 120 cps. The radiation is filtered by the glass 
of the x-ray tube as well as oil in the surrounding cooling 
jacket. A Picker diffraction unit is used for exposures 
to 50 kvp, 30 ma. 





COLOR CENTERS 


B. Samples 


The potassium iodide used was obtained from both 
the Harshaw Chemical Company and Argonne National 
Laboratory” and was so-called pure (however, see 
Discussion). The samples were cleaved from single- 
crystal ingots as plates about 1 mm thick and 1 cm 
square. 

IV. RESULTS 

The experimental results are reported largely in the 
order in which they were obtained with the manual 
spectrophotometer and deal with (1) the generation of 
F centers at several irradiation temperatures, (2) 
perturbation bands, and (3) V bands. 

A. F Band 
Production of F Centers at Low Temperatures 
It is necessary to increase the irradiation time to 


about 14 hours before the F band can be observed. The 
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resulting peak spectral photometric density is only 
0.04+0.01 as measured at LHT, and requires the 
ultimate sensitivity of the spectrophotometer. On the 
other hand, x-raying at RT quickly gives rise to a well- 
defined F band with peak intensity 10 to 30 times 
greater. These results are shown in Fig. 3, where the 
lower curve is the F band produced at LHT, and the 
upper curve is representative of the production rate at 
RT. A considerable variability is observed in the room 
temperature darkenability of crystals; this may also 
apply to irradiation at LHT, but the small absorptions 
introduced preclude accurate measurements. This 
exceedingly small colorizability at LHT is observed 
also upon using 47-kvp x-rays (unfiltered radiation 
from the Picker x-ray tube), as well as 140-kvp. 


1 These laboratory-grown crystals were mmety supplied by 


C. Delbecq and P. Yuster of the Argonne National Laboratory. 
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Fic, 4. Absorption introduced to the red of the F band by 


x-irradiation at LHT. This band is not induced at RT, and is 
completely bleachable upon being warmed to LNT. 


The F band produced at LHT is less stable than that 
produced at RT: optical bleaching or warmup to LNT 
completely drop the # band below the level of detection. 

The F band is quite broad when measured at RT and 
narrows at lower temperatures, as in other alkali 
halides. The peak wavelengths and half-widths at 
various temperatures are shown in Table II. 


B. 800-my Band 


When fresh crystals are irradiated with x-rays at 
RT or LNT, no structure is found to the red of the 
F band up to 1y. This situation is altered at LHT, 
where a band with maximum intensity at 800+5 my 
(1.55 ev) occurs after LHT irradiation. Figure 4, 
curve a, shows that it has a much higher intensity after 
1.75 hours x-ray exposure than the F band, and that 
after an additional 5 hours exposure it has not increased 
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Fic. 5. Edge and tail of first fundamental aenpiien band 
measured at liquid helium temperatures for crystals obtained 
from different sources, 





HERBERT N. 


HERSH 





WAVELENGTH 


225 230 235 240 


X-RAY INDUCED ABSORPTION BANDS IN KI 





(mp) 





-_e m8 
| 


ABSORPTION INTRODUCED (LOG I,/I) 














| a 


i | 


us 230 Nay 620 so : 


660 
| 


680 700 
If | 











(CRYSTAL 1) 
(CRYSTAL IL) 
(CRYSTAL II) 


O X-RAYED AT LHT 
() X-RAYED AT LNT 
4 F-BLEACH AT LNT 























7h 


Ns 
Ns 


A 

















5.7 5.6 55 5.4 5.3 


o te 2.0 


5.1 5.0 19 1.8 1,7 6 


PHOTON ENERGY (@V) 


1G. 6, Comparison of absorptions introduced in the ultraviolet at LHT and LNT. At LNT and above, typical a and 6 bands 
are formed. At LHT, a different type of absorption spectrum is obtained. 1.75-hour x-ray exposure. 


its intensity (curve b); the F band continues to grow. 
The 800-my band appears to be bleachable with F 
light (curves ¢ and d), decreasing in intensity by almost 
one-half while the F band is completely bleached out. 
It is also somewhat bleachable with its own light 
(curve e), but its decay is not associated with a con- 
comitant increase in the F band. It is completely 
bleachable upon being warmed to LNT or RT. 


C. Qualitative Luminescence Observations 


During irradiation at LHT a vivid violet fluorescence 
occurs and is accompanied by a weak phosphorescence, 
observable as a weak photocurrent of the 1P28 photo- 
multiplier. Room temperature x-irradiation causes a 
weak grayish-blue fluorescence without any accompany- 
ing phosphorescence. No detectible phosphorescence 
occurs after LNT irradiation. There is no visible 
fluorescence resulting from irradiating an uncolored 
crystal with the ultraviolet light from a Mineral-lite 
lamp or a high-pressure mercury arc. During the 
warmup of an LHT-irradiated crystal to LNT (which 
bleaches the F band) there is a noticeable thermo- 
luminescence observable as a strong photocurrent in 
the 1P28 detector; visual observation of the crystal 
during warmup shows a weak bluish glow. 


D. Bands near the Fundamental Absorption Edge 
1. First Fundamental Absorption Band 


In order to make observations of the a and 6 bands 
it is necessary to obtain an accurate absorption curve 
of the low-energy side of the first fundamental absorp- 
tion band, on the steep slope of which these absorptions 
are superposed. Figure 5 shows the absorption spectrum 
on the edge of the first fundamental absorption band in 
units of cm™,” assuming that the measured absorbance 
below 3.5 ev is due only to reflection losses.” A great 
deal of variability in the shape of the tail exists among 
crystals. Curve a is representative of Argonne crystals, 
and curve b of Harshaw crystals; there is crossing over 
at about 5.3 ev. Above about 5.3 ev the Argonne 
crystals are more absorbing than the Harshaw ones. 
It is observed that the tail is not smooth but has a 
more or less distinct bump at the same spectral position 
in both crystals. 


2. Bands Produced at LHT 


After 1} hours irradiation at LHT, a single broad 
band with maximum at 231-232 my, and covering the 
spectral region from about 222 to 245 mu, is formed 


® Absorption (cm™) = (1/d) In(Jo/I) = (2.303/d)A, where d is 
the crystal thickness in cm. 

a The measured values of the absorbance at 3.5 ev of the crystals 
are usually about 0.12, depending on the surface. 





COLOR CENTERS 


IN X-RAYED KI 


WAVELENGTH (mu) 


235 240 245 250 620 640 660 680 700 





a 


7 


bet ie 


| KI 
X-RAYED AT LHT 


O 10 MIN 
O 134 HR 


| 











Fic. 7. Growth and 
change in shape of ultra- 
violet absorption band 








4 6 ¥4 HR 








with increasing x-ray 
exposures at LHT. 
Measurements at LHT. 


LOG (I,/T) 





DOPOD, 























a 
tk 
Rt ee 





_ 


5.5 5.4 


(Fig. 6, curve A). Irradiation at LNT produces the 
familier a and 8 bands in the same spectral region, as 
shown in curve B of the same figure.” The growth of 
the single LHT perturbation band is shown in Fig. 7 
for exposure of 10 minutes, 1? hours, and 6} hours; the 
a and 6 bands cannot be resolved for any exposure. 
Irradiation in the F band causes an increase in absorp- 
tion intensity on the red side of the perturbation band 
and a decrease on the violet side. (Only a limited 
amount of F bleaching was possible because of the 
small F band; the high absolute densities in this region 
vitiated accurate determination of any new, charac- 
teristic wave shape.) Ff bleaching of crystals colored at 
LNT or RT results in “normal” changes in the a and 8 
bands, as shown in Fig. 6, curves 6 and c. 


3. “Negative” Bands Introduced Near Room Temperature 


Below about 222 mu, KI becomes more transparent 
after irradiation at RT than in the unirradiated 
condition. This results in negative values of the absorp- 
tion introduced below this wavelength [since 
A=A(after x-ray) —A (before x-ray) ]. The variability 
among crystals is such that a number of them 
apparently develop “negative” absorption bands at 
even longer wavelengths along the tail. This is shown in 
Fig. 8. In Fig. 8 the measured absorbances of the 
crystal (plus quartz windows) are plotted before and 
after irradiation (curves A and B, respectively). The 
point of intersection of curves A and B near 5.28 ev 

2 At LHT, the a and 8 bands have maxima at 237 and 225 my, 


respectively. This experiment repeats and confirms that described 
in reference 14, 
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represents the photon energy beyond which the crystal 
is rendered more transparent (over a certain spectral 
region) as a result of irradiation. The upper right curves 
in Fig. 8 show the computed “absorption introduced,” 
and depict an absorption spectrum which is partially in 
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Fic, 8, Increased transparency and growth of perturbation 
bands in the ultraviolet following x-irradiation near RT. Measure- 
ments at LHT. Total absorbance of crystal plus cell before and 
after x-irradiation and after F bleaching. Upper right curve ig 
plot of absorption introduced. 1.75-hour x-ray exposure, 
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Fic, 9, Absorption introduced in near ultraviolet by x-irradiation at RT. Exposure, 1.75 hours. 


negative-absorption space but which roughly preserves 
the identity of the perturbation bands. Bleaching in 
the F band drops the absorption at 225 my and increases 
that at 237 my. This may be compared to curves B and 
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Fic. 10, Absorption introduced in near ultraviolet by 
x-irradiation at LHT. Measured at LHT. A, 10-minute exposure; 
B, 2-hour exposure; C, warmed to LNT. 


C of Fig. 6, from which it seems that these absorption 
changes correspond to the drop of the 8 band and the 
increase of the a band, upon F bleaching. 


E. V-Bands 


Measurements were made in the so-called V-band 
region” for the purpose of obtaining information to be 
correlated with the preceding results. 


1. V Bands Produced at RT and LNT 


Accompanying the formation of the F band at RT 
there is a weak band shouldering the violet side of the 
F band at about 570-580 my, and a weak, broad 
absorption in the uv (Fig. 9). With short irradiations 
it is possible to observe a slight valley near 300 mu 
which may correspond to the absorption bands being 
a doublet. The red component has a maximum in the 
vicinity of 320-340 mu, while the violet component is 
sufficiently weak or so flat that its maximum can only be 
bracketed between 260 and 290 mu (measurements at 
LHT)—note the low optical densities. With longer 
exposures the two bands merge irresolvably, although 
the flatness of the absorption spectrum in the vicinity 
of 260-290 mu is still indicative of a band. 


2. V Bands Produced at LHT 
Whereas the higher temperature (above LHT) 
spectra are relatively simple, a more complex absorption 
spectrum results from irradiation at LHT. In general 


~ ® This is the region between the a and the F band. 
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Fic, 11. Absorption introduced after x-irradiation at LHT, complete scan. Measurements at LHT. 


all the induced bands appear with low intensities. After 
only 10 minutes of exposure (Fig. 10), a prominent 
band appears near 404 my (3.07 ev). Subsequent 
irradiation for over two hours increases this band only 
slightly. Other bands begin to appear in the vicinities 
of 580, 450, 335, and 315 my, with additional weaker 
absorption bands in the vicinities of 520-570 and 
250-300 my. The 404- and 315-my bands appear to be 
stable at LNT, while all the bands bleach out at RT. 
Completely bleaching out the small F band optically 
at LHT decreases the intensities of the bands at 315, 
335, 404, and 450 my only slightly. Figure 11 shows 
the whole available spectrum after about 7 hours’ 
exposure and gives the relative intensities of all the 
induced bands. 


V. DISCUSSION 


We may summarize the experimental facts as follows: 
(1) very low F-center production rate at LHT compared 
to RT; (2) new perturbation band at LHT; (3) in- 
creased transmission in the tail of the fundamental 
absorption band after x-raying at RT; (4) several new 
absorption bands (Fig. 12). 

Riichardt reports that no F centers are generated 
in KI below 50°K. Presumably sufficiently long x-ray 
exposure may be all that is required to produce a 
detectable F band in Riichardt’s crystals. There is, 
clearly, a markedly diminished production of F centers 
at LHT. A comparison of the growth of the F and the 
a bands for all available alkali halides is made in Table I. 
It may be seen that the behavior is sufficiently 
diversified as to elude any simple classification. The 
difference between the results for KBr reported by 


Markham and co-workers and by Martienssen suggests 
at once that impurities may be important.” In the case 
of KI, spectrochemical analyses for metallic constituents 
indicate the presence of trace quantities of Cu and Ca 
in the Harshaw crystals and Cu, Ca, Ag, and Mg in 
the Argonne crystals. It should be mentioned that KI 
is easily susceptible to decomposition upon heating in 
air,”> and to contamination from the platinum crucible. 
It may also well be emphasized that pronounced effects 
can result from impurity concentrations below the 
level of spectrochemical detection,”® as is well known 
for germanium. The small production rate of F centers 
at LHT is not directly correlatable with the instability 
of LHT-produced F centers, because this feature is 
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Fic. 12. Summary of absorption bands introduced in KI by 
x-irradiation at RT, LNT, LHT. Measurements at LHT. Bands 
at 3.07 and 1.549 ey are assumed to be due to impurity. 


“KBr (Harshaw) was x-rayed at LHT and also at RT in order 
to classify it in the scheme presented in the table. For irradiations 
of 1 hour, using 47-kvp x-rays at 15 ma, the / band is about twice 
as high when the crystal is irradiated at LHT as when it is ir 
radiated at RT. (Measurements at LHT.) 

** Molten KI appears reddish brown in air owing to the forma- 
tion of free iodine, which can be condensed on a cold plate held 
in the vapor. All alkali halides are susceptible to contamination 
from platinum crucibles and the iodides are more easily oxidizable 
than the bromides which, in turn, are more easily oxidizable than 
the chlorides, 

J. J. Markham attempts to relate the jog mechanism of 
vacancy production with impurities. 
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Taste I. Summary of information of effect of irradiation 
temperature on growth of F band and a@ band in some alkali 
halides, A = Larger band at LHT than at RT.* B=Smaller band 
at LHT than at RT. 


Band NaCl» KCl» KBre KBre KBr¢ RbBré KI 


PF A A A A B B B 
a ? ? 4 ? A A No a resolved 
at LHT 


* All bands compared at the lower temperature. 

» Duerig and Markham, using Harshaw material and material grown 
at Naval Research Laboratory 

* Present work, using Harshaw material; see reference 24. 

4 Martienssen,’ using crystals grown at Gottingen; 20°K instead of LHT. 

* Present work, using Harshaw material, and cryetals grown at Argonne 
National Laboratory 


observed in other alkali halides (NaCl, KCl, KBr) 
which are easy to color at LHT. 

Table II lists positions and half-widths of the F 
band at several temperatures. Our values of the peak 
energy of the Ff band, er, agree well with Mollwo’s at 
LHT, LNT, and RT. Our half-widths at LNT and 
RT are also in agreement. At LHT our measured 
half-width is appreciably smaller than Mollwo’s. 
Duerig and Markham® also found narrower F bands 
than Mollwo in NaCl, KCl, and KBr. The data of 
Klick and Russell*’ are, for the most part, different 
from the present data and those of Mollwo: their peak 
positions for the F band are more to the red and their 
half-widths are larger. The methods of determining 
the half-width are different and arbitrary: our peak 
energies, and those of Mollwo, are chosen at the energy 
of maximum intensity of the F band, whereas Klick 
and Russell use an analytic method which assumes the 
curve to be Gaussian on both sides of the peak but 
with different constants in the exponent. Further work, 
using additively colored crystals, is necessary to 
determine whether x-rayed crystals have narrower 
F bands than additively colored crystals, although our 
values for ey at LHT and RT apply equally to one 
additively colored sample. In the case of the difference 
in RT values observed by us and Klick and Russell, we 
note that they state that their x-rayed KI bleaches 
rapidly at RT; our measurements on both x-rayed 
crystals and an additively colored crystal agreed with 
each other and we deemed any bleaching at RT (which 
is more extensive in KI than KBr, for example) to be 
negligible over a short time period. 

The band at 800 my (1.55 ev) does not seem to be 
an F’ band, for irradiation with 800-my light does not 
increase the intensity of the F band; also bleaching 
in the F band does not enhance the 800-my band. The 
rapid growth of this band (Fig. 4) suggests impurity 
or other traps already present in the unirradiated 
crystal; its rapid saturation is more indicative of 
impurity traps®* (which cannot be increased in number) 


*7G, A. Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956). 
% There is reason to believe that this band, as well as that at 
404 mu, and the sometime-present band at 305 my, is associated 
with a heavy-metal impurity, such as thallium, although this has 
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than of the vacancy-type traps which are thought to 
be created by x-radiation-damage associated with 
thermal spikes.” 

The main reason for studying the perturbation bands 
at LHT was to observe whether the small number of 
F centers is compensated by a larger number of isolated 
negative-ion vacancies (indicated by an a band), or 
whether other bands occur. 

Figure 5 shows that on the edge of the fundamental 
band there are differences between the two kinds of 
unirradiated crystals, although there is a more or less 
distinct bump at the same spectral position in both 
crystals. Even in the absence of the bump, the gradually 
rising absorption in the tail suggests a spurious absorp- 
tion in this region: one expects a more abrupt rise in the 
fundamental towards shorter wavelengths than is 
actually observed.” These considerations, as well as 
the nature of the perturbation bands induced at LHT 
and at RT (discussed below), indicate the initial 
presence of one or more perturbations not characteristic 
of the almost perfect crystal. 

The absorption resulting from irradiation at LHT 
(Fig. 6, curve A) covers the same spectral region as the 
a and 8 bands. The “bump” on the tail of the funda- 
mental also occurs in the same spectral region. The 
question arises whether a and 8 bands are formed but 
merge irresolvably after long irradiations, or whether 
an intermediate band in the vicinity of the original 
bump grows. 

It is not possible to discern separate a and 6 bands 
over widely different stages of development (Fig. 7) 
nor is an intermediate band (which merely overlaps the 
a and 8 bands) observable, even in the initial stage of 
growth. There is a relatively greater increase on the 
violet side of this band than on the red: the peak shifts 
from about 237 (10 minute exposure) to 232 my (1.75- 
hour exposure), with a slight shoulder developing 
between 225 and 230 my for longer (6.75-hour) exposure. 
A limited amount of F bleaching (due to the small 
F band) produces a slight rise in intensity at 237 mu, a 


Energy LHT LNT RT 


1.875 +0.003 1,809 +0,014 
1.875 1,809 


er (present work) 1.881 +0.003 
er (Mollwo) 1. 88> 

ey (Russell and Klick) 
«4 (present work) 

« (Mollwo) 


« (Russell and Klick) 


79 


1.84 1. 
0.35 +0.01 


0.14 +0.01 
0.18» 
0.20 


1.84 
0.19 +0.01 
( 


21 0.3 
+0,005 0.20 +0,005 0.38 +0,005 


*er and 4 are the peak energy and half-width of the F band in electron 


volts. 
» Extrapolated. 


not been detected spectrochemically (H. N. 
published). 

* J. J. Markham, Phys. Rev. 88, 500 (1952). 

*® Richardt (private communication) states that growing and 
annealing KI in vacuo results in a more abrupt rise in the funda- 
mental! band. Samples of KI, recently made available to us, indeed 
are more transparent in the exciton band, but still have a bump 
at 232 my (5.34 ev). 


Hersh, to be 
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decrease at 225 mu, and no change at 232 mu. These 
facts suggest that the so-called perturbation band 
produced by x-irradiation at LHT may be composite, 
but no positive resolution can as yet be made. Figure 
6 shows that it is indeed possible to produce a and 6 
bands in our crystals if the irradiation is performed at 
LNT rather than LHT. This result is a repetition and 
confirmation of the study of Delbecq, Pringsheim, and 
Yuster (who did not work below LNT). It was observed 
that the ratio of peak intensities of the a and F bands 
varied considerably among crystals to the same x-ray 
exposure, and agreed only roughly with Martiennsen’s 
rule for KBr and RbBr, viz., Ap+Aqg~k and Ag/A p&C 
at constant temperature, where k and C are parameters. 
This is believed to be due to the imperfect nature of the 
samples, i.e., initially present imperfections, as further 
discussed below. 

In both kinds of crystal, after RT irradiation, it is 
observed that the optical density in certain regions of 
the tail decreases. The resultant “negative” bands 
usually appear below about 222 my (5.6 ev), but in 
many crystals, they are also observed in the a, 6 band 
region (see Fig. 6, curves b and c). This suggests that 
two simultaneously occurring processes are caused by the 
x-raying. The first process causes an apparent drop in 
the fundamental, and the second is the formation of 
negative-ion vacancies and F centers, causing the 
appearance of the a and # bands. The first effect is 
presumed to be the partial or complete “dissolution” 
by the x-rays of the aggregates responsible for some 
of the absorption along the whole tail. The degree 
and extent to which these processes occur, are re- 
sponsible for the diminution of absorption at different 
wavelengths. This initial dropping is presumed to occur 
also at LHT, but due to the growth of an absorption 
band to violet of the 8 band, cannot be observed. This 
drop in the fundamental is similar in appearance to 
phenomena in highly imperfect thin films of KI where 
increased transparency in some spectral regions is 
caused by ultraviolet irradiation.” In that case the 
perturbations are largely mechanical, due to vacancy 
aggregates, dislocations, etc., while in the present case 
impurities cannot be neglected. Recalling that the 
absorption coefficients of the exciton and perturbation 
bands are of the order of 10° and less than 10 cm™, 
respectively, and neglecting differences in cross sections, 
the rays appear to cause observable effects in one 
part in 10* or 10°. 

With regard to the bands to the violet of the F, the 
bands in the region of 250-340 my (5.0 to 3.6 ev) 
produced by irradiation at RT and LNT are in the 
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spectral region of Mollwo’s V bands in KI(I). These 
probably correspond to Mollwo’s V band but their low 
production does not afford positive resolution of the 
two bands, even at LHT, since the intensities observed 
might be due to chance impurities. 

Riichardt states that “no V,; centers” are found at 
20°K. While preferring at present not to designate 
these bands so specifically (because of the lack of 
evidence supporting the models for the various so- 
called V centers) it is clear that at LHT, if not at 20°K, 
a number of so-called V bands occur. The quick initial 
rise and approach to saturation of the 404-my band 
is indicative of an impurity-associated center, while 
the continued growth of the other “V bands’”’ indicates 
that some, if not all, may be intrinsic. (The 800- and 
404-myu bands are probably associated with the same 
impurity.) Accurate studies of the optical and thermal 
stabilities and interrelationships between the V bands 
require more intense bands than those presently 
obtained at LHT, and, probably, greater purity. 


VI. SUMMARY AND CONCLUSIONS 


Single crystals of potassium iodide have been ir- 
radiated at room, liquid nitrogen, and liquid helium 
temperatures. The absorption spectrum is much more 
complex at LHT than at LNT or higher. Two of the 
many LHT-produced bands have been associated with 
impurities. Spectra have been presented which show 
the presence of centers with absorption bands near the 
fundamental absorption edge in the unirradiated 
crystal. It is believed that the initial effect of radiation 
is the dissolution of aggregates of unknown nature 
initially present in the crystal, thereby lowering the 
absorption in the long-wavelength tail of the funda- 
mental absorption band. One of the perturbing in- 
fluences is undoubtedly the presence of impurities 
which have a profound effect on the coloration mecha- 
nism. The almost negligible production of F centers 
observed at LHT still requires explanation. Many 
evidences of the presence of impurities indicate that 
further insights into photochemical phenomena in 
potassium iodide requires further increases in purity. 
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Properties of Gold-Doped Silicon 
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Measurements of the temperature dependence of resistivity and Hall coefficient in gold-doped silicon 
show an acceptor level at 0.54 ev from the conduction band and a donor level at 0.35 ev from the valence 
band, These levels appear in equal concentrations within experimental error. The location of these levels 
is supported by photoconductivity measurements. A search was made for other levels associated with gold 
centers but none were found, The distribution coefficient for gold in silicon is 2.5 10~*, Gold was introduced 
into the crystals by growing from a gold-doped melt and by diffusion into single crystals at high tempera- 
tures, The concentrations of gold observed in solution after saturation at various temperatures is consistent 
with that expected from the distribution coefficient. Gold acts as a recombination center detectable at 
concentrations as low as 10'* per cm’, Because the acceptor level is so close to the center of the forbidden 
band, it is possible to shift the Fermi level below the middle with large ratios of gold to residual donors. The 
acceptor level is measured in p-type silicon as 0.62 ev from the valence band, giving a value of band gap 
consistent with previous measurements by other methods. 


INTRODUCTION 


HE electrical and optical properties of impurity 

centers in single crystals of silicon are relatively 
well understood for those elements from the third and 
fifth columns of the periodic table.! Other elements 
whose electrical properties in silicon have been at least 
partially reported are lithium,'? zinc,’ manganese,’ 
iron,‘ and gold.'** The present investigation of gold- 
doped silicon was undertaken with the intention of 
checking previous work, and of making a more thorough 
search for other energy levels. 


EXPERIMENTAL 


All the crystals studied were grown by the Czochralski 
method from molten silicon contained in a quartz 
crucible. The crystals grown from a gold-doped melt 
were rotated at from 0 to 5 rpm, and were grown at 1 
to 14 inches per hour. Those crystals into which gold 
was subsequently diffused at high temperatures were 
usually not rotated during growth. Control samples 
from such crystals showed changes in carrier concen- 
tration of less than 1X10" cm on being heated to 
1200°C for as long as 72 hours. Sources of high-purity 
gold were Johnson-Matthey and Company and Sig- 
mund Cohen Manufacturing Company. 

Gold was diffused into silicon by alloying about one 
mg to an etched bar 0.3X0.3X1.0 cm’, sealing in an 
evacuated and outgassed quartz tube, and subsequently 
heating for about two days at 1200°C. The samples 
were quenched by dropping the quartz tube into water. 
Some samples were removed from the quartz tube after 


* Now at Large Lamp Department, General Electric Company, 
Nela Park, Cleveland, Ohio. 

1 J. A. Burton, Physica 20, 845 (1954); H. Brooks, in Advances 
in Electronics and Electron Physics (Academic Press, Inc., New 
York, 1955), Vol. 7, p. 87. 

* Reiss, Fuller, and Morin, Bell System Tech. J. 35, 535 (1956). 

*R. O. Carlson, Phys. Rev. 104, 937 (1956). 

*C. B. Collins, Bull. Am. Phys. Soc. Ser. IT, 1, 48 (1956). 

*E. A. Taft and F. H. Horn, Phys. Rev. 93, 64 (1954). 

*C. B. Collins and R. O, Carlson, Bull. Am. Phys. Soc. Ser. IT, 
1, 127 (1956). 


diffusion, heated at 1200°C for one hour in argon, and 
then quenched rapidly by blowing out of the furnace 
into ethylene glycol. 

The cryostat, measuring circuitry and sample con- 
tacts were as previously described.’ The magnetic field 
for the Hall coefficient measurements was 6000 gauss. 


RESULTS 
Distribution Coefficient and Solubility 


The distribution coefficient of gold in silicon has been 
reported as 3X10~° by Taft and Horn® from conduc- 
tivity measurements on p-type gold-doped silicon. A 
value of 3X 10~* was also quoted by Burton! from work 
done by J. D. Struthers by both conductivity and 
radioactivity methods. The distribution coefficient has 
been redetermined by the conductivity method with 
checks of carrier concentration from Hall coefficient 
measurements. It was found to be 2.5X10~° in both 
n- and p-type silicon with a relative precision of +25%. 
The absolute value is believed to be 2.5 10~° within 
+50%,. 

It has been shown by Thurmond and Struthers’ that 
the solubilities of impurities in germanium and silicon 
at various temperatures are related to their distribution 
coefficients. Their approach enables one to determine 
the solubility at a given temperature if the distribution 
coefficient is known, and vice versa. 

In order to check these relationships, radioactive 
gold-198 was diffused into silicon at temperatures from 
1000°C to 1380°C. The measured concentrations of 
gold are shown in Fig. 1. Retrograde solubility is 
evident above 1300°C. Calculations by R. N. Hall of 
this Laboratory, essentially by the method of Thur- 
mond and Struthers, show these gold concentrations 
to be just those expected for an impurity whose dis- 
tribution coefficient is 2.5 10~*. Also shown in Fig. 1 
at 1000°C and 1200°C are the concentrations of 


‘ C. D. Thurmond and J. D. Struthers, J. Phys. Chem. 57, 831 
(1953). 
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electrically active gold determined by Hall coefficient 
measurements of the freezeout of the gold ionization 
levels in m- and p-type silicon described later in this 
paper. 


Ionization Energies 


When gold is added to n-type silicon the number of 
electrons in the conduction band is always reduced. 
When the concentration of gold exceeds the net con- 
centration of residual donors, the resistivity approaches 
that of intrinsic silicon. This behavior shows that gold 
introduces acceptor centers into silicon. A thermal 
ionization energy of 0.54 ev was obtained from measure- 
ments of the temperature dependence of the Hall 
coefficient Ry and the resistivity p on a number of 
samples in which the concentration of gold exceeded 
the concentration of net residual donors. Typical curves 
are shown in Fig. 2. The Hall mobility for the sample 
of Fig. 2 has a temperature dependence of 7~'* over 
the range 200-400°K. 

It has been reported on the basis of resistivity 
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Fic. 1. The solubility of gold in silicon as determined from 
radioactive tracer measurements (+ points) and Hall coefficient 
measurements (© points). These findings are in disagreement 
with those reported by J. D. Struthers, J. Appl. Phys. 27, 1560 
(1956). 


TEMPERATURE IN DEGREES KELVIN 
$00 400 f ee __ 250 





— 


COEFFICIENT 
SLOPE + 0,56 ev 
x 


4 








~wA 





RESISTIVITY 
SLOPE +0,54ev 


-—4 





r) 
~ 


HALL COEFFICIENT IN CM*PER COULOMS 



































06 
E A Vi 


Fic. 2. Hall coefficient and resistivity vs reciprocal temperature 
are shown for a sample of gold-doped n-type silicon. The con- 
centration of gold is ~1.5X 10"* cm™ and the concentration of net 
donors (phosphorus) is ~2 10" cm™. 


measurements as a function of temperature that gold 
introduces a donor level into silicon at 0.33 ev from the 
valence band.® Our findings are in agreement with this 
result. Figure 3 shows the temperature dependence of 
Ry and p for a gold-doped p-type sample where the 
gold concentration exceeds the net residual acceptor 
concentration. An ionization energy of 0.35+-0,.02 is 
deduced from the slopes of Fig. 3 after corrections for 
the 7% dependence of density of states near the top 
of the valence band and for the 7~“” temperature 
dependence of conductivity mobility. 

A search was made for another acceptor level closer 
to the conduction band. This was done by changing 
the ratio of gold (N4,) to residual donors (Va—N,q) in 
a single crystal by several additions of phosphorus, 
from the case where N4,>(Nag—N,) to the case where 
2Nau>(Na— Na)> Nau. The first curve in Fig. 4 shows 
the gold acceptor level at 0.54 ev from the conduction 
band; the second shows a continually increasing slope 
going to lower temperature for Nayo(Na— Na). The 
third for which 2N4,>(Na—Na)> Nay showed only a 
(0).045-ev ionization energy characteristic of phosphorus.' 

In p-type silicon a similar investigation was carried 
out by Taft and Horn® based on the temperature 
dependence of resistivity of gold-doped silicon. Figure 
1 in their paper shows curves for the case Nau> (Na 
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Va) to the case 2Na4,>(Na—Na)>Nay. The latter 
case was not investigated below 77°K so that another 
gold donor level, if present, must have an ionization 
energy of the same order of, or less than, that of boron. 


Determination of Band Gap 


Because the gold acceptor level is so far from the 
band edges of silicon, few electrons can be excited out 
of or into this level until ‘relatively high temperatures 
are reached. If gold is the dominant impurity in n-type 
silicon, the Fermi level will be at the acceptor level at 
absolute zero. As the temperature is raised, the Fermi 
level will move either towards or away from the con- 
duction band, depending on the ratio of gold to net 
residual donors, in such a way as to maintain the 
number of filled and empty acceptor levels substantially 
constant. Ultimately, of course, the onset of intrinsic 
conduction will move the Fermi level toward the middle 
of the band gap and the acceptor levels will adjust 


their bound charges accordingly. The fortuitous loca- 
tion of the gold acceptor level so close to the middle 
of the band gap makes it possible to shift the Fermi 
level so far toward the valence band that the crystal 
becomes p-type. It is thus feasible to observe the 
acceptor level separately in n- and p-type crystals. 

A graphical solution’ of the equation of neutrality 
for a shallow donor level and the gold acceptor level is 
shown in Fig. 5. For the higher gold concentration 
(5X 10'® cm~*), the Fermi level (Z,,;) lies below the 
middle of the band gap at 300°K so that a sample with 
this gold concentration and the donor concentration 
shown would be p-type. 

The expression for the Fermi level £, in the extrinsic 
range is’ 

Ey= Exu—kT Inl (Nau— Na)/2Na]), 

§ See, for example, W. Shockley, Electrons and Holes in Semi- 

conductors (D. van Nostrand Company, Inc., New York, 1950), 


pp. 467-471. 
* W. Shockley, reference 8, 471-474. 
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where Ea,=0.54 ev and N, here is the net residual 
donor concentration. Figure 6 is a plot of this equation 
for various ratios of Vau/Na (“trapping ratio’) with 
the band gap E,— Ey taken as 1.18 ev, where E, is the 
energy at the bottom of the conduction band and Ey 
is the energy at the top of the valence band. It was 
assumed, for simplicity, that the temperature de- 
pendence of the gold level is such that E,—Eay and 
Exu— Ey have the same temperature dependence. The 
effect of the donor level at 0.35 ev from the valence 
band is to cause the Fermi level to depart from a linear 
temperature dependence for very high trapping ratios. 
The high-temperature portions of these curves were 
computed from the more general expression for the 
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Fic. 4. Hall coefficient vs reciprocal temperature are shown for 
n-type gold-doped silicon samples from one crystal. The ratio of 
the concentration of gold (N4,) to net residual donors (Va—WN,) 
was changed by additions of phosphorus as the crystal was grown. 
The slope of the Hall coefficient curve for Sec. 6 at lower tempera- 
tures (not shown here) was characteristic of phosphorus-doped 
silicon. 


Fermi level with intrinsic conduction being taken into 
account and with Vqg= 10" cm™. 

The region in which the Hall coefficient Ry is negative 
extends below the middle of the band gap as indicated 
in Fig. 6 because the electron mobility is about four 
times the hole mobility.” If the Fermi level is sufficiently 
far below the middle of the band gap, p>>n, the Hall 
coefficient is positive, and 
Nv (Nau Na/2Na) 

Xexp(£y— Wau/RT), 


Ry = (1/e)(unp/uvp) (Pp —nbvby)/(p+nbp)*, where bp is the 
ratio of drift mobilities, by the ratio of Hall mobilities, uw, the 
Hall mobility for holies, and wp, the drift mobility for holes. For 
the calculations of Fig. 6, bp was taken as 3, by as 4. 


p =Ny exp(Ey — a7 /RT) 
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Fic, 5. Graphical solution of equation of neutrality at 300°K 


Ey, and Ep. are the Fermi energies for the two values of gold 
concentration with constant donor concentration, 


where Vy is the density of states at the top of the 
valence band. In this case the slopes of Inp and InRy 
vs 1/T will yield Eay— Ey. 

Figure 2 is an example of a lightly doped sample in 
which the trapping ratio is low (less than ten) and 
E.— Exy=0.544+0.02 ev. The p and Ry data for a 
moderately gold-doped crystal are shown in Fig, 7 
The gold content of this sample, based on the gold 
content in the melt and a distribution coefficient of 
2.5X10~5, is 1.110! cm™* while the estimated net 
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Fic. 6. Calculated Fermi energy, relative to the conduction 
band edge, as a function of temperature for various gold concen 
trations and a donor concentration of 10 cm™*, Gold acceptor 
level at 0,54 ev; band gap taken as 1.18 ey. The dotted line 
portions of the curves take into account the effect of the gold 
donor level at 0.35 ev from the valence band and the dominance 
of intrinsic conduction at high temperatures. 
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Fic. 7. Resistivity and Hall coefficient versus reciprocal tem- 
perature for a gold-doped — sample with gold concentration 
of 1.1% 10'* cm™ and net donor concentration of 410" cm™. 


donor (phosphorus) concentration is 4X10" cm™*, 
Thus Nau/Na~27. In the region marked Ry negative, 
most of the current is carried by holes; hence the 
resistivity slope is greater than 0.54 ev. The conversion 
of this sample from a negative to a positive Hall 
coefficient at 375°K is reasonable on comparison with 
the theoretical curves in Fig. 6 for N4y/Na ratios of 31 
and 100, The lack of precise knowledge of E4,, the band 
gap, mobility ratios, and the concentrations of impuri- 
ties in the grown crystal makes quantitative com- 
parisons impossible. Above 440°K, the Fig. 7 sample 
converts back to negative Hall coefficient as intrinsic 
carrier generation becomes appreciable. 

Figure 8 shows the p and Ry data on a diffused sample 
in which the gold concentration is believed to be 
8 10'* cm and the donor concentration ~10" cm~*. 
This gold concentration is the solubility limit for gold 
diffused into silicon at 1200°C. The ratio N4,/N4g~800 
is sufficiently high that the Fermi level is appreciably 
below the band gap midpoint over the measurable 
extrinsic range down to 200°K. The data indicate that 
the position of the acceptor level relative to the valence 
band edge is 0.624-0.02 ev. It is interesting to note that 
for samples such as that of Fig. 8, the temperature 
dependences of p and Ry can be greater than for in- 
trinsic silicon over a small range of temperature. The 
slopes of Inp and InRy vs 1/T give the absolute zero 
energy of the acceptor level relative to Z, and Ey even 
if there are linear (but not higher order) temperature 
dependences for E,, Ey, and Eay. Many doped and 
diffused samples had to be prepared in order to obtain 
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a few such as shown in Figs. 7 and 8 because of the 
difficulty of controlling the gold and residual concen- 
trations. 


Optical Measurements 


The spectrum of impurity photoconduction as 
measured by Newman is shown in Fig. 9 for gold-doped 
n- and p-type silicon. The techniques used have been 
described elsewhere." Thermal ionization energies have 
been shown in Fig. 9 for comparison. There appears to 
be qualitative agreement at least between the optical 
and thermal ionization energies. 

Gold acts as a recombination center in silicon with 
an observable room temperature effect on lifetime in 
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Fic. 8. Resistivity and Hall coefficient versus reciprocal tem- 
perature for a sample containing ~10" cm~ donors into which 
8X 10"* cm™ gold atoms have been diffused. 


both m- and p-type silicon at the 10” cm~* doping level. 
An investigation was made of the Hall mobility of 
charge carriers excited from impurity centers by 
intrinsic and extrinsic radiation. No clear evidence of 
trapping was found. 


SUMMARY AND DISCUSSION 


The energy levels that gold introduces into silicon 
are shown in Fig. 10. The band gap as determined by 
the technique described is 1.16+0.04 ev, a value which 
is in excellent agreement with previous measure- 
ments,”~1® 

uR, Newman, Phys. Rev. 99, 465 (1955). 

#F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

4 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 


4G. C. MacFarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 
16 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 100, 606 (1955). 
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The agreement between the solubility determined by 
conductivity and radioactivity methods indicates that 
all the gold in solution at elevated temperatures stayed 
in solution on cooling and was electrically active. This 
finding is in contrast to the cases of manganese’ and 
iron‘ in silicon. A much larger fraction of these impuri- 
ties precipitates on cooling from high temperatures. 

Since the concentrations of the donor and acceptor 
levels are equal within our experimental error, it is 
probable that the same gold center gives rise to both 
of the observed energy levels. It is difficult to see how 
a gold atom in an interstitial site could behave in this 
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Fic. 9. Photoconductive spectra of p- and n-type gold-doped 


silicon crystals are shown. Thermal ionization energies are indi 
cated for comparison with the optical curves. 


way, So it is tentatively assumed to be in a substitutional 
position in the silicon lattice. It is interesting to compare 
the gold levels in silicon with those introduced by gold 
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Fic. 10, Position of gold acceptor and donor levels in the 
forbidden band of silicon. 


in germanium, where the same center seems to be 
responsible for one donor level and three acceptor levels. 
In both silicon and germanium the lowest levels are 
donors, 0.05 ev for germanium"® and 0.35 ev for silicon, 
as measured from the valence band. The next higher 
levels are acceptors, 0.15 ev for germanium and 0.62 
for silicon, again measuring from the valence band edge. 
Two further acceptor levels appear in germanium at 
0.20 ev'’ and at 0,04 ev'*, now measuring from the 
conduction band edge. Perhaps these are shifted so 
high in silicon as to be in the conduction band where 
they could not be experimentally detected. 
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Anisotropic Relaxation Peak in the Internal Friction of Crystalline Quartz*t 


Joun H. WasiiiK 
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An anisotropic relaxation peak has been observed in the internal friction of crystalline quartz. The height 
of the loss peak increases by a factor of 2.1 between a sample stressed in the Y direction and one stressed in 


a direction —18.5° from the Y axis. The shape of the observed relaxation peaks can be fitted by a theory of 
Zener for a relaxation of a preferred distribution of impurities induced by stress, using an activation energy 
of 24 kcal/mole and a relaxation time of 0.6 10™™ sec, The possibility is discussed that this relaxation peak 


INTRODUCTION 


ELAXATION peaks in the internal friction of 
crystalline quartz, (anelastic effects) were first 
reported by Cook and Breckenridge.’ Independently, 
Altman’ observed the same phenomena in connection 
with his measurements of internal friction of beta brass. 
Alers,‘ in following up the work of Altman, made a 
more detailed investigation of mechanical relaxation 
effects in quartz. Recently, Bémmel, Mason, and 
Warner® have found relaxation peaks at megacycle 
frequencies in AT cut quartz plates at temperatures 
around 50°K. 

Relaxation peaks in the dielectric loss of crystalline 
quartz were observed by Nakamura,* and recently by 
Stuart.’ Below room temperature Volger, Stevels, and 
van Amerongen® have found relaxation peaks in the 
dielectric loss of crystalline quartz. 

Zener’ gives the following expression for the me- 
chanical loss, (tand), of a material exhibiting a single 
relaxation time (having a single anelastic effect) : 


M,—M, wr 
tand ( )( ), (1) 
M 1+ (wr)? 


where M,, is the unrelaxedfelastic modulus and M, is 
the relaxed elastic modulus, M=(M,M,)!, w is the 
circular frequency, and r is theZmean relaxation time 

(r.7,)', where r, and 7, are the relaxation times, 
respectively, for the strain and the stress. 


* This work was supported in part by the Office of Naval 
Research. 

t This article was composed for the fulfillment of the publica 
tion requirement for the degree of Ph.D. in the school of Arts 
and Sciences of the Catholic University of America, Washington, 
D.C, 

1R. K. Cook and R. G. Breckenridge, Phys. Rev. 78, 315(A) 
(1950). 

*R. K. Cook and R. G. Breckenridge, Phys. Rev. 92, 1419 
(1953). 

3k, A. Altman, J. Appl. Phys. 23, 475 (1952) 

4G. A. Alers, J. ae Phys. 24, 324 (1953). 

* Bbmmel, Mason, and Warner, Phys. Rev. 102, 64 (1956). 


*K, Nakamura, Sci. Repts. Tohoku Univ. 22, 614 (1933); and 
K. Nakamura, Sci. Repts. Tohoku Univ. 25, 590 (1936). 

™M. R. Stuart, J. Appl. Phys. 26, 1399 (1955). 

* Volger, Stevels, and van Amerongen, Philips Research Repts. 
10, 261 (1955). 

°C, Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948). 


and one observed by Cook and Breckenridge are due to lithium. 
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Zener’ calls the quantity (M,—M,)/M the relaxa- 
tion strength A, the value of which is a particular func- 
tion of the type of relaxation process under considera- 
tion. Zener’ gives expressions for A for numerous re- 
laxation processes. 

The loss for a dielectric relaxation process can be 
expressed in a similar way (for small losses) as was first 
done by Debye," and later by numerous others": 


K,—Kz wT 
tand=( —— ‘)(- _ ), (2) 
Ke 1+ (wr)? 


where K, is the dielectric constant at frequencies far 
below the relaxation frequency and K,, is the dielectric 
constant at frequencies far above the relaxation 
frequency. 

In all the situations with which we will be concerned, 
the relaxation time has been found to vary exponen- 
tially with the reciprocal absolute temperature,’ i.e., 


r= reF/kT (3) 


where r» is a constant related to the fundamental period 
of the lattice (obtainable from Raman spectra and 
reststrahlen measurements). £ is the activation energy 
of the elementary jump process involved in the relaxa- 
tion, R is the gas constant, and 7 is the absolute 
temperature. 

A summary of the existing information on dielectric 
and anelastic relaxation in crystalline quartz is given 
in Tables I and II. Since we will be interested mainly 
in high-temperature relaxation phenomena, (situations 
where the activation energy is around 10 kcal/mole or 
more), the low-temperature work of Bémmel, Mason, 
and Warner’ on mechanical relaxation, and similar 
work relative to dielectric loss by Volger, Stevels, and 
van Amerongen® have not been included in these tables. 

From Table I, we see that only one quartz sample, 
Cook and Breckenridge’s bar E, did not exhibit a 
mechanical relaxation peak. This sample was of the 


”“P. Debye, Polar Molecules (Chemical Catalog Company, 
New York, 1929). 

"H. Frohlich, Theory of Dielectrics (Oxford University Press, 
London, 1949), 

J. D. Hoffman and H. G. Pfeiffer, J. Chem. Phys. 22, 132 
(1954). 
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TABLE I. Summary of existing information on high-temperature anelasticity in crystalline quartz. 








FF METRE FOS CERIO 


Acti- 
vation 
Sample Press. No, energy ro, Relaxa- 
desig- Type of mounting Cut and length Modeof Source of Freq. mm of of = kcal tion time, 
Observer nation and electrodes direction vibration sample kec/sec Hg peaks mole sec tandmas*® 
Altman A» Glass filaments x cut, Longi- 21 0.1 1 2x 10 
at displacement y length tudinal 42 2.7 « 10-4 
nodes; double 
gap mounted 
Alers A» Glass fil., etc. x cut, Longi- 21 10-° 2 272 #2x*10"* 2.548 x 10> 
y length tudinal 42 126 7X10" 3.5-5.4x 107% 
Alers C Glass fil., etc. x cut, Longi- Probably 21 1078 2 272 9X10" 33x 10° 
y length tudinal sameas A 126 7X10" 33-38 « 10~° 


Cook and ey 


Spherical contacts xcut,length Longi- Brazilian 36 latmos 1 22 


2.610" 2.6 x 10~% 


Breckenridge at center nodes, —18.5° to tudinal quartz 108 

fired on gold Y axis 180 

electrodes 
Cook and E Spherical, etc. x cut, Longi- Brazilian 0 No relaxation peaks 
Breckenridge Y length tudinal quartz 54 1 atmos 

1 13 10°" 1 xX 10°44 

Cook and G_ Knife edges at x length Torsion 36 vac 1 16 10-4 5.9 K 10™ 
Breckenridge nodes; fired on 

silver electrodes 
Cook and H Knife, etc. x length Torsion 36 «vac ta 10-" 8.3 & 10 


Breckenridge 


* Tandmes does not include background loss. 
> Same sample. 

¢ Lower tanés after heating in vacuum. 

4 After gold diffused into sample. 


TABLE II. Summary of existing information on high-temperature dielectric relaxation in crystalline quartz. 


Direction of 


Activation energy 


Relaxation time, Electrode 


Observer measurement Freq. kcal/mole re Bec tandmes material 

Nakamura || axis 0.35, 1, 1.5, 2 Mc/sec 14.5 7X 10°" 0.7-6.7 K 10°? Nickel 
4 axis 1.5 Mc/sec No relaxation peaks 

Stuart || axis 1 to 60 kc/sec 21.6 2x 10-" 1.1-1.9 Brass 
1 axis No relaxation peaks 


same orientation and was driven in the same mode as 
Alers’ two bars, and though it was measured at atmos- 
pheric pressure, its tané is roughly the same as that of 
Alers’ bars. Thus, if a relaxation peak of the same size 
as that observed by Alers were present in bar £, it 
could not have gone undetected. 

Of the remaining samples in which relaxation peaks, 
both dielectric and mechanical have been found, there 
is a wide divergence of values for all the parameters 
characterizing the relaxation process. One may therefore 
conclude that these effects are not intrinsic to quartz, 
but rather are the result of impurities or lattice defects. 

Numerous workers~'* have found the de conduc- 


40, G. von Altheim, Ann. Physik 35, 417 (1939). 

4. Darmois and R. Rodmaneche, J. phys. et radium 7, 165 
(1936). 

16 N. G. Rahimi, J. phys. radium 9, 291 (1938). 

16H, Saegusa and T, Matsumoto, Sci. Repts. Tohoku Univ. 24, 
537 (1935). 

17P, FE, Sarzhevskii, Doklady Akad. Nauk U.S.S.R. 82, 571 
(1952). 

16R. B. Sosman, The Properties of Silica (Chemical Catalog 
Company, New York, 1927). 


tivity of quartz orders of magnitude greater in the optic 
axis direction (Z direction) than perpendicular to it. 
The magnetoresistance measurements of Sarzhevskii!’ 
indicate that the conductivity of quartz is electronic 
below 300°C but ionic above this temperature. The di- 
electric loss exhibits a directional variation similar to 
that of the de conductivity. In addition, sizable di- 
electric relaxation peaks are found when the measuring 
field is parallel to the optic axis. The latter two effects 
were first observed by Nakamura.* The activation 
energy and relaxation time obtained from his data are 
given in Table IT (field parallel optic axis). Recently, 
Stuart’ has measured dielectric relaxation peaks in the 
optic axis direction. The activation energy and relaxa- 
tion time obtained from his data agree quite well with 
those obtained by Cook and Breckenridge’ for their 
bar C.” Stuart attributes these relaxation peaks to 
impurity ions. 

The abnormally high values of the de conductivity 


” R. K. Cook and J. H. Wasilik, J. Appl. Phys. 27, 836 (1956), 
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Fic. 1, Orientation of quartz bars. [1949 convention of the 
Institute of Radio Engineers was used; (—18.5°, 1949 convention) 
= (+18.5°, 1944 convention). ] 


and dielectric loss in the optic axis direction leads one 
to an interesting conjecture. Would the internal fric- 
tion relaxation peak increase in height as one went from 
a longitudinally vibrating bar with length normal to 
optic axis, to a bar vibrating in a similar mode but 
having some component of its length along the optic 
axis, both bars being taken from the same mother 
crysta!? Such an experiment is the subject of the 
present investigation. 


EQUIPMENT AND METHOD OF MEASUREMENT 


Two bars were cut from the same piece of Brazilian 
quartz, one bar 7, having its length along the Y axis 
(a 0° bar); and the other, bar U, also having its length 
in the Y-Z plane, but at an angle of —18.5° from the 
Y axis (1949 convention of the Institute of Radio 
Engineers) ; see Fig. 1. These bars were ground to have 
the same dimensions to +0.02 mm; their length was 
4.975 cm; width, 0.451--0.453 cm; and thickness, 0.311 
cm. At room temperature the resonance frequency of 
the zero-degree bar, bar 7, was 54.54 kc/sec; for the 
—18.5° bar, it was 51.33 kc/sec. Dupont fired-on gold 
paint was applied to the large flat surfaces (X faces) 
for electrodes. The total weight of the electrodes was 
not more than 0.14% of the weight of the sample in 
either case. 

Each bar was mounted at its center between spherical 
gold contact points, the X faces being in the horizontal 
plane (see Fig. 2). The crystal mounting was contained 
in a vacuum enclosure, permitting measurements 
throughout the temperature range at pressures of 50 yu 
or less. For the resistance vs temperature measurements, 
the vacuum enclosure was placed in a muffle furnace. 

The temperature was measured by two iron con- 
stantan thermocouples, one placed a few millimeters 
from the center of the bar, and in the plane of the bar, 
the other about 0.6 cm from the end of the bar. In no 
instance were differences greater than 5°C observed 
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between the two thermocouples. The accuracy of the 
temperature measurements was +4°C. 

Electrically, a quartz crystal can be represented near 
resonance by an inductance, capacitance, and resistance 
in series, all paralleled by a second capacitance.” It is 
this resistance that is a measure of the mechanical 
energy dissipated by the crystal. Roughly, the resistance 
is proportional to tané or Q~', and from it, the appro- 
priate piezoelectric coefficient, the density, and the 
dimensions and frequency of the bar, one can calculate 
the tané. The resistance was measured in the following 
way. A source of constant current, but variable fre- 
quency, is connected to the parallel combination of the 
crystal, a known resistor and a vacuum tube voltmeter. 
From the ratio of the voltage at resonance to the voltage 
off resonance, the resistance of the crystal can be calcu- 
lated. If the shunt capacities of the crystal, its con- 
nections and the voltmeter become troublesome, they 
can be tuned out. The signal-to-noise ratio was generally 
40 db or better. It was found necessary to heat the 
crystal approximately 24 hours at temperatures 350 to 
450°C at the beginning of a set of measurements in 
order that minimum and repeatable resistance values 
might be obtained. Upon heating the crystal from room 
temperature to 200 to 300°C, it was almost always 
necessary to tap the pipe leading to the vacuum en- 
closure to obtain a minimum value of resistance. Also, 
after every sizable temperature change, similar tapping 
was necessary. Possibly, differential thermal expansion 
caused a slight displacement of the gold contact points 
relative to each other, and the tapping (usually done 
with the crystal vibrating) jarred the bar into a more 
favorable position within the mounts. Usually after 2 
or 3 taps, a minimum value of resistance was obtained 
and further tapping would not change its value. Some 
of the measurements were made with the temperature 
of the crystal changing slowly. Curves so obtained were 
checked at several points by measurements made with 
the temperature constant. It was found that variations 
in the rate at which the crystals were heated in applying 
the fired on gold electrodes, had an effect on the 
crystal’s resistance at temperatures of 300°C or higher. 
After considerable experimentation, it was found that 
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Fic. 2. Details of mounting of quartz bar. 














”W. P. Mason, Pieszoelectrical Crystals and Their A pplications 


to Ultrasonics (D. Van Nostrand Company, Inc., New York, 


1950). 
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heating to 500°C over a two day period gave the lowest 
resistance vs temperature curves, all other things being 
equal. This indicated that some of the mechanical re- 
sistance of the quartz may be due to the gold electrodes. 
The bars on which the experiments were performed to 
determine the optimum heating rate for application of 
the gold paint, had a gold to quartz ratio of 1 or 2X10™, 
whereas the two bars under consideration had a gold to 
quartz ratio of 1.4 10~*, but even with this small amount 
of gold on the quartz, the absolute accuracy of the 
resistance (if attributed completely to the quartz) is 
placed in some doubt. In addition, there is the mounting 
loss which seems quite small (Q’s of half a million or 
more have been observed at room temperature) and 
this loss varies very slowly if at all with the tempera- 
ture. Since the primary interest is in the size and shape 
of the relaxation peak and since the peak is obtained 
by subtracting the background resistance from the 
total resistance, the absolute accuracy of the resistance 
is not important. This background resistance appears 
to rise exponentially with the reciprocal of the absolute 
temperature. Bimmel, Mason, and Warner® attribute 
this rise to a breaking away of dislocations from their 
impurity pinning points. The significant thing in deter- 
mining the accuracy of the relaxation peak data is the 
spread of the resistance values. This spread also deter- 
mines the size of the smallest detectable relaxation 
peak. It is estimated that this lower limit of detection 
is a peak having a maximum tané of about 1X10~°. 


RESULTS AND DISCUSSION 


The resistances of the two quartz samples were 
measured as functions of the temperature. The results 
were converted to tané values by means of the following 
expression” : 


64R,| dy,’ | *fPlop X 1.11 x 10-" 
tané=- ’ (4) 


wl, 
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1G. 4. tanéd due to relaxation process vs 10°/T°K. 
where R, is the resistance of the crystal, di,’ is the 
appropriate piezoelectric constant, fo is the resonance 
frequency, /, /,, and i are respectively the length, 
width, and thickness of the quartz bar and p is the 
density. The temperature variation of dy’ and fy was 
taken into account. The changes of the dimensions and 
the density with temperature are small and therefore 
were neglected. The tané’s are plotted vs the reciprocal 
absolute temperature in Fig. A sizable relaxation 
peak occurs for each bar. 

To separate out the relaxation peaks it is necessary 
to obtain the background rise of tané with temperature. 
It has been found by Cook and Breckenridge,’ and also 
by Bémmel, Mason, and Warner® that this nonrelaxa- 
tion variation of the crystal’s loss can be represented by 
the following type of function: 


tand, Ba 
n( ) : (5) 
tandyo RT 


where tané, is the crystal’s background loss, R is the 
gas constant, 7 is the absolute temperature, and FE, 
and tané,o are constants. In Fig. 3 the points removed 
from the relaxation peaks are fitted fairly well by a 
function of this type as indicated by the solid line in 
Fig. 3, (E,= 2.0 kcal/mole, tandyo= 46 10°). At tem- 
peratures above the relaxation region, the loss appears 
to be rising much more rapidly. Alers* finds a similar 
rapidly varying loss in quartz which, he shows, rises 
proportional to exp(—,/RT). Assuming that the rise 
above the relaxation region is a function of similar 
type, its general trend can be obtained by subtracting 
the solid line from the high-temperature points, the 
resulting values being indicated by the X’s in Fig. 3. 
The dashed line drawn through these points can be 
seen to be negligible in the relaxation region. The re- 
laxation loss is obtained by subtracting the solid line 
in Fig. 3 from the tané values. The results are plotted 
in Fig. 4. 

As can be seen from the figure, the height of the 
relaxation peak increased by a factor of 2.1 between 
the 0° bar and the —18.5° bar. This is suggestive of a 
relaxation of a preferential distribution of impurity 
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atoms induced by stress.” This type of relaxation occurs 
in a iron when it contains carbon or nitrogen impurities. 
In the iron lattice, which is a body centered cubic, the 
impurities occupy the mid positions of the cube edges 
and the centers of the cube faces. These two positions 
are crystallographically identical. All the impurity 
positions are equally preferred when the crystal is un- 
stressed. When the crystal is stressed along one of the 
cube edges, the impurity position corresponding to the 
cube edge under tension becomes preferred and a new 
spatial impurity distribution results. This new dis- 
tribution will require some time to reach its equilibrium 
value. Associated with the new distribution is an 
additional strain, (d¢/8N,)N, which will not be in 
time phase with the applied stress because of the finite 
time necessary to establish the new distribution; there- 
fore loss occurs. N, is the excess number of elements, 
per unit volume, in the preferred position over the 
number in this position when the distribution is 
random (when there is no stress). For iron, d¢/ON, can 
be evaluated from the lattice expansion of martensite 
as a function of carbon content. Snoek” found that this 
relaxation effect completely disappeared upon removing 
the carbon and nitrogen impurities from the iron. 
Furthermore, it is to be expected that the magnitude 
of this effect in a iron would go to zero for a stress in 
the (111) direction, since here each cube edge (impurity 
site) would be stressed an equal amount. Dijkstra” has 
shown this to be the case. 

The theory for this effect was given first by Snoek,” 
later in quite an elaborate form by Polder,™ and also 
by Smit and Van Buren.” Zener™ gives a simple general 
theory for a relaxation of a preferred distribution in- 
duced by stress. He shows that the relaxation strength 
can be expressed as 

To 
A= . (6) 
T—vTo 


where T is the absolute temperature, v is a constant of 
the order of one, and Ty= (6NM,,/K)(0¢/0N,)*, where 
8 is a numerical coefficient whose value will have to be 
evaluated for each particular case from statistical con- 
siderations. 8 seems to be a function of the ratio of 
preferred sites to unpreferred ones, though it may also 
be a function of other quantities; N is the number of 
elements (impurities in our case) per unit volume that 
may acquire a preferential orientation; M, is the un- 
relaxed modulus (modulus at infinite frequencies) ; K is 
Boltzmann’s constant, and e¢ is the strain. 

From Eq. (1) it can be seen that when wr=1, tanéd 

tandmax = 4/2. Tandmax for the bigger loss peak, that 
of bar U, is about 2 K 10~°; therefore A&4 XK 10~°. A 

* Reference 9, p. 111. 

” J. L. Snoek, Physica 8, 711 and 734 (1941); Chem. Weekblad 
39, 1 (1942), 

* LL. J. Dijkstra, Philips Research Repts. 2, 357 (1947). 


* 1). Polder, Philips Research Repts. 7, 5 (1945-1946). 
» J. Smit and H. G, Van Buren, Philips Research Repts. 9, 


400 (1954). 
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can be written 1/[(7/To)—v], and since »y~unity, 
A can be approximated very closely for our purposes by 
neglecting v relative to T/T». Thus A becomes 


To ——( de ). (7) 


se— = —__— 
T KT \on, 


In this case it is not possible to numerically evaluate A 
since 8 and d¢/AN, are both unknown. (An estimate of 
N is possible from the spectrographic analysis made of 
a portion of the mother crystal from which these two 
bars were cut.) 

However, we can determine how well Zener’s theory 
fits the experimental points as far as the temperature 
variation of tané is concerned. With this end in mind, 
we proceed as follows: 


wr=exp(Inwr), 


To 1 T 1 
ok Se a 
T \or+ (wr) T \2 cosh Inwr 


Inwr=Inwrot+E/RT. 


and 
wr=wroexp(E/RT) or 


When tané is at its peak value, wr=1. The temperature 
at which this maximum occurs we shall call T,,. 

Thus, Inwro= —E/RT,, and Inwr= E/RT—E/RT ». 
Hence, 


(8) 


T 1 
tant=—(— 
To \2cosh(E/RT— E/RT») 


The solid lines in Fig. 4 are plots vs 1/7°K of the 
above expression using E=24 kcal/mole, and 1/7, 
= 1.677 X 10 for both bars, and can be seen to give 
a reasonably good fit to the experimental points. Using 
the above value for the activation energy, the relaxa- 
tion time ro works out to =0.6 K 10~ sec. On the 
basis of the change of the relaxation curve with activa- 
tion energy, the error of the latter is estimated to be 
+2 kcal/mole, and that of the relaxation time to be 
+1 X 10 sec. 

The variation of TJ» with stress direction must be 
attributed to an orientational variation of d¢/AN, and a 
possible directional variation of 8. M,, the unrelaxed 
Young’s modulus, varies slightly with the orientation 
change between the two bars, but this variance is in 
the wrong direction... 

To determine the orientation variation of 7», a de- 
tailed study of the quartz lattice would be necessary. 
One would have to determine possible positions for 
interstitial impurities, along with the symmetry prop- 
erties of these impurity sites. From these symmetry 
properties it should be possible to determine the ori- 
entation variation of d«/8N, and possibly a similar 
variation of 8, if this quantity is orientation dependent. 

Also helpful would be a knowledge of the impurity 
content of the sample. This information might be useful 
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in determining what interstitial positions might be 
occupied, and it would help in determining the impurity 
responsible for the relaxation peak. In view of these 
considerations, a spectrographic analysis was made of 
a piece of the mother crystal from which bars T and U 
were cut. The position in the mother crystal from which 
the spectrographic sample was taken was only about a 
centimeter from that of the two bars. The impurity 
content is shown in Table III. Also included are spec- 
trographic analyses of two bars reported on by Cook 
and Breckenridge. These bars, C and E£, had different 
origins; bar C had a relaxation peak, but bar E did 
not show one. Since bar E was a 0° bar, and C was a 
—18.5° one might expect the factor of two variation 
between the two as was observed between bars 7 and 
U, but the variation was considerably greater than this 
if one takes as the limit of detection for Cook and 
Breckenridge’s work as a tand=3 X 10~°; this corre- 
sponds to a resistance of 100 ohms for bar Z. Thus, if 
there were in bar E a tané peak of 3 X 10~*, it would 
still be a factor of 10 smaller than that observed in 
bar C, 

In addition, two other bars, HA (a 0° bar) and J 
(a —18.5° bar procured at the same time as bar E and 
probably coming from the same mother crystal), were 
measured and found to have no relaxation peaks greater 
than tandmax=3 X 10~*. There is the possibility that 
bar J has a relaxation peak of about 3 X 10~, but this 
value is just on the detection edge of the experimental 
technique (these crystals, bars HA and J, being run 
in air in a method similar to that of Cook and Brecken- 
ridge). Only minor differences in impurity content 
seem to exist between bar C and bar E. In fact, bar £, 
the sample without the relaxation peak appears to con- 
tain a higher percentage of impurities than bar C which 
showed a relaxation peak. The only exception was in 
the lithium content. Bar C contained 10~ to 10-*% by 
weight of lithium whereas bar EZ contained less than 
10% lithium. Since both spectrograms were taken on 
the same photographic plate the ratio of the lithium 
concentration of the two samples is significant, and is 
estimated to be at least a factor of 3. 

The spectrographic analysis for bars 7 and U in- 
dicated that they contained lithium in the 10~* to 10-°% 
by weight range. The tané peak in bar U was 21 X 10°°; 
in bar C it was 26 K 10~*. Both bars were of the same 
orientation and driven in the same mode. In this case, 
the difference in lithium content between bars T and 
U and bar C cannot be considered significant since the 
two spectrograms were recorded on different photo- 
graphic plates. 

Harris and Waring’* have studied the migration of 
lithium ions through quartz under an electric field, and 
report activation energies ranging from 15.5 to 19.8 
kcal/mole. The field was in the optic’ axis direction. 


2° P, M. Harris and C. E. Waring, J. Phys. Chem. 41, 1077 
(1937). 
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TABLE III. Impurity content of several quartz samples; bar C, 
—18.5° bar; bar E, 0° bar. 1-2 means 10™ to 10°°% by weight; 
2-3, 10°* to 10°°%; 3-4, 10-8 to 10%%; <4, <10%%; ---, not 
detected. 


’ 


Impurity 


Ag 
Al 
Ba 
Ca 
Co 
Cs 
Cu 
Fe 
K 
Li 
Mg 
Mn 
Na 
Pb 
Ti 


* Spectrograms for bars C and E were recorded on the same photo 


graphic plate, 


Gibson and Vogel*’ have also investigated the transport 
of lithium through quartz, arriving at two sets of 
activation energies, one grouped around 17 kcal/mole 
and the other around 21 kcal/mole. They attribute 
these activation energies to a surface barrier rather 
than to potential energy barriers within the quartz 
lattice, since the diffusion rate is independent of plate 
thickness. Harris and Waring,” using a different lithium 
ion source, did not encounter this surface barrier 
difficulty. Stuart’ found that diffusing lithium into a 
quartz plate cut perpendicular to the optic axis gives 
an increase in the dielectric constant measured in the 
direction of the optic axis at temperatures of 200°C 
and above. At the same time the equivalent parallel 
resistance was decreased. At 280°C, the temperature at 
which, for another sample, he observed a peak in the 
dielectric tanéd curve for the operating frequency, the 
tand was changed by only a few percent by the addition 
of lithium. On the other hand, the impurity number 
density is increased by about 20% at all temperatures 
by this lithium diffusion treatment. 


SUMMARY AND CONCLUSIONS 


An anisotropic relaxation peak has been observed in 
the internal friction of crystalline quartz. The shape of 
the observed peaks are fitted by a theory of Zener for 
a relaxation of a preferred distribution of impurities 
induced by stress. The orientation variation of the peak 
height is not given by Zener but could probably be 
worked out from a detailed study of the quartz lattice. 

Spectrographic analyses indicate that it is possible 
that the peaks in Cook and Breckenridge’s bar C and 
the observed anisotropic peak are due to lithium present 
in the quartz. 

In the light of these findings, several experiments 
suggest themselves, 

‘mam C. Vogel and G. Gibson, J. Chem. Phys. 18, 490, 1094 

ISN). 
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(1) An effort should be made to correlate dielectric 
and internal friction losses in quartz by making both 
types of loss measurements on the same sample. 

(2) Possibly placing the crystal in a strong electric 
field in the optic axis direction at elevated tempera- 
tures, would flush out the impurities responsible for the 
relaxation peak. Appropriate analyses should be made 
before and after this experiment. 

(3) If a particular impurity were suspected of 
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causing the relaxation peak, possibly the height of the 
peak could be increased by diffusing in the impurity, 
again with a high field at elevated temperatures. 
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Approximate Wave Functions for the F Center, and Their Application 
to the Electron Spin Resonance Problem*t 
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The vacancy model of the F center is treated by a simplified Hartree method, The ions are treated as 
point charges, and the potential of the lattice is computed. The simplified Hartree equation is solved vari- 
ationally, and the electronic polarization is computed by a self-consistent method which takes account of 
the screening action of the /-center electron. The lattice distortion is then calculated. The resulting energies 
are compared with the available optical data. The agreement is good. 

The hyperfine structure of the / center is computed, using a determinantal wave function. The predicted 
hyperfine splittings agree fairly well with the experimental results of Lord and Jen on the resolved 


hyperfine structure of LiF, 


The effects of exchange and overlap are also discussed. 


1, INTRODUCTION 


HE study of the F center has long occupied a 

central place in the investigation of the imper- 
fection-determined properties of crystalline solids. An 
extensive survey of the theoretical and experimental 
work has been given by Seitz.'? There are two well- 
known models of the / center. The de Boer or vacancy 
model views the F center as consisting of an electron 
trapped in the field of a negative ion vacancy. The 
interstitial model, on the other hand, assumes the 
F-center to consist of an electron trapped in the field 
of an interstitial ion; it is thus an interstitial atom. 
Thus the interstitial model considers the F center to be 
a primary imperfection while the vacancy model repre- 
sents it as the stable union of two primary imperfec- 
tions.’ Consequently, the understanding of the nature 
and properties of the F center is an essential step in the 


* Work supported by the Bureau of Ordnance, Department of 
the Navy. 

t Some of the results presented here have been reported at the 
une, 1956 meeting of the American Physical Society in New 
laven, Connecticut. 

!F, Seitz, Revs. Modern Phys. 18, 384 (1946). 

*F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

* We shall follow the usage of F. Seitz [/mperfections in Nearly 
Perfect Crystals (John Wiley and Sons, Inc., New York, 1952), 
». 3] in considering phonons, electrons and holes, excitons, vacant 
Latelce sites and interstitial atoms, foreign atoms, and dislocations 
as the primary imperfections. 


study of the primary imperfections and their inter- 
actions. 

The purpose of this paper is to study the vacancy 
model of the F center. A complete solution of the 
problem of the stationary states of the F center at 
absolute zero requires a careful consideration of a 
variety of physical factors. The proper tool for such 
an investigation is a generalized configuration inter- 
action calculation which takes account also of the 
motion of the ions, Such a calculation is too difficult 
for present day techniques. We have attempted to set 
up a Hartree-Fock equation for the F-center orbital, 
taking account of possible displacements of the ions 
near the vacancy. The complete solution of this problem 
is still some way off, and it seems reasonable to take 
stock of the physical results presently available by a 
simplified method, We shall, therefore, proceed to set 
up a simplified Hartree equation for the F-center 
orbital, neglecting the effects of the finite size of the 
ion cores and the effects of exchange. We shall solve 
this equation by a variational method, and compute 
the effects of electronic polarization and ion displace- 
ment. We shall then set up a method for the calculation 
of the hyperfine structure, using a determinantal wave 
function. This will give us a set of theoretical transition 
energies and hyperfine interactions which we shall 
proceed to compare with the available experimental 
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data. We shall then turn to a discussion of the exchange 
and overlap effects, and the influence they are likely to 
have on the wave function. From this discussion it will 
become clear which of our results can be expected to 
change rather little under the action of exchange and 
overlap. 


2. SIMPLIFIED HARTREE EQUATION 


Consider an alkali halide crystal with one F center. 
It has N nuclei, n—1 core electrons, and one extra 
electron, which we shall call the mth electron. By a 
core electron we mean any electron which is attached 
to the complete shell of a positive or negative ion. Thus 
this name includes the electrons belonging to the 
complete valence shell of a negative ion. For the 
purposes of Secs. 2, 3, and 4, the core electrons will be 
considered as point charges. Thus the mth electron 
may be considered to have a potential energy of the 
form (a is the nearest neighbor distance) 


Vi(r)= a (—1)2étwetes 


2i,Vi tim @ 
X[(*—ax;)?+ (y—ay,)*+ (2—az,)?} 4. (1) 


(We use Hartree atomic units throughout the paper.) 
The prime on the summation sign means that the 
point (0,0,0) is omitted. We have assumed that the ion 
cores were not polarized. This assumption will be shown 
to be self-consistent in Sec. 3, where we shall evaluate 
the electric field acting on each ion, and will compute 
the contribution of the polarization effect to the 
binding energy. Our present problem is, therefore, the 
determination of the orbital y,(r) for the F-center 
electron which minimizes the functional* 


EyS4#= fvatnc- 3V?+V u(r) Wn(r)dr, (2) 


subject to 


fon Pdr=1. 


Throughout this section, the lattice will be assumed to 
be undistorted; that is, the ions will be assumed to 
occupy the same positions they would occupy in the 
perfect lattice at T=0. Later we shall compute the 
lattice distortion effects by a perturbation method, 
permitting only the nearest neighbor ions to move. It 
will be seen that the distortion effect is small in this 
approximation. 

The usual group theoretical considerations lead one 
to the conclusion that V,(r) must belong to the Ij‘ 
(totally symmetric) irreducible representation of the 
cubic group.® Let us denote the linear combinations of 

* The wave function y¥, can be taken real because the Hamil 
tonian is real in our problem, 

5’ We shall denote the irreducible representations of the full 
cubic group Oy by I'\” following H. A. Bethe, Ann. Physik 3, 133 


(1929). We have appended the superscript p which stands for 
“odd” or “even.” 
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TABLE I, Reduced form of the spherical harmonics of order /. 


Order | Reduced form 


NOUS WH © 


ox 


the spherical harmonics which belong to a given 
irreducible representation I',? of the cubic group Oy by 
the symbol 


+1 
QP ?,Lui|0,¢)= XCar; m)V¥im(O,e). (3) 
m= 

Here yu; is an index used to differentiate among several 
Q’s of the same /, belonging to the same I',?. Thus the 
maximum possible range of uw; is O<p:< 2/. Following 
Bethe and Von der Lage, we shall call the Q’s Kubic 
Harmonics.* These Kubic Harmonics are orthonormal, 

that is 


fart dal OU we" |8,0) 
bry yOr,vburmv'. (4) 


Bethe has reduced the spherical harmonics according 
to the several irreducible representations of the cubic 
group.® He finds that the spherical harmonics of order 
l belong to the following irreducible representations 
(Table 1). (We have extended his table.) We have 
appended the superscripts e for even and o for odd, 
where even and odd retain their usual spectroscopic 
significance. It follows that 


V i(r) = Voo(r)O(T14,0,0| 6, ¢) + Vao(r)O(Ts',4,0) 0, ¢) 
+ Veo(r)O(I'1',6,0!0,¢) 
+ Vgo(r)O(I'1*,8,0/0,¢)+---. (5) 


The individual Vi«;(r)’s are determined by expanding 
each term in the potential about the center of the 
vacancy. Since the potential energy V(r) is invariant 
under the full cubic group, it is clear that every solution 
of our equation must belong to an irreducible repre 
sentation of the cubic group. Thus we must have’ 


y(T',?|r) es ya R(T’, Mil NOT? Lm ,¢). (6) 


lO wt 
In practice it is necessary to terminate the series for 
y(I',?|r) after one or two terms for the variational 
treatment. The higher terms may be added later by 


*H. A. Bethe and F. C. Von der Lage, Phys. Rev. 71, 612 
(1947). It should be noted that our normalization differs from 
theirs. 

7 For all but the two one-dimensional representations I’; and 
I';, two or three wave functions belong to the same representation. 
In the interests of simplicity of notation, we have omitted the 
index which differentiates the several wave functions belonging 
to the same representation. 
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Tasie II, Theoretical ground state energies and parameter values for six alkali halides with the NaCl structure. All quantities are in 


Hartree atomic units; i.e., the unit of energy is two Rydbergs, and the unit of length is the Bohr radius. 


Interionic 
distance 
Subetance a t 


1.71 
1,81 
1.87 
1.92 
1,99 
2.04 


Type I 
E(ri*) t 


— 0.267 
—~(),.244 
—(),227 
~0.214 
~0,198 
—0.186 


3,80 
4.37 
4.46 
5.31 
5.93 
648 


LiF 
Nak 
Lic] 
NaC] 
KCl 
RbBr 


2.41 
2.43 
2.45 
2.47 
2.49 


perturbation theory methods, provided that they are 
small. 

Thus far our efforts have been directed chiefly towards 
the determination of R(I'\*,0,0\r) and R(I',4?,1,0|r). 
These are the familiar s and p states of previous treat- 
ments.'? We have tried three types of wave functions 
for the ground state, which has I';* symmetry ; and three 
corresponding types of wave functions for the first 
state to which the electron may be excited by electric 
dipole radiation, namely, a state with I'y’ symmetry. 
The several trial functions and the corresponding ener- 
gies are listed below. Later we shall give heuristic 
reasons for choosing these particular trial functions. 


Ground-State Wave Function 
O(1's*,0,0|0,¢) = (1/42), 
R(1T*,0,0| r) = 2(£/a)! exp(— t/a); 
I, Eyp®! = #/2a’—(1/a){am—exp(—2é) 


4 


hye (31/n,!)2°%; p= (xP? +-y?+2/)1, 


2.38 





Type Il Type Ill 


” £(vi) E(rs*) 


oo 





3.50 —0.257 
3.68 —0.244 
3.82 —0.232 
3.96 —0.221 
4.11 ~0.207 
4.26 —0.195 


—0.297 
—0.271 
—0.253 
—0,238 
—0,219 


RNPNRNW 
SRSESS 





II. = R(Ts',0,0|r)= A jo(&/a) exp(—n), r<a 
=A jo(€) exp(—nr/a), r>a 
where 
n=1—€ coté; 
R(V1*,0,0| 7) = A jo(&r/a)ko(n), 
= A jo(€)ko(nr/a), 


III. r<a 


r>a 
where 
n=—E€coté, and ko(x)=(1/x) exp(—x). 


Here the £’s are variational parameters and the n’s are 
determined by the condition that both the wave 
function and its radial derivative have to be continuous 
at r=a. A is a normalizing constant, and j,(x) is the 
spherical Bessel function of order n.* 

The corresponding energy functionals are® 


Ll hil A)eetveteett(1-+-p.8) (1/00) expl—2 (01-1) }}3 


(8) 


where n; is the number of times any given number occurs in the triplet (x;,y;,2;), and 0; is the number of times 
that zero occurs in this triplet. ay = 1.747558 is the Madelung constant for the NaCl lattice. The prime on the 


summation sign means that the point (0,0,0) is omitted. 


IT, Ep = (1/2a°){&— (G(&)/n)[n—3n—-3+-E(1—1/n +40) } 


— (1/a){aw— 4n*G() 


a ‘ 


> By 
"Vir 


where 


h,(—1)*#+¥eF#+1 (1 -+-np,)(1/p,) expl—2n(pi—1) }}, (9) 


0 


LG() = (1— (1/2§) sin2€) (sing)*+ (1/m)(1+-1/n+407). 


HT. Ep" = (1/2a*)&y(14-n)-!— (1/a) [am — nk? (1+) “(2 +9?) 


 ((2np,)~ exp[—2n(o:— 1) ]+-exp(2n) Ei(—2np,)} J. 


ing 


a> w> xu>O0 


hy ani 1)7*+ viteitl 


(10) 


The corresponding energies and parameters are tabulated in Table II. We have denoted the stationary value 
of the Ey*” functional for the ground state by Z(T,*). About three to eight terms in the series for Er*” actually 
contributed. It is clear that the type ITI wave function gives consistently lower energies for the ground state, 


and it is therefore the better wave function. 


* See, for example, P. M. Morse, Vibration and Sound (McGraw-Hill Book Company, Inc., New York, 1948), second edition, p. 316. 
* These expressions for Ey*” are easily obtained if one evaluates the expectation value of Vz(r), as given in (1), expanding each 
term in (1) about the center of the vacancy in a series of spherical harmonics. 
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First Excited State Wave Functions 
Q(T" 4’,1,0| 0,¢) = (3/42)! cosd, 
R(I'4?,1,0| 1) = (2/v3) (€’/a)5"r exp(— t’r/a) 


r<a 


R(T ,’,1 Olr) = 
= A’j,(t’)(r/a) exp(—n’r/a), 
r>a (11) 


A'j,(&’r/a) exp(—1’), 
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where 
n =3—£7(1—2' cot?’)". 
TIT. R(1'4°,1,0\7)= Aji (é'r/a)ki(n’), r<a 
= A’j,(E’)ki(n’r/a), r>a, 
where 
n= f(EQHILS(ED P+ 2/8}, 
F(E) = 4E7(E' cotg’— 1), 
ki (a) = (1/a+1/x*) exp(—x). 


The corresponding expressions for the energy functionals are 


I. EpS# = ¢"/2a*—(1/a)(aw—$ 


a> via um>O 


hy(— 1) 2eFuetesF"(1/p,) exp(—2€'p,) 


[3+ (9/2)éa.+3(é'p,)*+ (é'p,)* J}. (12) 


E p84 = (1/2a*){ &?— 2G" (&)[ (2n')-*(€? +0) ((2n')4+-4 (2n')?+ 12 (2n/)? +24 (2n') +24) 


—2(2n')-*((2n')?+-3(2n')?+-6(2n') +6) ]} — (1/4) {am hn/8G"(8") QL’ 


x (1/pi) exp[ — 2n’ (p; ™ 1) IL3 + (9/2)n'pit-3(n'p;)? + (n'p;)* )), 
(G'(") P= 1 — jolt’) jo( ELIE) FPA +2 (20) (20) § +4 (2') 8 + 12 (20)? +24 (20') + 24 J. 
) ky hy(— 1) 2¢tueteetl 


IIT, E p84 = (1/2a*)[ &—G'(é’)n’*(14+-'/2) (+) ]— (1/a) {am —G' (¢’) 


X {exp(2n’)[— Ei(—2n'ps) ]—4(n'p,)*(n'pi— 1) exp[— 2n' (pi—1) ]})}, 


h,( —1)2etuebactl 
>0 


a> Wi> xi 


(13) 


(14) 


[G’(8) P= nL + (0/2) J (A CEE) Pt (28) sin2&’) — fol’) J). 


About five to sixteen terms in the series actually contri- 
bute. The resulting energies and parameters are sum- 
marized in Table III. Here type II seems to be a 
slightly better wave function. 

The reasons for choosing trial wave functions of these 
three types are the following: 

Type I. These are hydrogenic functions. They are 
chosen in accordance with the conventional picture 
that the potential of the negative ion vacancy is 
qualitatively similar to a Coulomb potential. 

Type II. These are composite functions. They are 
chosen after an examination of Voo(r). This is the only 
term in the potential energy capable of affecting a trial 
function which is spherically symmetric. From Fig. 1, 
it is clear that the potential is constant for r<a. For 
r>a, it has a Coulomb-like behavior for a short stretch, 
and then it breaks into a series of violent oscillations 
as more and more terms in the sum undergo a series 


reversal. In the region r <a, the solution of the wave 
equation is therefore of the form j,(&/a). Outside this 
region we approximate the wave function by a hydro- 
genic wave function which would have been appropriate 
if the potential were actually Coulomb-like for all 
values of r>a. 

Type III. These are composite wave functions appro- 
priate to a region where for r<a the potential has a 
constant negative value while for r>a it has a large 
constant positive value. Thus for r<a the appropriate 
solution is 7,(&/a) while for r>a the solution takes 
the form k,(nr/a), where k,(x) is the modified spherical 
Hankel function of order n. This choice makes sense if 
we suspect that the actual energy levels we are com- 
puting are so low that the oscillations of Voo(r) are of 
little consequence, Thus this approximation is better 
for the ground state than for the excited states, 

Before we go on to discuss the several correction 


TABLE III. Theoretical energy and parameter values for the first excited state. All quantities are in Hartree atomic units. 





Type I 
E(ve) 


Interionic 
distance 
Substance a 


—0.138 
—0,137 
—0,135 
—0.133 
—0,129 
—0.126 





3.80 
4.37 
4.86 
5.31 
5.93 
6.48 


LiF 
NaF 
LiCl 
NaCl 
KCl 
RbBr 





Type Il Type Ill 


, , 


” ” E(t) 
-0,147 
~0.150 
0.151 
~0,149 
~0,145 
0.141 


2.67 
3.00 
3,23 
3.40 
3.63 
3,84 
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Fic. 1. Spherically symmetric part of the potential energy of 
the F-center electron, Voo(r), as a function of the distance r 
from the center of the vacancy. 7 is in Bohr radii; Voo(r) is in 
arbitrary units, 


terms, which will be shown to be small, it will be 
advisable to compare our results with the available 
experimental data; namely, the peak of the F band at 
T=0. In this comparison, we shall use the energy 
obtained with a wave function of type ITI for the 
ground state and of type II for the first excited state. We 
shall also list the values of the oscillator strength for 
the transition under consideration, computed with the 
aid of the above wave functions. The results are listed 
in Table TV and a comparison with experiment is made 
in Fig. 2. We can thus interpolate graphically to find 
the theoretical value of the F-band energy for those 
intermediate values of a which correspond to substances 
measured at very low temperatures by Mollwo" and 
by Russell and Klick." The results of this interpolation 
are seen to agree with the experimental values to within 
15°. It is interesting to note that in this approximation 
our theory states that the F-band energy is a function 
of the interionic distance a only. This is in substantial 
agreement with Ivey’s empirical formulas.” 

We have estimated the magnitude of R(I';*,4,0|r) by 
a variational method. While this estimate is not com- 
pletely reliable, it would appear that the high angular 
momentum wave function is so diffuse that its overlap 
with R(I'\*,0,0|r) is very small. Consequently, very 
little g state would seem to be mixed into the ground 


Tasie IV, Theoretical /-band energies and oscillator strengths. 
All quantities are in Hartree atomic units. 


Oscillator 
strength 


Theoretical 
E(ve)~E(i) 


Interionic 


Substance distance a 


0.997 
0,988 
0.967 
0.968 
0.985 
0.971 


0.147 
0.119 
0.101 
0.088 
0.073 
0.063 


3,80 
4.37 
4.86 
5.31 
5.93 
6.48 


LiF 
NaF 
Licl 
NaCl 
KCl 
RbBr 


10 E, Mollwo, Z. Physik 85, 56 (1933). 
"C, A, Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956). 
2H. F. Ivey, Phys. Rev. 72, 341 (1947). 
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state. It should be noted, however, that the question 
of high angular momentum components is intimately 
tied up with exchange and overlap effects. We shall 
therefore postpone further discussion of this subject to 
Sec. 6. 


3. POLARIZATION ENERGY 


The polarizing forces acting on the core electrons 
near the F center can be divided into several classes. 
First, there are the forces acting on the core electrons 
of an ion placed on a lattice site in a perfect crystal. 
These have the point symmetry of the lattice. Their 
only appreciable contribution to the energy of the core 
electrons is a spherically symmetric one: they raise or 
lower the potential energy of the core electron by ay/a. 
Their polarizing effects involve the admixture of states 
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Fic, 2. F-band energies at 0°K for the alkali halides as a 
function of the interionic distance. All quantities are in Hartree 
atomic units. 


of much higher angular momentum, and _ therefore 
considerably higher energy. They are consequently 
negligible. 

The removal of a negative ion and its replacement 
by an electron introduces some new forces. The elec- 
tronic cloud of the ion and the F-center electron overlap 
and exchange in a manner different from that in which 
the overlap and exchange between the two ionic cores 
took place. This phenomenon is appreciable only for 
the nearest neighbor alkali ions, and it can hardly affect 
their tightly bound core electrons. Its effects on the 
F-center electron may be more appreciable, and they 
will be discussed in Sec. 6. 

The final and most important polarizing force is due 
to the relatively diffuse nature of the F-center electron 
cloud. Unlike the core electrons of a negative ion, an 
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appreciable portion of the electronic charge may be 
expected to be outside the sphere bounded by the 
nearest neighbor positive ions, and some of the charge 
will be even outside the larger sphere bounded by the 
next nearest neighbor ions. Thus an electric field must 
be acting at the center of every nearest and next nearest 
neighbor ion, tending to polarize it. In some previous 
treatments, this was taken into account by using the 
dielectric constant technique in the framework of the 
adiabatic approximation. This led to mathematical 
difficulties in the computation of the polarization 
throughout the crystal. The effect of the polarization 
of the distant parts of the medium was, of course, 
cancelled by the depolarizing influence of the F-center 
electron cloud, but both of these terms had to be 
computed in the course of the calculation. In a self- 
consistent treatment, on the other hand, this mathe- 
matical difficulty is avoided because only the net 
polarization energy must be computed, provided that 
one starts with appropriate initial wave functions. 

We shall, therefore, compute the field at each of the 
nearest and next nearest neighbors, and then use the 
usual polarizability theory. This will give us the change 
in the energy of the F-center electron due to polariza- 
tion. If the energy change is large, we must recompute 
the wave function. If it is small enough, we shall leave 
well enough alone. 

The change in V,(r) will evidence itself in two 
different ways. First, there will be a change in Voo(r) 
and also in the higher coefficients in the expansion of 
the potential. Secondly, there may appear some new 
terms in the potential, having a symmetry other than 
I';*. These new terms will belong to representations 
occurring in the reduced form of I';” I,” if the F-center 
electron is in a state belonging to the I,” representation. 
Thus, for the ground state 

ryxXry=T 7° (15) 
and no new terms appear. For the first excited state, 
on the other hand, we have 


Pexrye=Pye tly tle tls! (16) 
and terms of different symmetry do appear. There is 
good reason to believe, however, that their effects are 
no more important than the effects of the changes in 
Voo(r), and therefore we shall content ourselves with 
showing that the changes in Voo(r) are small. 

We shall estimate the polarization effects by first 
computing the polarizing charge q, acting on the sth 
ion, and then employing Gauss’ theorem. For the 
ground state, the spherically symmetric part of the 
polarizing charge density is 

5(r)— (1/4) R(T)*,0,0) r) P, (17) 


where 4(r) is the three-dimensiona] Dirac delta function, 
centered at the center of the vacancy. For the first 
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excited state, it is 
5(r)— (1/49) R(14°,1,0/r) (18) 


Thus the polarizing charge acting on the nearest 
neighbor cations in the ground state is 


(19) 


44 -f [R(T 4*,0,0|r) Pdr 


and the charge acting on the next nearest neighbor 
anions is 


g-= | [LR(Ts*,0,0|r) Pr'dr. 
Va 


(20) 


Analogous expressions hold for the excited state, with 
R(T,*,0,0|r) replaced by R(I4°,1,0/r). In Table V 
below, we have listed the values of g,, computed using 
a type ITI function for the ground state and a type II 
function for the first excited state. 

The dipole induced on the sth ion is approximately 


ang,/te 1) 


and it points away from the vacancy in a radial direc- 
tion. m, such dipoles situated symmetrically about the 
vacancy produce a potential whose spherically sym- 
metric component is 


(22) 


—nag./t Wor<rs, 


and zero otherwise. This leads to a change in the 
potential energy which may be written in the form 


= — nag. /t,'. (23) 


This contribution to the potential energy is tabulated 
in Table VI. ¢, is the contribution to the energy from 
the six nearest neighbor cations, and e is the contri- 
bution of the twelve next nearest neighbor anions. 
Other ions produce only negligible effects because q, 
drops off very rapidly. Clearly the polarization effects 
are completely negligible for the ground state, For the 
first excited state, they are of the order of 3% or less, 
and they may be evaluated in first-order perturbation 
theory as was done above. For those alkali halides 
which have the more pronounced polarization effects, 
it may pay to examine more closely the nonspherical 
terms in the polarization energy of the first excited 


TABLE V. The polarizing charge. These charges are expressed as 
multiples of the electronic charge. 


Ground state Viret excited state 


Substance qa. (Tw) q-(T 1) q. (Ve) q-(Ve 
0.165 
0.110 
0,082 
0.065 
0.048 
0.037 


LiF 
NaF 
Licl 
NaCl 
KCl 
RbBr 


0.209 
0.181 
0.158 
0.147 
0.141 
0.126 


0.045 
0.033 
0.024 
0.020 
0.019 
0.014 


0,493 
0.416 
0.368 
0.335 
0,296 
0).266 
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Taste VI. The contributions to the electronic polarization 
energy of the six nearest neighbor cations ¢,, and of the next 
nearest neighbor anions ¢_. Energies are in Hartree atomic units. 


Ground state First excited state 
Substance ms Ou & Ce 
LiF —0,0003 — 0.0002 —0.0014 —0.0025 
NaF —(),0007 — 0.0001 — 0.0036 — 0.0006 
Licl 0.0001 —0,0001 — 0.0003 —0,0009 
NaCl ~0,0002 — 0.0000 —0,0011 —~ 0.0004 
KCl —0,0006 0.0000 —0.0025 —0,0001 
RbBr 0.0006 —0.0000 ~0,0025 —0,0001 





state. It may then also be necessary to take account 
of the interactions among the dipoles which tend to 
decrease the polarization energy. 

While the polarization energy is negligible for the 
two states that we have considered, it is quite large if 
the F-center electron is ionized to the conduction band, 
because then its shielding effects are absent. Mott and 
Littleton” have computed this quantity for NaCl; 
they call this energy }eV, and give its value as —0.11 
atomic units, The energy of the lowest level in the 
conduction band is given by Tibbs'* as —0.02 atomic 
units for NaCl. Using our values for NaCl, we then 
have for the ground state energy of the F-center 
electron below the lowest conduction level the value 
0.11 atomic units. For the first excited state, the value 
is 0.02 atomic units, 


4. LATTICE DISTORTION EFFECTS 


In this section we shall examine the effects of a 
lattice distortion in the vicinity of the F center on the 
wave function and energy levels of the F center. This 
is an effect which cannot be assumed to be negligible 
a priori, and one which is often responsible for the 
appearance of such physical phenomena as lumi- 
nescence. In the present paper, we shall confine our- 
selves to a partial treatment of the problem; that is, 
we shall allow only the six ions closest to the vacancy 
to move radially. Clearly this is an oversimplication of 
& complex situation, and it can give us an approximate 
result at best. 

If the nearest six alkali ions move radially into the 
vacancy by an amount (ea), where a is the interionic 
distance, then the corresponding six terms in the 
potential energy V(r) change. The change in the 
expectation value of the potential energy is 


— (6/a)a(1—a) "+ 24 f [R(T,*,0,0|r) 
a(l—o) 


<[a-"(1—o)"'— (1/7) dr, (24) 
This kind of distortion also produces changes in the 
electrostatic interaction among the ions and in their 


4“ N. F, Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
(1938). 
“4S. R. Tibbs, Trans. Faraday Soc. 35, 1471 (1939). 
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core repulsions, For our purpose, it will be sufficiently 
accurate to represent the repulsive potential energy 
acting between the ions a and 8 by the expression"® 


: bras. (25) 
Then the change in the repulsive energy becomes 


(ay/da) (1+0)—1] 
+(dam/da)[(1+0%)-"2—1], (26) 


It remains to calculate the change in the electrostatic 
interaction caused by the distortion. In this connection, 
we must remember that if an ion in a perfect lattice is 
displaced from its equilibrium position by an amount 
ga, then the change in its energy is of order (oa)‘. 
This is a change too small to be of concern to us. In 
our case, of course, the lattice is not perfect because 
five other ions move. The resulting change in the 
energy can be shown to be 
60 12 1 2 
of 
a(i-—o) alv2(i-—c) [1+(1—0)*}} 


2 1 
ry |+-tova-+-93. (27) 
2—ac1] a 


3 1 
+{—— 
al2(1—0) 


When computing this expression, one must remember 
to count the interactions between each pair of moving 
ions only once. 

We can now expand the change in the energy as a 
power series in ¢, retaining only terms of first and second 
order in o. Thus, 


AE=Ca+}Do’ 
and the total energy is Ep5"+ AZ, 
Using a wave function of type I, we have 

C= — (am/a)+ (6/a)e** (1+ 2&+ 2%), 
D= (6/a)(3/V2+4)+ (am/a)(A—3) 

+ (12/a)e** (1+ 2§+ 22+ 2%), 
With a type III wave function, we obtain 
C= —am/at (6/a)(n+1)™ sin*é, (31) 
D= (6/a)(3/V2+4)+ (am/a)(A—3)+ (12/a) sin’§. (32) 


Differentiating with respect to o and equating the 
derivative to zero, we obtain the following equations 
for the equilibrium values of the displacement and the 
energy change: 


(28) 


(29) 


(30) 


oo= —C/D, (33) 
(AE)o= —4Do:?. (34) 


Table VII lists the values of oo and (AZ), for several 
alkali halides. Clearly both the displacement and (AZ)o 


' See, for example, F. Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940). We later express 
the coefficient 6 in terms of the other constants, using the usual 
equilibrium conditions. 
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are very small indeed. This result justifies our procedure 
of first minimizing the major part of the energy as a 
function of £ only, and then minimizing AE asa function 
of o at constant &. 

The sign of some of the o’s is at first surprising. One 
at first tends to reason that in effect a core potential 
has been removed, and consequently the surrounding 
ions should move inward. It turns out, however, that 
there is also another effect ; namely, the electron prefers 
to stay in a region of the lowest potential available. 
Thus it prefers to remain inside the vacancy. Since it 
does not like to increase its kinetic energy by concen- 
trating its wave function in the vacancy, it tries 
instead to enlarge the vacancy by pushing the ions 
outward. 

The effects of the distortion on the predicted trans- 
ition energy can be estimated in the following manner. 
The only term whose contribution depends on the 
electronic state is the integral appearing in Eq. (24). 
It is readily verified that with oo=0.03 or less, only the 
term linear in o need be retained in the expansion of 
this integral. This term is 


(6/a)qyo. (35) 


Thus the correction term which must be added to the 
predicted transition energy is 


(6/a)[q.(T's°)—94(1'1") Jo. 


It is tabulated below in Table VIII, using a wave 
function of type III for the ground state, and type II 
for the excited state. 

This correction improves appreciably the agreement 
with the experimental data. It should be remembered, 
however, that the distortion may depend appreciably 
on exchange and overlap effects. We shall discuss this 
further in Sec. 6. 


(36) 


5. HYPERFINE STRUCTURE IN ELECTRON SPIN 
RESONANCE STUDIES OF THE F CENTER 


The F-center electron spin is unpaired. A strong 
magnetic field (~3000 gauss) will split the spin de- 
generacy giving two energy levels whose difference 
corresponds to a frequency in the microwave region. 
An applied microwave field of the right frequency will 
induce transitions between these two energy levels with 
a consequent absorption of power from the applied field. 


TaBLe VII. Lattice distortion energies and parameters, Energies 
are in Hartree atomic units; displacements oo are in lattice 
distances. 


Type Ill 
(AE)o X10 7) (AE)o X104 


—3.4 0.019 —12 
—0,09 0.024 —18 
—0.21 0.029 —24 
—0),94 0,030 —24 
—2.5 0.029 —22 
—3.6 0.031 —24 


Substance 7) 


—0,0098 
—0.0017 
0.0027 
0.0058 
0.0097 





LiF 
NaF 
LiCl 
NaCl 
KCl 
RbBr 
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TABLE VIII. Correction to the theoretical F-band energy due to 
lattice distortion. Energy is in Hartree atomic units. 


Substance 
LiF 
NaF 
LiCl 
NaCl 
KCl 
RbBr 


(6/a)(q. (Te) —a,(119) Je 


0.0084 
0.0076 
0.0076 
0.0064 
0.0046 
0.0040 


From such an electron spin resonance experiment, 
one obtains the following two quantities: The electronic 
g factor (which is usually slightly different from that 
of a free electron); and the absorption line shape. The 
observed broadening of the absorption line is thought 
to be due to the interaction of the electronic magnetic 
moment with the magnetic moments of the nuclei of 
the surrounding ions (hyperfine interaction), In one 
case (LiF), the hyperfine structure of the /-center 
electron spin resonance line has actually been resolved.'* 

If the wave function for a crystal containing an F 
center is known, one can evaluate the energy /,""* of 
the interaction between the unpaired electron magnetic 
moment and the magnetic moment of nucleus a, using 
first-order perturbation theory. However, the problem 
should be treated by an n-electron formalism, The 
correct expression for Z,""* is 


E,**= facarrarar / fas, 


(37) 


A es - > Ka,» 


wal 


(38) 


gives the interaction of the magnetic moment of nucleus 
a with all » electrons, and ® is the appropriate anti- 
symmetrized n-electron wave function.'’ For systems 


16N., W. Lord and C. K. Jen, Bull. Am. Phys. Soc. Ser. IT, 1, 
12 (1956). 

'7 Some previous calculations of hyperfine structure in 7 centers 
have used the quantity |¥,(0) |* as 2 measure of the hyperfine split 
ting. This is obtained from the expectation value of the hyperfine 
interaction operator for one electron. It is shown in the text that 
this procedure is entirely valid, provided that two conditions are 
fulfilled. First, the F-center orbital must be orthogonal to the 
orbitals of all the other electrons. Secondly, the orbitals of all the 
other electrons must form pairs of orbitals differing only in the 
spin, i.e., except for the /-electron the system consists of a closed 
shell configuration, Unless the problem is treated as an n-electron 
problem, it is difficult to fulfill these conditions. If the /-center 
orbital is not orthogonal to the other orbitals, a careful evaluation 
of the expectation value of the total hyperfine interaction operator 
for all the electrons of the crystal would lead to a number of 
overlap terms. If these overlap terms could be summed conveni 
ently, the result would be identical to the one obtained in the 
text. In some previous work, nonorthogonal F-center orbitals 
were unfortunately used, and the importance of overlap terms 
was not realized. 

The molecular orbital function used by Kip, Kittel, ef al. 
[Phys. Rev. 91, 1066 (1953) ] is partially orthogonal to the core 
orbitals on the alkali ions. This is so because the molecular 
orbital is written in the LCAO approximation, and a valence 
orbital centered on a given alkali atom is orthogonal to all the 
core orbitals of the same atom, even though it may overlap the 
core orbitals of some adjacent ions. To some extent, this explains 
the agreement of their work with experiment. For reasons given 
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with only one unpaired electron spin, a good approxi- 
mation to ® is the single determinant 


= (n!)-3 > (—1)"*P.y(1)y2(2)- + 


z~l 
Xvn-i(n—1)p,(n). (39) 


Here, y, is the F-electron wave function and y; to ¥,—, 
are wave functions for the ion-core electrons. Since the 
results of Sec. 3 show that negligible ion core polari- 
zation is produced by the F center, appropriate free-ion 
wave functions may be used for y; to Pn-1. 

It can be shown that'*® 


his 
“ 


2Bua (Br 
: ( 1,:S8,5(r,—fa) 
3 


3S,° (t,—ta)la: (t4—Ta) 
+4 

\r.—Ta|® 

S,:1. 


4 
|fy—Fa| 


l,: * 


), (40) 
\fp—Fal* 

where # is the Bohr magneton; ua is the magnetic 
moment of nucleus a; I, is the spin of nucleus a; and 
S, and I, are, respectively, the spin and orbital mo- 
mentum of the wth electron. The term involving I, 
represents the interaction of the nuclear dipole moment 
with the magnetic field arising from the orbital motion 
of the wth electron. All other terms arise from the 
interaction between the spin moment of the wth electron 
and the nucleus, In all subsequent calculations involving 
Ka,,""*, we shall neglect the term involving the orbital 
momentum I,. The reason for this is that, in the 


o-(v. E (wiles) /[1- Eos] -(v. 


where [| 7] is the overlap integral of y, with g,; and 
(n\i) is the overlap integral of y, with y,;. The last 
equality in (44) is the result of substituting for ¢,; 
using (41), 7 is the matrix AA, The expansion of 7, 


below, however, the excellence of this agreement is somewhat 
fortuitous. Kip, Kittel, et al, computed the hyperfine splitting 
with two wave functions. One, the central field wave function, 
gave results which were one or two orders of magnitude less than 
the experimental results. The LCAO molecular orbital gave 
correct results and provided a measure of the amount of s character 
of the wave function. Unfortunately, these results were obtained 
by neglecting overlap integrals between two atomic orbitals 
centered on adjacent ke ions, These integrals are negligible only 
in the case that the s and p orbitals combine in such a way as to 
push the electron away from the vacancy. Our results on the 
central wave function indicate that this is not the case. In fact, 
there is a clear indication that the electron spends most of its 
time inside the vacancy. Thus, we must conclude that the s and 
p orbitals combine so as to put the electron closer to the center 
of the vacancy. In this case, however, the overlap integrals are 
large: four of them are at least 0.3 to 0.6 each. The inclusion of 
these overlap integrals in the calculation would have reduced 
the predicted value of the hyperfine interaction by a factor of 
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absence of an appreciable coupling between the orbital 
momentum and the spin momentum of the unpaired 
electron (the lack of which is attested to by the very 
small observed g-factor shift), such orbital interactions 
will merely shift all the magnetic energy levels of the 
unpaired electron spin by equal amounts. 

In evaluating (37), the problem of enumerating the 
various overlap terms can be avoided by transforming 
the y; to an orthonormal set g;. The counting problem 
can be further simplified if the orthogonalization 
process is carried out in such a way as to avoid disrupt- 
ing the closed shell configuration of electron orbitals ¥; 
to ~»-1. To do this we proceed as follows: First, we 
orthogonalize orbitals y, to ¥,_; using a method due to 
Léwdin."* This method uses the transformation 


n—1 
j= LWAg, j=1,2,---m—1. 


tol 


(41) 


The simplest matrix A satisfying the requirement that 
the g,; be orthonormal is 
A= (14+S)§=1—45+4§5°—4S'+---, 


where S is the overlap matrix 


(42) 


(43) 


Sum [vide iu, 


Since the functions y;, to Wn, form a closed-shell 
configuration, any pair of orbitals differing only in their 
spin function will be transformed in the same way by 
(41). Therefore, the functions ¢; to ¢,~; also describe 
a closed-shell configuration. We now construct an 
orthonormal function ¢,, corresponding to W,, in such 
a way as to leave this closed-shell configuration un- 
changed. This can be done by the linear transformation 


nl n~l n—! n—1 


4 
> ruinlays) /[1- > s Pudn\ayinl i] (44) 


i—l k=l i=l k=l 


using (42), is 


T= (1+ S)1=1-S4+9°-S+-:-. (45) 


The linear nonsingular transformation described by 
(41) and (44) is readily shown to possess the inverse 
transformation 


w= y Cis}. (46) 


j=l 


If we substitute for each y,; in the determinantal wave 
function (39) and use the rule for determinant multipli- 


three or more. This means that even if 100% s character is as- 

sumed, the computed hyperfine splitting falls short of the experi- 

mental value. The order of magnitude, however, is still correct. 
‘8 See, for example, H. A. Bethe in Handbuch der Physik (Verlag 

Julius Springer, 1933), Vol. 24, Part I, p. 385. Also A. Abragam 

and M. i. L. Pryce, Proc. Roy. Soc. (London) A205, 137 (1951). 
# Per-Olov Léwdin, J. Chem. Phys. 18, 365 (1950). 
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d= (n!)~4 det|C,,| > (—1)?*P.gi(1)-++gn(m). (47) 


z=! 
Therefore, the Eq. (37) for Z,""* is invariant under the 
transformation from the y; to the ¢;. Using (47) for , 
the expansion of (37) follows immediately. The result is 
(48) 


Eq**=D0 | o(1)%a, Y*¢,(1)dr1. 


i=l 


Since the orbitals ¢g; to ¢,—; form a closed shell of zero 
total spin and angular momentum, the sum over these 
orbitals vanishes, and we are left with 


Eabe= f ga(n)aad*pn(n)dra= Eal-+ Baloo (49) 


where 


16m Bua 
E,'= — ony wg ¢n(a) | . 
oe 


ain 2Bia ims od 
— ~~ Pre wf en 


3 cos*6an—1 
x( : )e(n)dre (51) 


Tan 


Here, ¢,(&) is ¢, evaluated at nucleus a. The hyperfine 
structure of the electron spin resonance line produced 
by E,% will be isotropic in the sense that it will not 
depend on the orientation of the crystal with respect 
to the magnetic field. £,“'"°'*, on the other hand, will 
cause the hyperfine splitting to vary with the orienta- 
tion of the applied field. In general, however, this 
effect will be small because £,‘'”°'* is considerably 
smaller than £,°. 

To evaluate (50), g, must be re-expanded in terms 
of the known yj. Since overlap integrals between ion 
core orbitals are very small (~0.01 for nearest neighbor 
orbitals), we can neglect all overlap integrals not 
involving y, without changing the result by more than 
20%. With this approximation (44) becomes 


n—-l n—1 ‘ 
i=l gant 


The above approximation is quite satisfactory when 
one considers the accuracy of our present F-electron 
wave function. Should the accuracy of y, be improved, 
it would be necessary to check this approximation 
more carefully. Equation (52) shows that ¢, has 
admixed into it components of the orbital wave func- 
tions of all the electrons of the system with the same 
spin. This admixing arises because y,, is not orthogonal 
to the y,; the terms in (52) which involve orbitals other 
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than y, are analogous to the overlap and exchange 
energies which appear in the expressions for the binding 
energy of most molecules. In fact, the overlap terms 
involving at least one orbital other than y, provide the 
major contribution to £,"!*. This result follows from 
the nature of the Hamiltonian %," which is very 
small everywhere except in the immediate vicinity of 
nucleus a. Consequently the major contribution to 
E,,"" will come from those orbitals in ¢, which are 
centered on nucleus a. 

The result obtained by considering hyperfine inter- 
actions as due to the lone F electron described by the 
wave function y, has the same form as (50); the only 
difference is that the orthonormal function ¢, has been 
replaced by ». However, it is now clear that unless 
the ¥, used was orthogonal to all the other orbitals, 
such a replacement loses the only terms which give 
appreciable contributions to £,""*. 

To clarify the previous discussion and to show that 
calculations based on (50) can give the correct order of 
magnitude for the F-center hyperfine interaction ener- 
gies, we consider a specific salt, namely, Lif’. LiF was 
chosen for three reasons. First, the /-center electron 
spin resonance hyperfine structure has been resolved in 
LiF.'* Secondly, we need compute only /,* because 
E,“'”°'* is negligible for Li nuclei and less than 10% 
for F nuclei. Finally, LiF has the advantage that 
relatively few free ion atomic orbitals need be con- 
sidered and that the necessary data on these orbitals 
is available. 

Following the conventional procedure, we shall actu- 
ally calculate | ¢,(a)|*, which is equivalent to calcu- 
lating £,°. Furthermore, in calculating | ¢,(a@)|? for a 
given nucleus, it is necessary to include in ¢, only Wp 
and those s state orbitals y; which are centered on a. 
It is shown in the Appendix that when y; is an s func- 
tion, the overlap integral (i|/m) can be written in the 
form 


(i|n)= Bal p[ a(t) |. (53) 


Combining (52) and (53) gives 


| ala)? |1— E Bobla)|*lvu(0)|* / 


i(a@) 


n-l 
(1- > (n i) GalWnla)|?, (54) 


im1 


where i(a) symbolizes those orbitals centered on a. It 
will be seen that G, is an amplifying factor which will 
give | ¢,(a)|* the correct order of magnitude. | ¢,(a) |? 
is approximately proportional to |y,(a)|*. Any attempt 
to calculate highly accurate values for the hyperfine 
interaction energy in F centers will, therefore, require 
a more accurate calculation of y, and an investigation 
of the question of lattice distortion which could have a 
marked effect on y, at a given nucleus. 
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Tani_y IX. Theoretical and experimental hyperfine 
structure results (Hartree atomic units). 


Theoretical 
Gourary and Adrian 
lel? Iw? lel? 
0.064 
0.042 


k xp. 
Dexter Krumhansl 
2 


Substance lon lel? lel 


Alkali 
Halide 
Alkali 
Alkali 
Alkali 


0.023 
0.0031 
0.087 
0.059 
0.104 


0.00112 
0.00012 
0.00071 
0.00037 
0.00026 


0,073 


LiF 
Nak 
NaCl 
KC] 


tee 0.213 
0,100 ee 
eee 0,140 


Table IX gives the results for a Li nucleus nearest 
the vacancy and for an F nucleus nearest the vacancy; 
| ¢n(a)|* for all other nuclei is very much smaller. The 
overlap integrals are calculated using Slater orbitals 
for the y,; it turns out that if y,; is a 1s function, then 
Baa) is quite insensitive to the effective charge of 
the orbital y,;. The value of ~r—2,(/) is obtained from 
the Hartree orbital for the F~ ion. The experimental 
results are those of Lord and Jen."* 

Results are also given for several other alkali halides. 
Here also our |Wn(a)|? is used, but the amplifying 
factors are obtained by the methods of Dexter* and of 
Krumhansl.” The experimental values for NaF and 
NaCl are due to Lord;™ the values for KCl are taken 
from the work of Kip et al.™ 

The agreement between the calculated and experi- 
mental values is only fair. However, one can hardly 
expect to get highly accurate results when evaluating 
a rapidly varying Hamiltonian, such as 3,"*, and 
using a wave function which is barely accurate enough 
to give good results for the slowly varying energy 
Hamiltonian. Moreover, our present y, is the result 
of an approximate calculation which neglected exchange 
insofar as the binding energy of the F-electron was 
concerned, Nonetheless, these results show that inclu- 
sion of the nonorthogonality terms results in a many- 
fold amplification of the small term |W,(a)|? to give a 
result which is of the correct order of magnitude. 


6. SPECULATIONS ON THE EFFECTS OF 
EXCHANGE AND OVERLAP 


In a complete Hartree-Fock calculation, terms due to 
exchange and overlap will appear. Some of these terms 
involve many-body forces. Thus, for example, the 
interaction of electrons 1 and 2 is modified by the 
presence of electron 3. If we neglect the many-body 
forces (this corresponds to representing the core elec- 
trons by free ion wave functions), then it is possible to 
set up the variational equations for the orthogonalized 
wave function ¢,(r) directly, retaining exchange and 
overlap terms. We have set up such a calculation for 


1). R, Hartree, Proc, Roy. Soc. (London) A151, 96 (1935). 

" 1). L. Dexter, Phys. Rev. 93, 244 (1954). 

* J. A. Krumhansl, Phys. Rev. 93, 245 (1954). 

*N, W. Lord (private communication), Results for NaF will 
appear shortly in The Physical Review. 

* Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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Fic. 3. (a) The energy functional ES” for the ground .state 
(type ITI wave function) as a function of the variational parameter 
§. (b) The energy change AE caused by the lattice distortion as 
a function of the distortion parameter a. 


LiF, and have estimated the effects of the orthogonal- 
ization, the Hartree potential, and exchange. The sum 
of these interactions with ion a@ is approximately 
proportional to |p,(a)|*. For the nearest neighbor 
lithium ions, the interaction is repulsive. It tends, 
therefore, to concentrate the wave function in the 
vacancy. It is also likely that this effect would tend to 
push the nearest neighbor cations outward slightly. 
The transition energy is not likely to be affected greatly. 

The above picture is borne out by the graphs of 
Fig. 3, which give the variation of ES” and of AE 
with the variational parameters. These curves are 
remarkably flat, and consequently the values of the 
variational parameters may be changed somewhat by 
the exchange and overlap interactions. It is comforting, 
therefore, to know that this interaction is likely to 
push the electron into the vacancy, not out of it. Thus 
our assumption of zero polarization is not likely to be 
upset. The predicted oscillator strengths and hyperfine 
energies will probably decrease, leading to somewhat 
better agreement with experiment. 


7. DISCUSSION 


The calculation of the wave functions and energy 
levels reported in this paper differs from previous work 
on this subject'** primarily in the following character- 
istic features. First, we use the actual potential of a 
point ion lattice, not a smoothed effective potential. 


% J. H. Simpson, Proc. Roy. Soc. (London) A197, 269 (1949), 
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Secondly, the electronic polarization energy is computed 
by a self-consistent method, which takes advantage of 
the screening effects of the F-center electron. Thirdly, 
the lattice distortion is computed by permitting only 
six nearest neighbor ions to displace, and then treating 
their displacement in detail. 

The first two features represent a definite improve- 
ment. Thus, the group theoretical treatment of the 
lattice potential not only gives a clearer picture of the 
potential in the F center, but it is easily generalizable 
to certain other color centers. It is, of course, simply a 
generalization of Bethe’s theory of the crystalline 
potential to the case where a power series expansion of 
the potential about the center of the vacancy is inade- 
quate because of the diffuse nature of the wave function, 
and a more general expansion in spherical harmonics 
must be used. The self-consistent estimate of the 
polarization energy is easier to compute and it is readily 
obtainable even for color centers of low symmetry. 

The third feature is a mixed blessing. The presence 
of the F center produces two effects, One is the displace- 
ment of the nearest neighbor ions caused directly by 
the combined effects of the missing core potential and 
the strongly screened electric field of the F center. This 
effect is well taken care of by our method. The other is 
the resulting elastic dilatation. If our crystal were a 
continuous, isotropic elastic medium, this latter radial 
displacement would vary as r~*. Thus it would be 
better to assume that the nearest neighbor ions move 
radially a distance (oa), and that all other ions move a 
distance Ca/p,?, where p; is the distance from the ith 
ion to the center of the vacancy and C is a parameter. 
We have not done this because it seemed inconsistent 
to tackle this aspect of the problem in such detail while 
neglecting exchange and overlap effects. 

The fact that the ions have been treated as point 
charges and not as extended charge distributions turns 
out to be of secondary importance. The reason for this 
is that the F-center electron spends most of its time in 
the region which is outside of the ionic cores (as defined 
by the ionic radius), In fact, a simple geometrical] 
calculation shows that approximately § of the volume 
of a sphere of radius a, centered at the center of the 
vacancy, is “empty.”? More accurate results for the 
wave function and the energy can be obtained, of 
course, by actually solving the variational equations 
(with exchange and overlap) for the orthogonalized 
trial function ¢,(r), but it is likely that the resulting 
wave function will not differ substantially from the 
¢n(r) which we have obtained in (52) by simply 
orthogonalizing our approximate y,(r) to the core 
orbitals. (Note added in proof.—Professor T. Nagamiya 
informs us that T. Kojima is presently solving the 
variational equations for ¢,(r) in LiF directly by a 
method similar to the one outlined in the above para- 
graph.) 
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The method we have used for the calculation of the 
hyperfine interaction differs from the approach of 
Krumhans!”* and of Dexter,”' who have treated this 
problem from the point of view of the band theory. 
Our approach is based on a purely ionic model, of 
course, and it does not depend on the validity of the 
expansion of the F-center orbital in the form mo(r) f(r). 
Numerically, however, the amplifying factors derived 
from our theory are very close to those given by the 
methods of Krumhansl and of Dexter, as can be seen 
in Table TX. 

Our method can be adapted to the treatment of 
other electron-excess color centers, as well as to the 
interstitial model of the F center. Its applicability to 
centers possessing low symmetry, such as the M center, 
is in fact one of its greatest assets. 
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APPENDIX. EVALUATION OF OVERLAP INTEGRALS 
INVOLVING THE F-ELECTRON ORBITAL 


We shall develop formulas for the overlap integrals 
(i|m). Such integrals are needed for evaluating the 
hyperfine interaction energy. 

From the fact that the overlap charge distribution 
vw, is appreciable only in the vicinity of the nucleus 
a(i), one is led to expand the function y, about this 
nucleus, This expansion is obtained by writing 


t= (rar +a? aia COM 41)! 


Val Tal . | 
=r - ( ) COM a1 +4( ) sin’Oart*** |, 
To Ta 


where r; is the distance from the center of the vacancy 
to the electron, rq; is the distance from nucleus a to 
the electron, and r, is the distance from the center of 
the vacancy to nucleus a. One can now substitute the 
above expression for 7; in ¥,(r1), expand the various 
functions in powers of (fa:/ta) 
resulting series of one center integrals, This will lead 


and evaluate the 
to an expansion for the overlap integral which is 
asymptotic in the effective charge 6; of the wave 
function y;. The first few terms in the series will 
provide an adequate approximation, because 4, is large 
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for the compact ion core orbitals. This procedure has 
been carried out for the Type III ground-state wave 
functions y,,(I';*|r). The results are 


art(p+1)! 2r 
(i|n) =n(T's*|a)— ¢ ") 
[(2p)!}* \o 
(1° — #) (p+3)(p+2) 
1+— —— + 
12% 
0 (p+3)(p+2) 
fg eree, 
68 


x 


when y, is the s function 


vgirti 
al 


2 a ores iP 
T 


PHYSICAL REVIEW VOLUME 


GOURARY AND F. 


105, 


J. ADRIAN 


and 
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lm —altvla)2re(p+2)4 or 


n+l P+ E(OFS) | 
: see +f Taxa 


[Pam 
+ coed, 

3a 

when y is the p function 


3(2)*9g2vttyh 
(t)= 


Ta>a 


same fa? exp(— 5rai) COS8 a1. 
2n(2p)! 
If, when y; is an s function, one uses only the first term 
in the asymptotic expansion for (i|), then 


(i|n)= Ban(a), 


where B, is independent of y,. This result was used in 
Sec. 5. 
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Photoconductivity in Lead Selenide : Theory of the Dependence of Sensitivity 
on Film Thickness and Absorption Coefficients* 
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University of Maryland, College Park, Maryland 
AND 
Ricwarp L, Perrirz, United States Naval Ordnance Laboratory, White Oak, Maryland 
(Received November 12, 1956) 


Recently developed theoretical expressions for the responsivity 
R, and noise of photoconductive films are examined. Assuming 
that the time constant is independent of film thickness we express 
R, and signal/noise (S/N) in terms of the absorption coefficient a 
and thickness d. Using a curve of a vs ) for lead selenide obtained 
by Avery from crystal measurements, we calculate R, vs » for 
films of different thicknesses. These curves indicate that the 
photoconductive knee should lie near 5u for PbSe films of all 
thicknesses, Experimentally, however, the position of the knee is 
observed to be a function of film thickness, being near 3.3y in 
thin films and 5y in thick films. 

It is then shown from the theory that in very thin films the 
responsivity is a direct measure of a. Accordingly the wavelength 
dependence of a is calculated from responsivity data for thin 
films; the magnitude is determined from the crystal absorption 
data at 5u. Curves of responsivity vs \ for various film thicknesses 
are computed, using the a vs \ curve derived from responsivity 


INTRODUCTION 
RECENT experimental! study! of photoconductive 
lead selenide films investigates the relationship of 


*A portion of a dissertation submitted (by J.N.H.) to the 
University of Maryland in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. Part of this work was 
reported at the 1955 Washington meeting of the American 
Physical Society (J. N. ee he Phys. Rev, 99, 625(A) 1989) J. 

of N. Humphrey and W. Scanlon, Phys. Rey. 105, 469 
(1957). 


data on thin films. These curves agree with the observed re- 
sponsivity data; they show the shift of the knee from 3.3 to 5 
with increased film thickness, and show that no increase in re- 
sponsivity can be obtained at any wavelength by increasing the 
film thickness. 

The dependence of signal/noise on ) and d is calculated, using 
the same a@ vs curve, and found to be in qualitative agreement 
with experiment. The curves show that for any given wavelength 
the signal/noise is a maximum at a certain value of film thickness. 
The maximum occurs at greater thicknesses for longer wave- 
lengths. The dependence of S/N on d and a is given for any 
material fitting the same general photoconductive model. The 
same conclusion, that there is an optimum thickness for any 
particular absorption coefficient, holds in this general case. 

Finally, the derived a vs \ curve is shown to be consistent with 
recent theories of indirect optical transitions. 


film thickness and method of sensitization to magnitude 
and spectral dependence of sensitivity. Previous workers 
had shown that at room temperature a knee in the 
spectral sensitivity curve occurs near 3.3y in thin films,? 
but near 5u in thicker films.’ The sensitivity of the 


* J. Starkiewicz, J. Opt. Soc. Am. 38, 481 (1948); T. S. Moss, 
Proc. Phys. Soc. (London) B62, 741 (1949). 

5 Gibson, Lawson, and Moss, Proc. Phys. Soc. (London) A64, 
1054 (1951). 
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thick films was reported to be considerably less than 
that of the thin films, but it was expected that it could 
be improved by further investigation of the sensitization 
procedure. 

Absorption data*~® indicates that the photoconduc- 
tive knee is to be expected near 5yu rather than at 3.3y. 
Accordingly, it is of interest to determine whether more 
sensitive films could be prepared which would retain 
their high sensitivity out to 5y. 

Our experimental study! indicated that high re- 
sponsivity (signal voltage output per volt bias per 
watt/cm? illumination) could only be achieved in thin 
films at short wavelengths. Thick films showing a knee 
at 4 to 5u could be prepared, but invariably the level 
of responsivity in these films was low, even at short 
wavelengths. Signal/noise, on the other hand, was found 
to be greater in thick than in thin films, at long wave- 
lengths, because of the lower noise in thick films. 

The study further showed that under certain circum- 
stances various sensitizers besides oxygen can produce 
sensitivity in PbSe films. The spectral distribution of 
the sensitivity is essentially independent of the sensitizer 
used. It was concluded that the electron transitions 
producing the photoconductivity are main-band transi- 
tions and not excitations from impurity states, since 
impurity states corresponding to various sensitizers 
could be expected to occur at various energies. This 
conclusion is in agreement with the situation in PbS,’ 
in which thermal measurement of the energy gap agrees 
with the photoconductive limit. 

In this paper we attempt to explain the observed 
wavelength dependence of the photoconductive response 
and signal/noise in terms of the absorption coefficient 
and film thickness, 


A. RELATION BETWEEN ABSORPTION AND THE 
PHOTOCONDUCTIVE RESPONSE 


The responsivity of a photoconductive detector is 
defined as 
R,= Ao/4oJ, (1) 


where Aq is the change in conductivity o resulting when 
J watts per cm?* of radiation fall on the detector. The 
responsivity can be measured as the signal voltage 
across a load resistance equal to the cell resistance Re, 
per unit biasing voltage and unit incident radiation 
intensity. In the general case (load not matched) this 
can be expressed as 


Ve (Ret+R1z)’ 
; Viol 4RoRzy 


(2) 


One of us has recently shown® that this can be given in 


* Paul, Jones, and Jones, Proc. Phys. Soc. (London) B64, 528 
(1951). 

5 A. F. Gibson, Proc. Phys. Soc. (London) B65, 378 (1952). 

*D. G. Avery, Proc. Phys. Soc. (London) B67, 2 (1954). 

™W. W. Scanlon, Phys. Rev. 92, 1573 (1953). 

*R. L. Petritz, Phys. Rev. 104, 1508 (1956). 


IN LEAD SELENIDE 


terms of fundamental parameters by 
(1+B)rm 


= , 3) 

* 4pdhvl 1+ (wr)?! ' 
where B is a coefficient of barrier modulation, n is the 
probability that an incident photon will create a hole- 
electron pair, r is the lifetime of the majority carrier, 
p is the density of free majority carriers, d is film thick- 
ness, hv=hc/X is the energy per incident photon, and 
w is the angular chopping frequency. 7 is given’ by 


n= (1—r)(1—6e7-*)/(1—re~), (4) 


where a is the absorption coefficient at the wavelength A, 
and r is the reflection coefficient of the film. For 
simplicity this calculation will be made assuming r to 
be zero, since sample calculations showed no effect on 
the general form of the results. Thus, 


n=(1-e*). (5) 


Since we found no variation in + with thickness, we 
can write 
R,= K\(1—e" 4) /d, (6) 


where K is a constant independent of a, A, and d, 


B. PREDICTION OF PHOTOCONDUCTIVE RESPONSE 
FROM FILM AND CRYSTAL ABSORPTION DATA 


Gibson” has reported absorption measurements on 
thin films of PbS, PbSe, and PbTe. Application of 
Eq. (6) to his data for PbSe does not give any indication 
of a photoconductive knee except at very short wave- 
lengths (lu). It is assumed that scattering due to the 
polycrystalline nature of the film produced a high 
apparent absorption at long wavelengths, masking the 
absorption edge. 

On the other hand, his crystal absorption measure- 
ments® show absorption edges at 3, 5, and 4yu for PbS, 
PbSe, and PbTe, respectively, at room temperature. 
Reflectivity measurements made on PbSe crystals by 
Avery® showed high absorption up to an edge at 5y 
(in PbSe at room temperature) in agreement with 
Gibson’s crystal data. Avery’s data (converted to ab- 
sorption coefficient'!) together with Gibson’s data are 
reproduced in Fig. 1. 

Figure 2 shows the variation of R, with \ and d 
calculated from Eq. (6), using Avery’s data for a vs \ 
(Fig. 1). The predictions for thick films agree qualita- 
tively with experiment, in that the knee is at Sy. 
However, because of the steepness of the edge there is 
only a very slight shift of position of the knee with 
thickness. Accordingly, no knee is predicted at 3.3y in 


*T. S. Moss in Photoconductivity Conference, edited by Brecken 
ridge, Russell, and Hahn (John Wiley and Sons, Inc., New York, 
1956), p. 427. 

” A, F. Gibson, Proc. Phys. Soc. (London) B63, 756 (1950). 

" DT), G, Avery reported by R. P. Chasmar, in Photoconductivily 
Conference, edited by Breckenridge, Russell, and Hahn (John 
Wiley and Sons, Inc., New York, 1956), p. 463. 
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Fic, 1. Absorption coefficient measurements on PbSe crystals. 
thin films comparable to that normally seen in the 
photoconductive data. Thus the crystal reflectivity 
measurements do not adequately predict the photo- 
conductive data for thin films. There are several possible 
explanations for this. 

It is well known that many properties of films do not 
agree with the corresponding crystal properties. For 
example Fan, Shepherd, and Spitzer'* point to a differ- 
ence between their absorption measurements on ger- 
manium crystals and similar measurements of Briggs” 
on films. The crystal absorption curve shows a sharp 
rise not seen in the film data. They attribute the 
difference to inhomogeneities in the films. 

Reflection measurements on germanium" have been 
found to yield an absorption coefficient a factor of 2 to 5 
higher than that obtained by transmission measure- 
ments'®; and reflection measurements on silicon'® give 
an absorption coefficient which is a factor of 10 to 20 
higher than that obtained by transmission measure- 
ments.'® (These curves have been collected on a coin- 
mon graph by Burstein.’’) 

It is also possible that the total absorption in the 
photoconductive region includes a large component 
which does not contribute to the photoconductivity. 
For example, free-carrier absorption is of this nature, 
but not of sufficient magnitude to account for the effect. 
Whatever the explanation, however, it is clear that the 
available absorption data do not predict the thin-film 
photoconductive data. Furthermore, we have no data 


” Fan, Shepherd, and Spitzer in Photoconductivity Conference, 
edited by Breckenridge, Russell, and Hahn (John Wiley and 
Sons, Inc., New York, 1956), p. 184. 

4H. Briggs, J. Opt. Soc. Am. 42, 686 (1952). 

“TD. G. Avery and P. L. Clegg, Proc. Phys. Soc. (London) B66, 
512 (1953). 

Dash, Newman, and Taft, Phys. Rev. 98, 1192(A) (1955), 
and W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 

1G, Pfestorf, Ann. Physik 81, 906 (1926). 

‘TE, Burstein, Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. VIT, p. 1. 
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for absorption coefficients of 10? to 10‘ cm™', which is a 
region of particular interest in the study of photo- 
conductivity in thin films. 


C. USE OF THIN-FILM PHOTOCONDUCTIVITY DATA 
TO CALCULATE AN ABSORPTION CURVE FOR FILMS 


The difficulties described above make it clear that it 
may not be possible to obtain complete correlation 
between photoconductivity and absorption as measured 
by purely optical methods (transmission or reflection). 
However, we are concerned here with only that absorp- 
tion which produces photoconductivity: main-band 
absorption, in this case. 

It is possible that the absorption coefficient for main- 
band transitions in films could be appreciably different 
from that in crystals; for example, indirect transitions 
(see Sec. E) may be favored by the polycrystalline 
nature of films. However, it does not seem probable that 
the coefficient should vary radically with film thickness, 
in films which are prepared under similar conditions. 
The difference between a thin and a thick film should 
be less than the difference between a film and a single 
crystal. 

Our problem then is to evaluate a vs \ for main-band 
transitions directly from film data. As discussed in 
Sec. B optical absorption data on films is not satis- 
factory for this because of the scattering from crystal- 
lites. We therefore consider the possibility of obtaining 
a from photoconductive data. For the case of a very 
thin film, we have from Eq. (6) 


1 
a=—(lim R,). (7) 
KX d+) 


Thus we can calculate the wavelength dependence of 
a from the wavelength dependence of R, in a very thin 
film. The calculation can be put on an approximate 


d*2x10 


RESPONSIVITY (RELATIVE UNITS) 


3 
WAVELENGTH ( MICRONS) 


Fic, 2. Effect of PbSe film thickness on responsivity, calcu- 
lated from Avery’s crystal reflection data by Eq. (6). (The 
calculated curves for thin films are not in agreement with ex- 
periment.) 
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absolute scale by evaluating K from crystal absorption 
data at one wavelength. 

We have therefore determined a vs \ by Eq. (7), 
using thin-film photoconductive data for R, vs \, and 
Gibson’s directly measured value of a at 5y; Fig. 3 
contains a plot of the resulting curve. 

We then use Eq. (6) to calculate R, versus d for films 
of different thicknesses, using the data calculated above 
for a vs X. The resulting curves of R, versus \ are also 
shown in Fig. 3. The general behavior predicted by 
these curves is in agreement with experiment. In par- 
ticular, the shift! of the knee from three microns for 
very thin films to five microns for thick films is pre- 
dicted. Furthermore, the responsivity monotonically 
decreases with increased film thickness (see Fig. 5, 
reference 1). We therefore conclude that making a film 
thicker cannot increase the responsivity at any wave- 
length so long as 7 remains constant. 


D. DEPENDENCE OF SIGNAL/NOISE ON 
FILM THICKNESS 


An expression for the noise in a photoconductive film 
has recently been presented by one of us.’ It is 
shown that under normal biasing conditions the cell 
noise can be represented by a short-circuit noise gener- 
ator of the form 

4kT Ad 


G(I?)=— 
pL? 


Q47T de" al ae” 


Ad{1+(wr)?] Adw 
where A is the sensitive area of the cell, k is the Boltz- 


d= 2x 
21X10 4x10" 


d=ixio~* 
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Fic. 3. PbSe absorption coefficient a derived from thin-film 
photoconductive data [Eq. (7)]; effect of film thickness on 
responsivity as calculated from the derived absorption coefficient 
by Eq. (6). 
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Fic. 4. Signal/noise per unit radiation intensity in PbSe films 


vs wavelength, calculated from photoconductive data by Eq. (12). 
Parameter is film thickness. 


mann constant, 7° is the absolute temperature, p is the 
resistivity of the cell material, ZL is the cell length 
between electrodes, /4,. is the bias current through the 
cell, and a; and a, are constants depending on the cell 
but independent of cell geometry. 

The first term is the Nyquist noise which arises from 
fluctuations in the rate at which carriers cross barriers 
within the film. The second term arises from fluctuations 
in the number of charge carriers and includes effects of 
radiation and lattice vibration noise. This term estab- 
lishes the intrinsic limit of sensitivity of the detector. 
‘he third term is the 1/f noise which is observed in 
most evaporated photoconductive films. All models for 
1/f noise so far investigated depend on cell geometry 
as given by the above equation.'* 

The noise voltage output from the generator G(/*) 
having a source impedance Re and feeding a load re- 
sistance R_ is 


Vn=[GU2) Of ReR1/(Rot+R 1). (9) 


According to Eqs. (2) and (6), the signal voltage from 
the cell is 


V, 4K\I Va (1 € ad) R R,/ (Ret R,)*d. (10) 


When current flows, the Nyquist term in Eq. (8) is 
normally negligible. To show the dependence on geom- 
etry, the remaining terms can be written as 


G(I*) = Tae" f(w,7)/ (Ad). (11) 


6 See references 17, 19, 20, 21, and 22 of reference 8 
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Thus combining Eqs. (9), (10), and (11), the signal/ 
noise per unit radiation intensity is 


V6/VnJ = Ky(A/d) (1—e-*4), (12) 


where K, is independent of film geometry. Note that 
whereas thickness d appeared as (1—¢~**)/d in the 
responsivity, Eq. (6), it appears as (1—e~**)/d! in 
signal/noise. 

V./V,J versus \ has been calculated for films of 
various thicknesses, using Eq. (12) and the absorption 
coefficient of Fig. 3. Figure 4 shows V,/V,J vs A, using 
thickness as a parameter. We see that at short wave- 
lengths the signal/noise increases with increasing thick- 
ness to a maximum, and then decreases; at longer 
wavelengths a similar but Jower maximum occurs. To 
produce maximum signal/noise at long wavelengths 
requires thicker films than at short wavelengths. This 
is in qualitative agreement with experiment.'~* Specifi- 
cally, Fig. 6 of reference 1 shows the increase in 
signal/noise obtained at long wavelengths (beyond 4y) 
in thicker films. The increase results from the combina- 
tion of two effects, the displacement of the responsivity 
knee toward longer wavelengths and the decrease in 
noise with increased thickness. 

The above description applies to any photoconductive 
material for which the same general assumptions are 
valid; the numerical values will be different. However, a 
generalized family of curves can be obtained for the 
signal/noise per incident photon, 


V,/VJk=K(1—e-*)(A/d), (13) 


since this contains only two independent parameters, 
a and d. This is plotted in Fig. 5, with film thickness as 
a continuous variable and a as parameter. Each curve 


is also labeled with the appropriate wavelength at 
which PbSe exhibits that particular a. 

This plot can be used to determine the theoretical 
optimum film thickness for any given absorption 
coefficient. To determine the wavelength at which this 
value would hold for a particular photoconductor one 
would need the appropriate a vs \ curve for that 
material, Aside from this, however, the curves apply to 
any photoconductor whose responsivity and noise de- 
pendence on thickness are of the form given by Eqs. (6) 
and (8), respectively. These equations are quite general 
in respect to their dependence on thickness. Therefore 
Fig. 5 should be useful for a large class of photocon- 
ductors. Possibly the most important limitation is that 
the derivation assumed the experimental observation 
that in PbSe the time constant is independent of thick- 
ness. This is in contrast to the cases calculated by 
DeVore” who discussed the effect of surface recombina- 
tion velocity on responsivity. 


E. MAIN-BAND ABSORPTION EXPRESSIONS 


In order to see whether the absorption coefficient 
calculated in the preceding sections is meaningful, we 
will compare it with predictions of recent theory. 
Expressions for absorption based on the transition 
probability for creating an electron-hole pair across an 
energy gap E; have been developed by Dexter,” and by 
Bardeen, Blatt, and Hall.*" They show that radiation of 
energy E, greater than the band gap energy E, by an 


” H. B. DeVore, Phys. Rev. 102, 86 (1956). 

™D. L. Dexter, in Photoconductivity Conference, edited by 
Breckenridge, Russell, and Hahn (John Wiley and Sons, Inc., 
New York, 1956), p. 155. 

*! Bardeen, Blatt, and Hall, in Photoconductivity Conference, 
edited by Breckenridge, Russell, and Hahn (John Wiley and 
Sons, Inc., New York, 1956), p. 146. 
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amount e, will be absorbed and create an electron-hole 
pair with a probability 


Kae, e=E-E;; (14) 


n is a positive exponent whose value depends on the 
shape of the energy-momentum surfaces and the type 
of transition involved. Transitions in which the selection 
rules are obeyed are termed direct ; those in which they 
are violated are termed indirect. Direct transitions 
require the values n= 4 and n= 4, while integral values 
of m from 1 to 3 are predicted for the indirect cases, 
depending on the details of the wave functions. Since 
the absorption coefficient is proportional to the transi- 
tion probability, this gives us 


a=Ce"=C[ (he/d)— E;)". 


Fan, Shepherd, and Spitzer'? reported an e** de- 
pendence in their experimental absorption measure- 
ments in germanium. 

MacFarlane has calculated*® EF; in PbSe by fitting 
the free carrier portion of the crystal absorption of 
Gibson® by a quadratic in A, and extrapolating back to 
short wavelengths. Subtracting the extrapolation from 
the measured values yielded a curve which agreed well 
with Eq. (15) for n=3. He obtained E;=0.22 ev 
corresponding to a cut-off wavelength A,= 5.64 at room 
temperature. 

To see if our photoconductive data fits this ex 
pression we plot observed values of R,/\ at long wave- 
lengths against «= (hc/X)—E;, on a logarithmic plot 
(Fig. 6). MacFarlane’s value of 0.22 ev was taken for £,,. 
The long-wavelength data for a given cell can be 
represented by a straight line, indicating a power law 
R,/\« €"; n ranges from 3 to 5 in the five cells shown. 
From this we conclude that our absorption curve de- 
rived from photoconductive data is consistent with 
current theories of optical absorption. 


(15) 


F. CONCLUSIONS 


We conclude that the wavelength dependence of the 
absorption coefficient of a photoconductor can be calcu- 
lated from the photoconductive spectral response of thin 
films of that material. The wavelength dependence of 


2G. G. MacFarlane, as reported by R. A. Smith, Physica 20, 
910 (1954). 
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Fic. 6. Experimental values of responsivity/wavelength vs 
e= (hc/d) — Ey for five PbSe cells. (2; 0,22 ev.) 


the absorption coefficient so calculated is consistent 
with that predicted from the theory of indirect main- 
band transitions. It explains the observed change of 
long-wavelength limit of sensitivity of PbSe produced 
by a change in film thickness. It shows that no im- 
provement in responsivity at any wavelength can be 
achieved by increasing film thickness, but that for any 
particular wavelength a specific thickness can be found 
which will yield a maximum signal/noise. Specifically, 
the lower the absorption coefficient the thicker the film 
must be to yield maximum signal/noise. Thus, in the 
region of the long wavelength cut-off of the photo- 
conductor, the longer the wavelength the thicker the 
film must be to yield the maximum signal/noise. 
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Effect of a Cavity on a Single-Domain Magnetic Particle 


WitiiaM Futter Brown, Jr., Central Research Department, Minnesota Mining and Manufacturing Company, St. Paul, Minnesota 


AND 


A. H. Mornisu, Department of Electrical Engineering and Mines Experiment Station, University of Minnesota, Minneapolis, Minnesota 
(Received September 4, 1956) 


It has been suggested that the observed low coercive forces of some ferromagnetic powders, as compared 
with predictions of single-domain-particle theory, may be due to cavities in the particles. Here this possibility 
is investigated theoretically. Some general formulas are established for a particle of arbitrary shape and 
for an ellipsoidal particle containing an ellipsoidal cavity; attention is then turned to the case in which 
both ellipsoids are spheroids, the particle prolate, the cavity either prolate or oblate. Several special cases 
are studied. In some cases the cavity increases the coercive force, in others it decreases it; for an originally 
large coercive force, the usual effect is a decrease. It is concluded that the proposed mechanism is capable 
of accounting, at least in part, for the observed decrease 


1. INTRODUCTION 


HILE the existence of single-domain magnetic 

particles' is now beyond reasonable doubt, some 
features of their properties are still not understood: 
notably the low experimental coercive forces of some 
powders, as compared with the theoretical. Jacobs and 
Bean' proposed the explanation that elongated particles 
are actually chains of single-domain spheres. This 
specialized model is applicable perhaps in some cases, 
but certainly not in all. Morrish and Yu' suggested that 
internal cavities in single-domain particles may decrease 
the coercive force. The detailed investigation of that 
possibility is the purpose of this paper. 

In sufficiently small particles, the magnetization is 
kept approximately uniform by the exchange forces, 
despite the nonuniform pole field present in any but a 
complete ellipsoidal particle. The critical size, below 
which this is true, may be smaller for an irregular 
particle than for the ideal ellipsoid of the Stoner- 
Wohlfarth theory. We shall assume that for a particle 
of given shape, a critical size exists, below which the 
magnetization is to a sufficient approximation uniform, 
and that the size of the particle being considered is 
below the critical size for its shape. This is our definition 
of a “single-domain” particle. 

We first establish a theorem for particles of arbitrary 
shape. We then derive the energy expressions for an 
ellipsoidal particle containing an ellipsoidal cavity, 
specialize them to ellipsoids of revolution, and study in 
detail several special cases. We neglect crystal ani- 
sotropy; in some cases, the equations can be reinter- 
preted to include it in the manner of Stoner and 


Wohlfarth.' 


! Theoretical; C. Kittel, Phys. Rev. 70, 965 (1946); L. Néel, 
Compt. rend, 224, 1488 and 1550 (1947); E. C. Stoner and E. P 
Wohlfarth, Trans. Roy. Soc. (London) A240, 599 (1948); E. 
Kondorskii, Izvest. Akad. Nauk (S.S.S.R.), Ser. Fiz. 16, 398 
(1952); I. S. Jacobs and C. P. Bean, Phys. Rev. 100, 1061 (1955). 
Experimental: L. Weil, J. phys. radium 12, 437 (1951); Paine, 
Mendelsohn, and Luborsky, Phys. Rev. 100, 1055 (1955); A. H. 
Morrish and S. P. Yu, J. Appl. Phys. 26, 1049 (1955); Phys. Rev 
102, 670 (1956). 


2. PARTICLE OF ARBITRARY SHAPE 


For any body [Fig. 1(a) ] of volume », with magnet- 
ization I, the energy of interaction with an applied 


field Ho is 
W uy = - fi Hod. 


We shall assume:a rigid body; then its magnetic self- 
energy may be represented correctly, though not 
uniquely,’ as the interaction energy of its poles: 


Wu= =4 fH 
= (Sar) f H"dv 


space 


ia s fovae+s [ovas. 


Here H’=—VV is the field intensity of volume and 
surface pole densities p= —V-I, o=n-I; n is a unit 
normal pointing outward from the magnetic matter. 

If land Hy are uniform, W = — 1- Hy is independent 
of shape; and we can show: (1) that 


Wu= ho( Nal P+N ol ol yt ree), 


where the quadratic form is symmetric and positive 
definite; (2) that Ni;+Ne22+N33;= 4. Therefore, when 
(2.5) is referred to principal axes, Ni;, N22, and N33 are 
demagnetizing factors of a possible ellipsoid of volume 
v with the same principal axes; for it too, Wy is given 
by (2.5). Thus the body has the same Wy and Wy as 
a suitably chosen ellipsoid of the same volume. To 
prove (1), express H’ in (2.3) as the sum of the field 
intensities due to J,, J,, and J,. To prove (2), interpret 
Nui, Ne, and Ng, by equating the expressions (2.5) 
and (2.2) for magnetization along x, y, and z in turn; 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


*E. C. Stoner, Phil. Mag. 23, 833 (1937); W. F. Brown, Jr., 
Revs. Modern Phys. 25, 131 (1953), 
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note that H’ for uniform J,, /,, or J, is the negative 
x, y, or 2 derivative of the field intensity of a uniform 
pole density in v*; and use Poisson’s equation. 

For a single-domain particle, |I|=J>=const, but I 
can vary in direction. Since Wy and W y then determine 
the behavior, we have the theorem: 


An arbitrary single-domain particle in a uniform 
applied field behaves like a suitably chosen ellipsoid of 
the same volume. 


In general the three axes will be different, and the 
behavior will be of the complicated type discussed by 
Stoner and Wohlfarth,' pp. 627-632. Furthermore the 
determination of the principal axes and the N’s is 
difficult. We shall therefore treat special cases by a 
more direct method. 


3. ELLIPSOIDAL CAVITY IN ELLIPSOIDAL PARTICLE 


We suppose that the particle is bounded externally 
by an ellipsoidal surface S, enclosing volume 2, and 
internally by an ellipsoidal surface S, enclosing volume 
v2; see Fig. 1(b). S; has principal axes along (x;,¥;,2;) 
and demagnetizing factors L;, Mj, N;. The magnetiza- 
tion J» has direction cosines (/;,m;,n,;) with respect to 
the (x;,yi,2;) axes. 

W 4 reduces to —(v;—2)I-Ho. To compute Wy, we 
separate o in (2.4) (p now vanishes) into pole densities 
a, on S; and a2 on Sy. Let V; be the potential and 
H,’ =—VV; the field intensity of o;. Then 


Wun 3] f ost f oiWas: 
S1 l 


(3.1) 


+f aoV dS. + 02 oS» | ’ 
S82 S 


52 


The first term is the self-energy of o; in its own field 
H,’, which is uniform throughout 2,; this energy is the 
same as for a particle without a cavity, with uniform 
magnetization I. The last term is the self-energy of o» 
in its own field H,’, which is uniform throughout v2; 
this energy is the same as for a particle just able to 
fill the cavity, with uniform magnetization —I. The 
second and third terms are equal, since V;= fodS,/r; 
their sum is the mutual energy of the two pole distri- 
butions and may be computed by regarding either as 
subject to the field of the other. Since H,’ is uniform 
throughout 2%, whereas H,’ is not uniform in the part 
of 0; outside v2, we replace the second term by the third. 
The sum is then the energy of interaction between a 
body just able to fill the cavity, with uniform magnet- 
ization —I, and an external field H,’. Upon expressing 
the self-energies in the form (2.2) and the mutual 
energy in the form (2.1) and evaluating Hj,’ and H,’ 

3 J. C. Maxwell, Treatise on Electricity and Magnetism (Claren- 


don Press, Oxford, England, 1891; Dover Publications, Inc., 
New York, 1954), third edition, Vol. 2, pp. 66-67. 
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PARTICLE 








——=- 2A —_— 


(c) 


Fic. 1. Single-domain particles considered, (a) Particle of 
arbitrary shape. (b) Ellipsoidal particle containing ellipsoidal 
cavity. (c) Prolate spheroidal particle containing (prolate or 
oblate) spheroidal cavity, 


in terms of demagnetizing factors, we get 


W a 41 (*{ (l?Lit mM, + nN) (% 202) 
+ (ly? Le + mM » + ny? N»)02). (3.2) 


4. SPECIAL CASES 


To simplify the calculations, we take the ellipsoids 
to be spheroids, the outer spheroid (particle) prolate, 
the inner one (cavity) either prolate or oblate. Figure 
1(c) shows the cavity centered in the particle; it may 
be displaced without affecting the result, as long as it 
stays inside. We take H always along the polar axis 
of the particle. The magnetization (not necessarily in 
the plane of the polar axes) makes an angle @ with the 
polar axis of the particle and an angle y with that of 
the cavity; the angle between these axes is ©. The 
demagnetizing factors of the particle along its polar 
and equatorial axes are V, and N, respectively; of the 
cavity, NV, and Ng. By Eqs. (2.1) and (3.2), the energy 
is 
W = const — [of1(v,— v2) cos 

—41?{ (Ni— Na) (01 — 202) cos’ 
+ (Ng—Naq)v2 cos*y}. (4.1) 


Suppose that Ho is initially large enough to orient Jo 
exactly or very nearly along ¢=0 and is then decreased. 
With no cavity, J» remains along ¢=0 until 1» reaches 
a critical value, then rotates irreversibly to ¢=a. With 
a cavity, unless O=0 or w/2, it is clear from physical 
considerations (and from equations that will be derived 
later) that the irreversible rotation is preceded by a 
reversible rotation away from @=0. For a powder 
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composed of identical particles, at such low concentra- 
tions that magnetic interactions between them are 
negligible, the coercive force is the negative of the 
critical Ho. 

We shall consider in succession the special cases ¢ 
small, O0=0, O=2/2, O=2/4, and N,—N,=0. 


(i) Small Reversible Rotation (¢ Small) 


This will be the case if, for instance, the cavity is 
sufficiently small. ‘Take Cartesian axes with Oz along 
the particle axis and Oy perpendicular to the particle 
and cavity axes. Let the direction cosines of Jo in these 
axes be /, m, and n. To the second order in / and m, 
cos =n=1—4(P+m’), cosy=1 sinO@+n cosO=1 sin& 
+[1—4(P+-m’) | cos@, and from Eq. (4.1) 


W = const+ Al+-4(C\P+-Cym’), (4.2) 
with 


A=—If(Ng—Na)t2 cos@ sin®, (4.3) 


I*{ (Ni- N,) (v ~— 202) 
+ (Ng— Nq)02(cos’?© —sin?@) } + oH o(01— 02), (4.4) 


To'{ (No Na) (11 — 202) + (Np— Na)02 cos’) 
+ TH o(v = Ve). 


We use the notation W,;=dW/dl, Wi,= 0°W/dldm, 
etc. For equilibrium, W;= W,,=0; or l= —A/Ci, m=0. 
For stability, Wu>0 and WuWam>(Win)?; or Ci>9, 
C,>0. The irreversible rotation therefore occurs when 
C,=0 or when C,=0, whichever happens first ; and the 
coercive force H, is the smaller of the two quantities 


i, 


C 


(4.5) 


To(v V2) '((Ni- Na) (u-— 202) 


+ (Ng— Na)v2(cos*O—sin’®)}, (4.6) 


y= [o(0y— 02)" { (Ny— Ng) (01 — 202) 


+(Ns—Na)t2 cos’?©}. (4.7) 


For a prolate cavity (Vg—N,.>0), H.=H,, and the 
jump occurs by rotation in the «z plane; for an oblate 
cavity, 7,.=H,, and the jump occurs by rotation 
approximately in the yz plane. 

With no cavity, the coercive force is 


H o=I1o(Ni—Na). (4.8) 


For an oblate cavity, the difference 1,.—H,o is always 
negative. For a prolate cavity, it is negative if 0>7/4 
but can have either sign if © </4; its average over 
cavity orientations is negative. 


(ii) Polar Axes Parallel (@ =0) 


By geometric symmetry, ¢=0 until the critical field 
is reached; therefore the results given in Sec. (i) are 
exact. Equations (4.6) and (4.7) become identical; the 
change of coercive force due to the cavity is 


H.— Ho= 1 ov2(ti— 02)" (Np— Na) — (Ne Na) ]. 


A cavity less eccentric than the particle decreases the 


(4.9) 
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coercive force; one more eccentric increases it ; at equal 
eccentricities there is no effect. These results can be 
verified by a finite-angle analysis like that of Stoner 


and Wohlfarth. 


(iii) Polar Axes Perpendicular (@ = x/2) 


Again the results given in Sec. (i) are exact. For a 
prolate cavity, by Eq. (4.6), 


H.- H.o = T9v2(v1— V2) — (Ns— N,) 


—(N,—N,)]<0. (4.10) 


For an oblate cavity, by Eq. (4.7), 


H.— Ho= —1y02(01:— 02) 1 (Ne— Na) <0. (4.11) 


Thus any cavity with @=2/2 decreases the coercive 
force. 


(iv) Polar Axes at 45° (@ = x/4) 


We limit the discussion to the prolate case, Ns— Na 
>0. At large positive Ho, the results of Sec. (i) apply: 
J, stays in the plane of the polar axes. At finite ¢, let 
be the azimuthal angle of 7) measured from this plane. 
Then at y=0, Wy and Wy, vanish, and Wy, is positive 
if 0<@<3n/4 or r<@<72/4. Therefore we may set 
y=0 and use the one-variable equilibrium and stability 
criteria W,=0, W4,>0; positions so determined, if 
they fall in the range 39/4 to w or 71/4 to 2m, are 
actually unstable with respect to y. 

The equilibrium condition W,=0 gives 


h' = —coso+k(cos2¢)/2 sing, 
Ho (= 2 ) 
Io(No—Na) \4—202 


Ne—-Naf 

Ni—-Na 01— 202 
If hk’ calculated by Eq. (4.12) is plotted against ¢, 
the stability condition W4,>0 requires that the slope 
be negative for 0<@<~m and positive for r<@<2r. 
Figure 2(a) shows such curves for several values of k; 
the stable parts are shown as solid curves, the unstable 


(4.12) 


where 
h' = 
(4.13) 


TABLE I. Prolate cavity, O=}r. 


A @ (degrees) h’ 


— 1.0000 
— 0.9967 
—0.9852 
— 0.9634 
—0,.9345 
—().8507 
—0.7879 
—0.7300 
—0.995 

— 2.5645 
— 5.026 


0.0 
2.5 
6.0 
9.5 
13.0 
21.0 
27.5 
36.0 
68 
84 
86 


0.0000 
0.0002 
0.002 
0,008 
0.02 
0.08 
0.16 
0.30 
1.60 
5.00 
10,00 
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(b) 


Fis. 2. Curves calculated for the system of Fig. 1(c) with @=45°, and with Ip in the plane of the polar axes. (a) Reduced field 
intensity h’ vs angle # for various values of the parameter k. (b) Reduced magnetization curve, cos vs h’, for k= 0.30 


as dashed. The stable parts lie outside the regions of 
y-instability. Reduced magnetization curves can be 
obtained by plotting the stable sections as cos@ versus 
h'; Fig. 2(b) shows one such curve. A discontinuous 
jump occurs at the critical h’, where the slope in Fig. 
2(a) changes sign. Table I lists critical values of h’ and 
¢ for a number of values of k. If 12>0,/2, k and h’/Hy 
are negative; we exclude this case, which requires a 
large cavity in a not too eccentric particle. 

For small cavities, (v;—.)/(v;—2)=1, and h’ 
differs little from the Stoner-Wohlfarth 4, with critical 
value (for a particle with no cavity) —1. Then, from 
Table I, the cavity decreases the coercive force unless 
k> 1.61; this requires an almost spherical particle, since 
the volume factor in k& is small and Ng—N, cannot 
exceed 2m. 


(v) Spherical Particles (N,—N,=0) 


A spherical particle with zero crystal anisotropy may 
acquire a coercive force through presence of a prolate 
spheroidal cavity. Equation (4.1), reduced to dimen- 


sionless form, becomes identical with the Stoner- 
Wohlfarth equation for a spheroidal particle of the 


same shape as the cavity. 


(vi) General 


In general, Hy will be inclined with respect to the 
particle’s polar axis, and there may be several cavities 
of different shapes. The calculation in such cases would 
be laborious, and at present there is insufficient experi- 
mental evidence to show which cases might be worth 
calculating. 


5. CONCLUSIONS 


It has been demonstrated that a spheroidal cavity 
in a spheroidal single-domain particle can either increase 
or decrease the coercive force; but if the coercive force 
without the cavity is large, the usual effect of the 
cavity, and in some cases the only possible effect, is a 
decrease. This is therefore a mechanism capable of 
contributing to the observed low coercive force of 
some powders. 
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Supplementary Sputtering Calculations 


Don E. Harrison, JR. 
University of Louisville, Louisville, Kentucky 
(Received November 2, 1956) 


The theoretical curves of a preceding paper have been recalculated using the sputtering threshold values 
predicted by Wehner. The parameters of the new calculation follow a more regular pattern, and the numerical 
values are more realistic. Although the new curves differ from those previously reported, the variations are 


hardly significant. 


N a preceding paper,' the author presented a theory 
of the process by which cathodes are eroded in a 
gaseous discharge. Four parameters characterize the 
resulting theoretical expression : wu, the mass ratio; /, the 
trapping parameter; », the mean free path ratio; and 
Ey, the threshold energy for sputtering. 
At that time, only the first parameter was accurately 


t~} 


Ne-Ag 


” 


——— Wehner Thresholds 
Previous “best fit” 
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INCIDENT 10M ENERGY (kev) 

Fic, 1, Here the old and new fittings are compared for the A— Ag 
and Ne— Ag systems, using Keywell’s data. (See the first paper of 
this series for references.) These curves indicate the types of 
modifications required by the recalculation. The new fitting 
parameters are listed in Table I. 








3 
WNCIDENT 10N ENERGY (nev) 


Fic. 2. Comparison of the recalculated theory and experiment 


for Kr~Ag and Kr—Cu. Both of these curves are ~ ad 
questionable because the experimental data are so incomplete. 


1 Don E. Harrison, Jr., Phys. Rev. 102, 1473 (1956). 


known. Recently Wehner has predicted values for all of 
the sputtering thresholds in this series of data.? Thus it 
seemed advisable to repeat the calculations using only / 
and 7 as fitting parameters. 

Figure 1 indicates the type of variation in fitting of 
the theoretical curves produced by the recalculation. 
Considering the present experimental data, the new 
fitting is not significantly poorer than those previously 
reported. 

Figures 2, 3, and 4 show the new theoretical fitting 








3 4 5 
WCIDENT 10N ENERGY (kev) 


Fic. 3. Comparison of theory and experiment for A—Pb and 
A—Cu. The system A—Pb is hardly useful, but A—Cu is one of 
the better sets of data. Unfortunately it does not extend into the 
higher energy range. 
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Fic. 4. Comparison of theory and experiment for He—Ag and 
He—Pb. Note the change of scale. The fitting is reasonable for 
He—Ag, but fails quite badly for He—Pb when compared to 
systems of higher mass ratio. 


~ ® Gottfried K. Wehner, Phys. Rev. 102, 690 (1956). 
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TABLE I. Comparison of the parameters for the eight available 
atomic systems. u is the mass ratio, 4 the trapping parameter, n the 
macroscopic cross section or mean-free-path ratio, and Er the 
sputtering threshold as predicted by Wehner. Note the internal 
consistency of h, except os systems of large and small mass ratio. 
In the new calculation » seems to increase with the mass ratio, 
rather than remain constant as previously reported. 


“ h n Er (ev) 


0.0193 0.05 0.04 336 
0.0371 0.30 0.05 275 
0.1871 0,30 0.16 72 
0.1926 0.30 0.16 46 
0.3700 0.30 0.26 48 
0.6264 0.30 0.23 57 
0.7766 0.30 0.31 39 
1.3155 0.65 0.15 56 


System 
He— Pb 
He—Ag 
Ne— Ag 
A—Pb 
A—Ag 
A—Cu 
Kr—Ag 
Kr—Cu 


for the remaining sets of data in this series. For con- 
venience the new parameters are tabulated in Table I. 
We note that a single value of 4 applies over a consider- 
able range in the mass ratio. This effect is somewhat 
more pronounced here than it was in the earlier calcula- 
tions. The value of / is larger, but 0.30 seems a more 
realistic value for o,/(o,+0,) than the value 0.10 
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previously reported. As we would expect, the cross 
section for trapping is considerably reduced when the 
mass ratio exceeds unity, and the value of / increases. 

Except for the system A—Cu, the mean free path 
ratio shows a steady increase with the mass ratio for 
values of uw less than unity. 

There is no apparent correlation of either 4 or » with 
the velocity of sound or elastic constants of the metals. 

As before, the system He— Pb requires special treat- 
ment. The fitting is not as satisfactory because the 
“constant 4” approximation fails in the manner de- 
scribed in I. The degree of failure is about the same in 
each calculation. 

In conclusion, it appears that there is no significant 
change in the theoretical interpretation, but the new 
parameters are slightly more realistic. 
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Hall and Drift Mobilities; Their Ratio and Temperature Dependence in Semiconductors 


F, J. Buatr 
Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 
(Received November 2, 1956) 


It is shown that the Hall and drift mobilities in the temperature range in which scattering by ionized 
impurities dominates should exhibit a temperature dependence less rapid than 74. This conclusion is in 
agreement with experimental observation. Furthermore, the mobility ratio, uy/ya, is not equal to 315r/512 
nor is it independent of temperature. Instead, uy /ua only approaches 3157/512 at very high temperatures 
and decreases monotonically to 3m/8 as the temperature is lowered. 


INTRODUCTION 


N a recent paper’ it was shown that at low lempera- 
tures the usual expression for the mobility in the 
range where ionized impurity scattering predominates 
is not valid because it is based on the Born approxi- 
mation. This approximation was shown to fail at low 
temperatures. Moreover, it was found in I that even 
at higher temperatures where the Born approximation 1s 
valid the Hall and drift mobilities, which were calcu- 
lated by numerical integration of the relaxation times 
over the distribution function, did not obey the gener- 
ally accepted 7! dependence. Instead, the calculated 
mobilities followed no simple power law behavior, 
although at high temperatures a 7! law appeared to be 
approached. Over the entire range of temperature 
investigated the mobilities increased with temperature 
less rapidly than 7', d(logu)/d(log7’) increasing mono- 
1F. J. Blatt, Intern. J. Phys. Chem, Solids (to be published) ; 
hereafter referred to as I. 


tonically with temperature and approaching the value 
} asymptotically. 

It was suggested in I that the 7! dependence is 
generally obtained theoretically because certain factors 
which depend on temperature and carrier energy have 
not been considered in sufficient detail in the past. In 
particular, it was thought that the difference between 
the 7! and the true temperature dependence of the 
mobility may be due to a certain approximation which 
is commonly employed when performing the necessary 
integrations over the distribution function. 

In order to clarify this point we have performed 
detailed calculations of the mobilities in the impurity 
scattering range using the Born approximation. We 
have carried out the necessary integrations exactly for 
a particular case and have compared the results with 
those obtained by a slightly modified form of the 
usually accepted expression for the mobility. 

In I, curves of the mobility ratio as a function of 
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temperature were presented. A significant feature of 
these curves was that even at rather high temperatures 
they fell significantly below the generally quoted result 
un/pa™= 315r/512. This difference between the true 
value of the mobility ratio and 3159/512 appears 
again, and, as we shall show, is to be expected. 

As in I, we shall proceed under the assumption that 
the surfaces of constant energy in k space are spheres, 
although this is generally a rather poor assumption. 
However, the points which will be raised in this paper 
do not depend on the exact form of the energy bands. 


RESULTS AND DISCUSSION 


If the Born approximation is used to calculate the 
differential cross section for scattering of a charge 
carrier by an ionized impurity in a semiconductor, the 
relaxation time is given by the expression’ 


re'N ,[_g(b) | 


(m*)¥(2e) 4x2 


1 weN; b 
{inci-+0)- | 
r (m*)4(26—) AL 1+) 


in which 


b=S8am* kT /n' eh’. (2) 


The symbols have the following meaning: N, is the 
number of ionized impurity centers; « is the dielectric 
constant; ¢ is the kinetic energy of the carrier; n’ is 
given by 

n’=n+(n+N,4)[1—(n+Na)/Nov ] 
if the sample is m type; for p-type materials a similar 
expression is valid with N, and Np interchanged and 


n replaced by p. 
The drift and Hall mobilities are given by’ 


(3) 
(4) 


Ha= (¢/m*)(r), 


pun=(e/m*)(7?)/(r), 


where 


(r") (4/3v) [ r"(x)xle*dx, x=e/kT. (5) 


The integrations indicated in Eq. (5) are complicated 
by the factor g(b) of Eq. (1). In fact, it is not possible 
to carry out these integrations analytically if that 
factor is retained in the integrand. An accepted approxi- 
mate procedure is the following.’ Since over the range 
of interest, and also in the range where the Born 
approximation is valid,' 6 is much larger than unity, 
it is reasonable to replace g(b) by In(6)—1. It has been 
assumed further that In() is large compared to unity, 
although this is not always justified. We shall, therefore, 
not make this additional approximation. In any case, 
however, for large 6 g() is a slowly varying function of 
energy, and a reasonable approximation is to remove 

*H. Brooks, in Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. 7, p. 87. See also, 


for example, R. Mansfield, Proc. Phys. Soc. (London) B69, 76 
(1956), as well as references cited in I. 
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this factor from the integrands which appear in Eqs. 
(3) and (4); in the argument of g(b), ¢ is then set equal 
to that energy at which the remaining integrand attains 
its maximum value. In the case of (r) the simplified 
integrand attains a maximum when e=3k7. The drift 
mobility is, in this approximation, given by the follow- 
ing expression 


pa= 279 V(RT)'(x)2e-8(m*) AN 


24am*x(kT)? “# 
in —_————— -1| . (6) 
n' eh? 

The simplified integrand for (r”), however, reaches a 
maximum when e=(9/2)kT, a point which appears to 
have been overlooked in the past. The Hall mobility, 
therefore, is not simply the drift mobility multiplied 
by a temperature independent constant, namely 
315/512, but is given by 


315(kT) 2 (In 24erm*«(kT)?/n’eh?]—1) 


a= ' : “142 
2%ebtm*4N  (In[36rm*x(kT)*/n' eh? ]—1}? 


For the ratio of Hall-to-drift mobilities, one finds 


In[ 24arm*«(k7T')?/n'e*h? \—1)? 


yet - (8) 
In[ 36rm*x(kT)*/n'eh? |—1 


Ma 3159 / 
wa 512 | 

For reasonable temperatures and carrier concentra- 
tions the correction term in the curly brackets is not 


negligible. For example, if we take x=16, m*=0.2m,, 
n'=10'*, and T7=70°K, the correction factor reduces 
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Fic. 1. The ratio of Hall-to-drift mobilities as a function of 
temperature. m* =0.2m,, n’=10!*, x=16. Curve A was obtained 
by performing the averages over the carrier distribution exactly 
by numerica] methods. Curve B was obtained by removing the 
slowly varying function of energy, g(b) of Eq. (1), from the inte- 
grands and then setting « in g(b) equal to that value of the energy 
at which the remaining portion of the integrand attains its 
maximum; that is, curve B was obtained from Eq. (8). Also 
shown are the values 3159/512 and 39/8, corresponding to the 
assumption that the relaxation time depends on energy as e! and 
as «+, respectively. 
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the mobility ratio from 1.93 to 1.63. For these choices 
of x, m*, and n’ we have plotted the mobility ratio as 
a function of temperature, curve B of Fig. 1. That 
curve is simply a graphical presentation of Eq. (8). 

Curve A of Fig. 1 was obtained without use of the 
approximations leading to Eqs. (6) and (7). Instead, 
the integrals (r) and (r*) were evaluated numerically. 
Curves A and B show the same general behavior. At 
low temperatures, however, curve A approaches the 
value 37/8 whereas curve B continues to decrease 
monotonically, In this temperature range 6 is no longer 
large compared to unity, and the approximation leading 
to Eqs. (6) and (7) fails. If g(b) is expanded for small 
values of b, one finds that the energy dependence of r 
is e~4, that is, the same as for lattice scattering. The 
mobility ratio then must approach the value corre- 
sponding to an energy-independent mean free path, 
namely 3/8. 

Turning now our attention to the temperature 
dependence of the mobilities themselves, we see from 
Fig. 2 that the Hall and drift mobilities increase with 
temperature less rapidly than 7%. In that range of 
temperature in which the mobilities can be approxi- 
mated roughly by a power law, it appears that the 
exponent of 7 is intermediate between 1.5 and 1.0. 
This result is in good agreement with the findings of 
Debye and Conwell.’ In fact, if tangents are drawn to 
the mobility curves at 100°K, their slopes are about 1.1, 
showing that indeed “the exponent of 7 should be 
closer to 1.6 than 1.5’” in this range of temperature and 
carrier concentration. The dashed curves, labeled I and 
II in Fig. 2, are graphical presentations of Eqs. (6) and 
(7), respectively. The solid curves were obtained by 
numerical integration of the integrals (r) and (r*). 
Except at very low temperatures the solid and dashed 
curves are in very good agreement, indicating that the 
approximation in which g(b) is removed from under 
the integral sign is reliable when b>1. This conclusion 
contradicts an earlier surmise’ that the difference 
between the “predicted” 7! dependence and the actual 
temperature dependence found in I appears to be due 
to having removed g(b) from the integrand. 

The curves of Fig. 2 do show that the temperature 
variations of g(b;)=g(b)..ser and of g(bo)=g(d) 0x72 
are sufficiently rapid that they cannot be ignored. Since 
these functions increase monotonically with tempera- 
ture they reduce the temperature dependence of the 
mobilities. 

Of course, the results presented here should not be 
used in the region of low temperatures where the 
mobility curves show significant curvature. First, we 
took no account of the change of n’ with temperature. 


= P,P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954), 
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Fic. 2. The Hall and drift mobilities as functions of temperature, 
m* =(),.2m,, n’=10'*, x16, The solid curves were obtained by 
verforming the averages over the distribution function exactly 
- numerical methods. The dashed curves I and II show the 
temperature dependence of the drift and Hall mobilities, respec 
tively, using the approximate expressions Eqs. (6) and (7), Also 
shown are the straight lines corresponding to a 7% and a linear 
temperature dependence, 


In practice n’ decreases with decreasing temperature 
as carriers “freeze out” on impurity centers. Secondly, 
at low temperatures the relaxation times predicted by 
the Born approximation are not reliable.' 


CONCLUSIONS 


The results presented here show that (1) the approxi 
mate procedure for evaluating the integrals (7) and 
(r*) is justified except at very low temperatures where 
b is of the order or less than unity; (2) the functions 
g(b;) and g(b»), defined above, vary with temperature 
sufficiently rapidly that their influence on the tempera- 
ture dependence of the mobility must not be neglected ; 
(3) when the mobilities are plotted as functions of 
temperature using the approximate theoretical expres- 
sions Eqs. (6) and (7), the temperature dependences of 
the Hall and drift mobilities are less rapid than 7%; 
(4) the usual assumptions concerning scattering of 
carriers by ionized impurities are capable of explaining 
the results obtained by Debye and Conwell’ without 
involing a temperature-dependent effective mass or 
some other scattering mechanism; (5) the ratio of 
Hall-to-drift mobilities decreases monotonically from 
a value somewhat less than 3159/5112 to 39/8 as the 
temperature is decreased. 





PHYSICAL REVIEW VOLUME 105, 


NUMBER 4 FEBRUARY 15, 1957 


Generalized Theory of Relaxation 


F. Biocu 
Stanford University, Stanford, California 
(Received October 16, 1956) 


This paper represents a further generalization, beyond that 
given recently, of an earlier theory by Wangsness and the author. 
In common with this theory, it is assumed that the spin system is 
weakly coupled to its molecular surroundings and that the latter 
can be considered as a heat reservoir which remains in thermal 
equilibrium at the absolute temperature 7. The condition that 
the coupling is weak demands that its effects upon the spin 
system, calculated in first and second approximation and measured 
in a frequency scale, are small compared to the inverse of the 
correlation time r, as well as of the time 8=h/kT. The principal 
progress over the earlier work consists in the fact that it imposes 
no additional conditions upon the energy of the spin system; in 
particular, it dispenses with the necessity that the dominant part 
of this energy is independent of the time. A linear differential 
equation of the first order for the distribution matrix is derived 
which is valid in this very general case and which contains the 
earlier results as special cases. The derivation of this Boltzmann 
equation is carried out in a form which is independent of any 
particular representation, used for the spin system, and which 
leads directly to a system of differential equations for the expec 
tation values of spin functions. Beyond the earlier results, it is 


1. INTRODUCTION 


HE theory of relaxation has received a new 

impetus through the recent intensive study of 
nuclear and electronic spin resonances in bulk matter 
and their wide field of applications. Depending upon 
the goal, the problems posed have been treated by 
several different methods, primarily distinguished by 
the character of simplifying assumptions and by the 
stage at which they are introduced in order to facilitate 
the discussion of particular cases. 

Foregoing both a complete description and an evalu- 
ation of the rather extensive literature, the work of 
Bloembergen, Purcell, and Pound' shall serve as the 
first example. Important conclusions about their 
relaxation phenomena are reached here by assuming 
from the outset that nuclear spin systems are subjected 
to given fluctuating actions, arising from their molecular 
surroundings. While it is of great help in interpreting 
these actions in classical terms, the procedure has the 
disadvantage that it leads to a thermal equilibrium of 
the spin system in which all states are equally populated 
and that it is thus equivalent to the assumption of an 
infinitely high temperature T. This feature arises not 
only from the fact that the compensating changes of 
energy are neglected in the treatment of the molecular 
surroundings but also from the inconsistency, intro- 
duced by regarding its variables as classical functions 
of the time and retaining an essentially quantum- 
mechanical description of the spin system. Indeed, the 

1 N. Bloembergen, Nuclear Magnetic Relaxation (thesis, Leyden; 


Schotanus and Jens, Utrecht, 1948); Bloembergen, Purcell, and 
Pound, Phys. Rev. 73, 679 (1948). 


shown that the coupling with the molecular surroundings leads in 
second approximation not only to relaxation terms but also to a 
correction of the spin energy which has the nature of a “self- 
energy.” As a considerably more restricted case, the situation is 
investigated where the dominant part of the spin energy varies 
little during a time of order 7, and 8. It is shown that, in this 
case, relaxation causes the distribution matrix to tend towards 
the form, corresponding to thermal equilibrium at the instan- 
taneous value of the dominant part of the energy. The case where 
the frequencies of the spin system as well as their relative rate of 
variation are small compared to 1/7, but arbitrary compared to 
1/8, is likewise discussed and shown to lead to a simple form of 
the Boltzmann equation. The general formalism is finally applied 
to a spin system with a single spin of value 1/2, exposed to a 
rotating field. One obtains in this case a phenomenological equa- 
tion for the expectation value of the spin vector which is far more 
general than the one derived earlier; instead of requiring merely 
the knowledge of the longitudinal and the transverse relaxation 
time, relaxation is here characterized by five time constants 
which may all be different. The stationary solution is derived and 
applied to a number of familiar special cases. 


existence of discrete energy levels of the spin system 
is in contradiction to a consistent classical treatment 
which demands a continuous variation of the energy 
and which, in fact, would lead to the proper equilibrium 
at a finite temperature. On the other hand, opposite 
transitions between discrete energy levels, induced by 
a finite spectral frequency w of the molecular sur- 
roundings, must have a relative weight which is given 
by the Boltzmann factor with the characteristic 
exponent hw/kT. The result of equal weights, mentioned 
above, arises from treating the molecular system in the 
limit A-+0 with the same effect upon the Boltzmann 
factor as going to the limit T+». The proper finite 
value of the exponent was shown by Ayant? to appear 
in a natural way through a quantum-mechanical 
generalization of the concept of a random function. 

A different approach has been chosen by Wangsness 
and the author’ through formulating the dynamics of 
relaxation totally within the framework of quantum 
mechanics. As the principal basic assumption, dis- 
sipative features are here introduced by considering the 
molecular surroundings as a heat reservoir which 
remains in thermal equilibrium while their exchange of 
energy with the spin system is fully taken into account. 
The procedure was first applied in I to the simplest 
situation where the representative spin system is that 
of a nucleus, characterized by its spin and magnetic 
moment and under the superposed action of a strong 
constant magnetic field Hy and a weak time-dependent 
magnetic field H;. An extension of the same method to 

*Y. Ayant, J. phys. radium 16, 411 (1955). 


*R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1956) 
(referred to as I). 
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far more general systems was recently presented,‘ 
assuming that the energy of the spin system contains a 
dominant time-independent part HE» and a relatively 
small time-dependent part #E, without, however, 
restricting their form or the nature of the spin system. 
Under stated conditions, it was thus possible to derive 
equations which are applicable, irrespective of whether 
their determining coefficients can be explicitly evaluated 
or not. Besides permitting the discussion of more 
general features, they represent a basis for that of par- 
ticular problems, either in cases where these problems 
are simple enough to permit a solution in terms of 
certain constants, to be compared with the experiment, 
or where the actual situation is so complex that one has 
to resort to trial solutions, containing plausible features 
such as, for example, that of a “spin temperature.” 
Among the more general results of II, it is particularly 

to be noted that relaxation tends to establish popula- 
tions of the spin states with Boltzmann factors, deter- 
mined by the large part #£» of the spin energy. Another 
way of formulating this result is to state that the 
distribution matrix o assumes in thermal equilibrium 
the form 

ao= fe Pho, (1.1) 
with 

B=h/kT, (1.2) 
and where 


c=[Tr(e-?#9) (1.3) 


represents the inverse diagonal sum of e~*#9, While this 
statement is independent of the representation, it was 
actually derived® in the special representation in which 
Eo appears as a diagonal matrix. Under the special 
circumstances considered in I, where the behavior of 
the macroscopic polarization is correctly represented 
by phenomenological equations,’ Eq. (1.1) leads to a 
constant equilibrium polarization, determined by the 
strong and constant magnetic field. 

There are, however, cases of interest for which either 
the constant field is too weak or the applied alternating 
field too strong for the former to be considered as the 
dominating part. More generally, there arise situations 
in which the total energy #E of the spin system depends 
explicitly upon the time in such a manner that its 
variation can be appreciable. It is clear that for suffi- 
ciently slow variations, irrespective of their magnitude, 
one can, at any instant, treat the total energy like the 
previously considered static part WE» so that the dis- 
tribution matrix will tend towards the quasi-stationary 
value 

ao= fe PR, (1.4) 
with 
§()=(Tr(e?#) P, 


which is obtained by replacing Z» in Eqs. (1.1) and 
(1.3) by the operator E(/). It has indeed been sug- 


(1.5) 


* F. Bloch, Phys. Rev. 102, 104 (1956) (referred to as II). 
6 Equation (2.35) of II. 
°F, Boch, Phys. Rev. 70, 460 (1946). 
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gested,’ in the case of the phenomenological equations, 
that they should be modified by replacing the constant 
equilibrium value of the polarization by the instan- 
taneous equilibrium value, corresponding to the total 
time-dependent magnetic field, in order to obtain a 
better agreement with experiments at low fields. There 
arises thus the interesting question whether and to 
what extent such a procedure can be justified; while 
there can be no doubt about the result (1.4) being 
correct in the limit of very slow variations of &, it 
remains to be seen under which conditions this limit 
represents a sufficiently good approximation. 

The first problem of this type has been treated by 
Gorter and Kronig® for the case of a weak oscillating 
magnetic field, with resulting expressions for the real 
and imaginary parts of the susceptibility as functions 
of the frequency. More recently, Garstens® has con- 
sidered the case of a constant field and an oscillating 
field at right angles with relaxation provided by col- 
lisions of short duration, without assuming the constant 
field to be necessarily predominant. Similarly it was 
shown by Wangsness,'® under the assumption of equal 
longitudinal and transverse relaxation times, that relax- 
ation by short collisions leads in the case of a rotating 
field to the same conclusions as the previously men- 
tioned substitution of the instantaneous equilibrium 
polarization into the phenomenological equations. 

The idea that short collisions should result in a 
tendency to establish equilibrium with respect to the 
instantaneous field suggests a treatment of the relaxa- 
tion mechanism in which the assumed shortness of the 
correlation time r,=1/w* plays a decisive role. This 
assumption was already necessary in I and II, and it 
will be shown here to permit an extension of the earlier 
method to the case of an arbitrary spin system with an 
arbitrary time-dependent energy hE(t). Indeed, it is 
possible, under certain conditions to be discussed below, 
to derive a differential equation for the distribution 
matrix which encompasses this quite general case and 
reduces to the more special Boltzmann equation, 
derived in II under the assumption of a dominant 
constant part in the total energy of the spin system. 
It will further be seen that, more generally than in I, 
relaxation produces indeed a tendency of the dis- 
tribution matrix towards the expression a» of Eq. (1.4), 
provided that the variation of £ is inappreciable not 
only during the correlation time 7, but also during the 
time 8, defined in Eq. (1.2)." 


7 Codrington, Olds, and Torrey, Phys. Rev. 95, 607 (1954), 

*C, J, Gorter and R. Kronig, Physica 3, 1009 (1936); R. Kronig, 
Physica 5, 75 (1938). 

*M. A. Garstens, Phys. Rev. 93, 1228 (1954), 

RR. K, Wangsness, Phys. Rev. 98, 928 (1955) 

4 Similarly to the remark, made above about the Boltzmann 
factor, the condition of sufficient shortness of the time # does not 
appear in the treatment of Garstens and Wangsness who consider 
the variables of the molecular surroundings as classical functions. 
Since 6 vanishes for h-»0, there is no occasion, in this limit, to 
state the sufficiently small variation of / during this time, 
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2. BOLTZMANN EQUATION 


As in I and II, it shall be assumed that the Hamil- 
tonian of the total system has the form 


KH=hE+hl+HG, (2.1) 


where the first and second part stand for the energy of 
the spin system and the molecular system, respec- 
tively, and are operators, acting only upon the variables 
of the corresponding subsystem. The coupling between 
the two is represented by the third part, to be con- 
sidered as a small perturbation. In order to describe 
given variations of external fields, Z will be assumed, 
in contrast to F and G, to be an explicitly time-depend- 
ent operator. 

The development of the density matrix p in time will 
be followed in a representation, to be characterized by 
the double symbol (fu), in which F is diagonal with 
eigenvalues f and where u denotes any additional 
quantum numbers, necessary to completely specify a 
stationary state of the molecular system with a given 
energy hf; the number of such states in the interval 
df of f is given by ».(f)df. While the existence of a 
dominant constant part Ey of Z made it convenient, 
in II, to use for the spin system a representation in 
which Eo is likewise diagonal, there exists in the case 
of a general time-dependent operator E(#) no such 
privileged representation, One is thus led to choosing 
an arbitrary representation, indicated by the symbol n; 
this symbol will denote any complete set of quantum 
numbers which characterize a state of the spin system. 
The total system will thus be described in a repre- 
sentation, denoted by the triple symbol (n/x). 

In order to eliminate the part £ from the differential 
equation 


dp/di= —iL[E+F+G, p] 


for the density matrix p, a transformation operator S(é) 
is to be introduced which satisfies the equation 


dS/di=iSE(1), 


(2.2) 


(2.3) 
with its inverse S~', satisfying 
dS“ /di= —iE()S“. (2.4) 


In consistency with these equations, S and S~' are 
Hermitian conjugate since E is Hermitian. It should be 
noted that EZ and, therefore, also S and S~“ are “spin 
functions,” i.e., operators, acting only on the quantum 
numbers » of the spin system. Introducing, instead of 
p and G, the transformed expressions 


p* =e? 'SpS le rt 
Gs=SGS"', 


Gt= eG se F', 


(2.5) 
(2.6) 
(2.7) 


the climination from Eq. (2.2) of both E and F is 
achieved, and it follows with (2.3) and (2.4) that 


dp*/dt= —i[G*,p*). (2.8) 


Given p*(t) at the time /, the increment during a short 
time interval r, keeping linear and quadratic terms in 
G*, is obtained from (2.8) by two successive approxi- 
mations in the form 


p*(t+7)—p*()= -if [G*(t+71’), p*(t) \dr’— 


f f “[arty), [ar(+r"), Tir” ar 
ra (2.9) 


The analogous relation was used in I? and II and 
applied as explicit matrix relation in a representation 
where Ep is diagonal. Similarly, it could be written out 
and applied as a matrix relation in the (nfu)-represen- 
tation. In view of the fact, however, that the m repre- 
sentation for the spin system is here quite arbitrary, it 
is indicated to introduce a notation in which the symbol 
n does not appear. For this purpose, the general matrix 
element of an operator O in the (nfu)-representation is 
to be written in the form 


(nfu\O\n'f'u’)=(n\ (ful O| f'u’)\n’), 


with the significance that (fu|O| f’u’) will be considered 
as an operator, specified by the pair of double symbols 
(fu), (f'u’), which acts only upon the variables of the 
spin system. It follows from this definition that the 
Hermitian conjugate of this operator is given by 


(fu|O| f'u')t= (f'w’|Ot| fu), (2.11) 


where O! is the Hermitian conjugate to O and, hence, 
for two operators O, and O, that 


((fu|O1| f’u’)(f’u'|O2| fra)! 
= (fulOz'| f’u’)(f’u’|Os'| fu), 
to be noted for later purposes. The addition and multi- 
plication rules of any two such operators take the same 
form which they would have in a pure (fu) representa- 
tion. With F diagonal in such a representation with 
eigenvalues f, one has 
(ful e**| f’u") = e*V Sp buy, 
and for any spin function Q, such as, for example, S, S~', 
(ful Q| f’u’) =Q5jybuw. 

It is, therefore, from (2.5) 

(ful p*| f’u’)=e'F0'S (ful p| f’u')S-'. (2.13) 


The distribution matrix, to be described in the n 
representation by (m|a|n’), has in this notation the 
invariant definition 


MER at? =D yu( ful p| fu). 


“Except for the particular choice /=0 and the fact that a 
small part £, was separated from £ and included in the first 
approximation, Eq. (2.9) is equivalent to the Eqs. (2.17), (2.18), 
and (2.19) of I. 


(2.10) 


(2.12) 


(2.14) 
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Therefore, from (2.13), 
Lisu( ful p*| fu) =o, 
os=SoaS, 


(2.15) 
with 
(2.16) 


Referring to a statistical average over the molecular 
system, assumed to be at any instant / in thermal equi- 
librium at the absolute temperature 7, the density 
matrix at this instant is to be replaced by the expression 


(ful p(0)| fu!) =o) P(f)bjp5uw’, (2.17) 
P(f)=e"/(X e*"’), 
fu! 


where 
(2.18) 


and £ is given by Eq. (1.2). Equation (2.17) is con- 
sistent with the definition (2.14) of ¢, and one further 
obtains with (2.13) and (2.16) 


(fu p*(t)| f’u’) =a8(t)P(f) bsp by. 


In order to carry out the integrations over r’ and r’’ 
in (2.9), it is necessary, through (2.7), to know the 
time-dependence of Gs. Although the operator G has 
no explicit dependence upon ¢, that of S provides, 
through the transformation (2.6), a corresponding 
dependence of Gs. It will be assumed that this trans- 
formation results in a series—or integral—of periodic 
terms of the form 


Gs(t)=S(OGS"() =>, Gre, (2.20) 


where the operators G’ shall not explicitly depend 
upon /.'* Since G must be Hermitian, then in view of 
the Hermitian conjugate character of S and S~', Gs 
must also be Hermitian. Defining 


(2.19) 


(2.21) 


OO, = “Wry 
one has to demand, therefore, that 


(G")t=G”, (2.22) 


ie., that G* and G~’ are Hermitian conjugate. In 
analogy to (2.5) and (2.13), one obtains from (2.7) 
and (2.20) 


(fu|G*(t)| fu’) =o, eh te( fulGr| f'u’). (2.23) 


The steps which lead, with the use of Eq. (2.15) and 
of the expressions (2.19) and (2.23), from the increment 
(2.9) of p* to that of og and, hence, to a differential 
equation for this quantity follow in close analogy the 
procedure, carried out in detail in I and also used in IT, 
to arrive at the Boltzmann equation for the transformed 
distribution matrix, formerly denoted by o*. The fre- 
quencies w, play here the same role as did formerly the 


48 This assumption implies no more than that of the operator 
E(t) being likewise expandable in its time dependence as a series 
or integral of periodic terms and does not, therefore, represent 
any physical restriction of generality. The case of particular 
importance for resonance experiments, where FE consists of a 
constant and a periodic term, is particularly suitable for an 
expansion of the form (2.20) which, however, encompasses far 
more general situations. 
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differences of the eigenvalues of Eo and are, in fact, 
identical with these differences in the special case 
where £ has the constant value 2» so that, from (2.3) 


and (2,4), 
SH = ei, 


If one uses a representation in which Ep is diagonal, Eq. 
(2.32) of I and Eq. (2.8) of II are in this case direct 
consequences of Eqs. (2.13) and (2.23) in this paper. 
Postponing the discussion of those points which differ 
from the treatments in I and II, the differential equation 
for og can be written in the following form: 


da a 


—= — i[As,os|—i> ctrl f (as{G'G*}*rt* 
re C1 


dl 


—¢ Blwrt *{GasG'*}ert *\x Idx 


-f ((G'G*)-#eF49 g— eB -ents) 
C2 


x (Gra gG"}-#t*) x ax), (2.24) 


where the paths of integration C; and C, follow the real 
axis from —® to + with the exception of the im- 
mediate vicinity of the point x=0, to be bypassed on 
the positive imaginary side for C; and the negative 
imaginary side for C,. The first term on the right side 
represents the result of the first-order approximation in 
G with 

As= SAS, (2.25) 
and 


A= FE m(f)P(S)(fulG| fuds. (2.26) 


This term contributes similarly to EZ and hence to the 
unperturbed energy of the spin system as the corre- 
sponding term AE of Eq. (2.22) in IL. 

The sum over r and s on the right side of Eq. (2.24) 
contains the result of the second-order approximation 
with the following abbreviations: 


(2,27) 


Wre= Wet We, 


(GG*}y*=2) Fo nul(f)nw (f+a)P(f) 


uu’ 


* (ful G"| f+a, u’)(f+a, u’\G"| fu)df, (2.28) 


(GrO0G}4=T 


uu’ 


x (fulGr| fa, w)O(f+a, u’|G*| fu)d f. 


nul f nw (f+a)P(f) 


(2.29) 


The last expression contains, for later purposes, an 
arbitrary spin function Q, but it is used in (2.24) for 
Q=ag. Equation (2.28) can be considered as a special 
case of (2,29) with Q chosen as the unit operator. In I 
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and II, only the imaginary contribution to the integrals 
of Eq. (2.24) in the immediate vicinity of x= 0 has been 
retained, since it is this contribution which has the 
nature of a damping term and leads thus to relaxation. 
Although the part corresponding to the integration 
along the real axis occurs actually also in the earlier 
treatments,’* it was there neglected. As will be seen 
below, it leads, in addition to A, to a correction to E 
of the second order in G. In view of the fact that in I 
and II the principal part Zo of Z was assumed to be 
large compared to second-order corrections, this neglect 
was indeed justified. However, E is here assumed arbi- 
trary and not subjected to such a restriction so that 
there is no @ priori reason for neglecting this term, 
although it can have a noticeable effect only for suffi- 
ciently small values of Z. 

Another difference enters in the conditions of validity 
of the Boltzmann equation; in I and II they involved 
the magnitude of Zo,'® while this quantity can evidently 
not enter into the more general treatment, presented 
here. Common to I and II there exist, however, con- 
ditions which arise from the required order of magnitude 
of the time interval 7 of Eq. (2.9) and which have to 
be fulfilled for the validity of the Boltzmann equation 
(2.24). 

Indeed, the direct evaluation of the first-order term, 
divided by 7, does not lead to the expression given by 
(2.25) and (2.26) but, instead, to 


As(r)=¥ eg, (7) | mul fP(f)(fulG*| fu)df, 
(2.30) 


with 
gr(r) = (er'—1)/ (iw,7). 


While it is true, in view of Eq. (2.20) that lim,.0A4s(7) 
As, there are lower limits to be imposed on r to 
insure the validity of the second-order terms, so that 
a milder condition for the smallness of r has to be 
established. In fact, denoting the order of magnitude 
of the first-order term by | A}, it is sufficient, for the 
replacement of As(r) by 4s, to demand that 


r<1/\Al, (2.31) 


so that for all terms in the summation over r of (2.30) 
for which 

w,S lAl, (2.32) 
it is 

w rH, (2.33) 


and one may replace q,(r) by unity. Owing to the 
presence of the periodic factors er‘, only these terms 
cause in fact an appreciable change of os, reached after 
lapse of a sufficiently long interval of ¢ of order 1/| A}. 
On the other hand, terms for which 


w >| Al (2.34) 


4 It appears, ¢.g., in Eq. (3.11) of I with &= xt, 
1 Equation (3.21) in I and (2.33) in II. 
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contribute only changes of os of relative order of mag- 
nitude |A|/w, or |A|/w?r for wr~1 or w,7r>I, 
respectively, so that they are in either case negligible 
compared to the terms satisfying (2.32). Hence, there 
occurs, effectively, an automatic suppression of those 
terms which do not warrant the replacement of q,(r) 
by unity, and it is permissible to make this replacement 
throughout in Eq. (2.30), so that As(r)=Ag under the 
sole condition (2.31). 

Although somewhat more involved, there appear 
similar conditions for the validity of the second-order 
terms. If their order of magnitude is denoted by the 
symbol ||, one must here demand that 


r&1/|T| (2.35) 


in order that all those terms in the summation over r 
and s of (2.24) are correctly represented for which 


wnTK1, (2.36) 


Again, the periodic factors er lead, effectively, to an 
automatic suppression of all other terms for which the 
condition (2,36) is not satisfied. 

In analogy to I and II, there are further limits to be 
imposed on 7 to justify the form of the second-order 
terms given in Eq. (2.24) and, in particular, the fact 
that + does not appear in these terms. The first condition 
of this type demands that the limits of integration over 
x along the real axis are sufficiently extended so that 


lal r€1, (2.37) 


where |x| indicates the order of magnitude of either 
the negative lower limit or of the upper limit of inte- 
gration. Secondly, if one defines a characteristic 
frequency w* of the molecular surroundings such that, 
for all values of f which give an appreciable contribution 
to the integrands in Eqs. (2.28) and (2.29), the functions 


nui(f+a), (fulG*| f+a,u’), (f+a, u’|\G*| fu) 


do not vary appreciably upon an increment of a, small 
compared to 


(2.38) 


w*=1/r., 
then it has to be demanded that 


w*r >I. (2.39) 


The time 7, of Eq. (2.38) has the significance of a 
characteristic correlation time of the molecular system. 
With |x| to be chosen comparable or even large com- 
pared to w*, the condition (2.39) includes that expressed 
by Eq. (2.37). Since e~** varies appreciably only upon 
an increment of x of order 1/8, the occurrence of the 
Boltzmann factor P(/) of Eq. (2.18) in the Eqs. (2.28) 


and (2.29) demands similarly that 
7/B>1. (2.40) 


Summarizing the independent conditions Eqs. (2.31), 
(2.35), (2.39), and (2.40), one has to demand, therefore, 
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that + must be chosen so as to fulfill the relations 
(|A|,|T'|)<1/r< (o*,1/8), (2.41) 
which is possible, provided that the condition 


({A|,|I'|)<(w*,1/8) (2.42) 


is satisfied. It indicates that both of the quantities on 
the left side be small compared to both of the quan- 
tities on the right side without, however, implying a 
relation of order of magnitude between the members of 
either pair.'® 

At the same time it should be noted, in view of Eqs. 
(2.36) and (2.41), that it is permissible to use in Eq. 
(2.24) the relation 


Wre<(w*,1/B), (2.43) 


since the terms in the summation over r and s for which 
this relation does not hold are in effect automatically 
suppressed. The right side of Eq. (2.24) can be greatly 
simplified by the use of this relation. For this purpose, 
we write temporarily 


nu( fu (f+a) (ful G"| f+-a, u’) 
X (f+a, u’|G*| fu)=A*(f+4a), 


where the difference and the average of f/+a and f 
have been introduced as upper index and argument of 
A, respectively. In the evaluation of the expressions 
(2.28) and (2.29), there appears thus an integral of the 
form 


(2.44) 


Ba - f Par +Hands, 


If one adds an increment ¢ to a and introduces f+4e 
as a new variable of integration, noting that from Eq. 
(2.18) 
P(f—4e)=eP(f), (2.45) 
6 The conditions (2.23) and (2.25) in II are equivalent to Eqs. 
(2.33) and (2.36), respectively, of this paper, if one replaces w, 
by g—g’, w, by g’’—g”’, and ¢ by r. In the corresponding notation, 
it would lead to the suppression of those terms for which, according 
to Eq. (2.24) and Eq. (2.26) of Il, w#0 and w,,#0, respectively, 
assuming that here these terms are of order of magnitude | Zo). 
This implies, therefore, through Eq. (2.27) of II, that r»>1/|Eol, 
thus causing the appearance of | £o| on the right side of the con 
dition (2.33) of Il. One obtains from this condition the far less 
stringent condition of validity of the Boltzmann equation, for- 
mulated in the relations (2.42) of this paper, by adding for com 
pleteness the quantity | 4} on the left side, using the abbreviation 
(1.2), and, in the absence of any restriction on £, omitting the 
quantities |/,| on the left and | £o| on the right side. While the 
semiclassical treatment of Garstens and Wangsness demands only 
the sufficient shortness of the correlation time r,.=1/w* (see 
reference 11), it can be readily seen by a qualitative argument 
that the shortness of the time @ is likewise relevant if quantum 
features are to be consistently observed. Indeed, the treatment 
of relaxation processes demands that they can be meaningfully 
pursued during a time Af short compared to the relaxation time. 
The latter being of order of magnitude 1/|I°|, one therefore has 
to demand that At«<1/|I|. On the other hand, it is necessary for 
a meaningful definition of the temperature 7 of the molecular 
surroundings, that the corresponding indeterminacy AF of the 
energy be small compared to kT. From SET and the relation 
indeterminacy AFAt~h, one has k7T/|T'|>>h and hence 
1/8>|I| as postulated in Eq. (2.42). 
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one obtains 


Bate = ewe f PDAs had /, 


In view of the previous assumption concerning the 
dependence on a of the left side of (2.44), A*t* differs 
appreciably from A® only if ¢ is of the order of the 
frequency w*, introduced in (2.38). If ¢ is small com- 
pared to w*, it is therefore permissible to write 


Bet e es Ba 
or, going back to (2.28) and (2.29), 


(G'G*}ate= el{G'G"} 
and 
(GOG*} eh eb {G'OG"} (2.46) 
* 


for <u". 
Introducing, besides (2.27), the abbreviation 


Vre }(w,- Ws), 
it is 


o,r= Vrat fwrs, —~ Wa Vera Airs. 


In view of the permissible use of the relation (2.43) 
and applying (2.46) for e= 4w,,, one may write w,= —w, 
=v,, in the double sum over r and s of Eq. (2.24). 
Applying this procedure in particular to the contri- 
butions arising from the integration along the real axis 
of x, it is seen that the parts containing {G’agG"} cancel 
and that in the remaining parts the relation 


(GG) orte = (GIGI) eet = (GIGt) rate 


can be used. 

The contributions arising from the integration over 
x in the immediate vicinity of zero, yield the integrand, 
taken for «=0, multiplied with —ir and +-im for the 
first and second integral, respectively. ‘The Boltzmann 
Eq. (2.24) can thus be rewritten in the form 


da s/dt+ iLAs t I's, as | 
w > erate Bart Ga Gr") as{G'G')* 


+e(GrasG")-*— (G'G*}-*0s), (2.48) 


with the abbreviation!’ 


L 


I's X ett | {GG — (GG *)xMde, (2,49) 


rs 0 


The well-defined integral over x in Eq. (2.49) has been 
obtained by dividing the integration along the real axis 
into a part from — @ to 0 and one from 0 to + and 


'’ The symbol T is here chosen to indicate that the expression 
(2.49), although neglected in the earlier treatments, is of sec- 
ond order in G, i.e., that it shares this feature with the relaxa- 
tion coefficients which were introduced in Eqs. (3.16) and (2.17) 
of I and II, respectively. Under the corresponding particular 
assumptions, the latter appear actually on the right side of Eq 
(2.48). (See reference 18.) 
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by changing in the former the variable of integration 
x into —x. 

In order to show that with og Hermitian the right 
side of (2.48) is likewise Hermitian, it is to be noted, 
with the help of Eqs. (2.12) and (2.22), that the 
Hermitian conjugate of the expressions (2.28) and (2.29) 
with Q=azg is given by (G“"G"’}* and {G~*asG~"}*, 
respectively. Noting further with (2.21), (2.27), and 
(2.47) that 


W617 “Wray V~s,—7™ Vroy 


replacing i by —i, r by —s, and s by —rs, it is seen that 
the operator I's, defined in Eq. (2.49), as well as the 
sum over r and s in (2.48) are indeed Hermitian. It 
is also readily shown that the diagonal sum or “trace” 
of this sum vanishes. For this purpose one needs the 
relations 
Tr(ag{G'G*}*) =e" Tr({GtagG"}~*”) 
(2.50) 


Tr({G'G*}-*0 3) =e" Tr({G'agG"}**), 


obtained from the fact that the first factor of an operator 
product in the trace can equally well be written at the 
end of the product and by replacing in the definition 
(2.29) the variable of integration f by {+a as well as 
u by u’. Interchanging in the summation r and s with 
Wr, ws, from (2,27), it is then seen that the trace of 
the right side in Eq. (2.48) vanishes through cancelation 
of the first term by the fourth and of the third term by 
the second. Since the trace of the commutator on the 
left side vanishes identically, one sees therefore that 


(d/dt) Tr(as)=0, 
thus permitting the normalization 
Tr(os)=Tr(o)=1. 


The Eq. (2.48) for og can be used to obtain the 
Boltzmann equation for the distribution matrix @. 


Applying 


(2.51) 


do s/di= S(iLE,o )+da/dt)S“, 


as a consequence of (2.3), (2.4), and (2.16) and multi- 
plying from the left with S$, from the right side with S, 
one obtains 


da/dt+iLE+A+T, o | 
mm >, et@ret(ePer(G_taG_*)} “"—a(G_'G_"}*" 


(2.52) 
(2.53) 


+04 G_"aG_*)-**— (G_'G_*)-“a), 
G_1!=S7G«S, 


with 
and 
P=S-TsS=E cmt f ({G'G_*y ret 
ve 0 
—{G_'G_*}"""*)a-"dx. (2.54) 


A more convenient form of Eq. (2.52) is obtained 
by using for the right side the abbreviation I'(¢) and 
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by simplifying this expression through the summation 
over s and rf in the first two and the last two terms 
in the parentheses, respectively. Using Eq. (2.27) and 
observing that 

DL, e“"'G_’=S7(>, eG) S=S'G,S=G, 
as a consequence of Eq. (2.20), one obtains thus 


da/di+iLE+A+Tl,o]=T(o), 


(2.55) 


(2.56) 


with 


l'(o) =" >, er (e-#r{G_taG} *"—a{G_'G} 
+¢6*"{GoG_"}~“"— {GG_"}~*"a), (2.57) 


and 


Gr=S7G'S. (2.58) 


The principal problem in applying the Boltzmann 
equation to a particular case, either in the form (2.48) 
for og or (2.56) for a, is to find the transformation 
operator S and its inverse S~'. For given internal energy 
of the spin system and external actions upon it, i.e., 
for a given operator E(t), it requires the solution S(t) 
of Eq. (2.3). Given further the coupling between the 
spin and molecular system, expressed by the operator 
G, one obtains then from Eqs. (2.6) and (2.20) the 
frequencies w,,, and the operators G’* which enter in 
Eq. (2.48) and from Eq. (2.58) the operators G_’ which 
enter in Eq. (2.57). The degree of complication in fol- 
lowing this procedure as well as in solving thereupon 
Eq. (2.48) or Eq. (2.56) to obtain g(t) or o(t), respec- 
tively, will evidently depend upon that of the situation 
considered, As a relatively simple special case, that of 
a rotating magnetic field will be treated in Sec. IV. 

Once obtained, the knowledge of os(t) or a(t) is 
sufficient to find the expectation value of any spin 
function Q in its dependence upon time. It is given by 


Q)()=TrlQsos(t)]=TrlOo(t)], (2.59) 


Qs=SOS, 


with 

(2.60) 
Because of the invariance of the trace, the numerical 
value of Eq. (2.59) is independent of any particular n 
representation of the spin system which may be chosen 
for reasons of convenience. 

Similar to Eq. (4.10) of I, it is possible, from the far 
more general Eq. (2.56), to derive differential equations 
for expectation values without an explicit knowledge 
of the distribution matrix o. Indeed, multiplying Eq. 
(2.56) by Q and forming the trace, one obtains 


d(Q)/dt+i((Q, E+A+T])=(T(Q)), (2.61) 
with 
(PQ) = De ebrt(e-Pr((GOG_1}*") 
—({G1G}"Q)+e"((G_"0G)~*") 
—(Q{GG_"}~*")). 
While it is no simpler, in general, to use this result 
rather than to solve Eq. (2.56) and then to obtain 


(2.62) 
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(Q)(t) from Eq. (2.59), there are special cases, like the 
one treated in Sec. IV and those discussed in I, where 
Eqs. (2.61) and (2.62) yield a system of simultaneous 
differential equations between the expectation values 
of certain spin functions of particular experimental 
interest. 


3. SLOWLY VARYING EXTERNAL FIELDS 


The condition (2.42) for the validity of the Boltzmann 
equation (2.52) permits its application to the special 
case E= Ey considered in I and II, where Zo, the prin- 
cipal part of E, is independent of the time and satisfies 
the condition | Zo|>>| A], |I'|. According to Eq. (2.3), 
the transformation operator S assumes in this case 
the approximate form 


Sz ei Bot, 


(3.1) 


The expansion (2.20) of Gg is obtained by using a 
representation in which Zp is diagonal with eigenvalues 
g. If one writes 


G=>,G", (3.2) 


the operators G’ are then defined by having in this 
representation nonvanishing matrix elements only 
between those pairs of eigenvalues (g,g’) where the 
difference 
s'—¢t=9 (3.3) 
has a given value p. 
It follows, therefore, with 


wWr= —p, 
[ Eo,G" ] =wG', 


(3.4) 
that 
(3.5) 


and from (3.1), that 


SG'S—! = efrtG’, (3.6) 


This signifies that the frequencies w,, appearing in 
(2.20), have here the significance of differences between 
the eigenvalues of Eo. It is further to be observed, in 
view of the condition | Zo|>>|I'|, that only the terms 
with w,,=0 will give an appreciable contribution to the 
right side of Eq. (2.48) and, hence, to that of Eq. (2.52). 
According to (2.27), the double sum over r and s can 
thus be replaced by a single sum over the different 
values of p=—w,=w,. Denoting the corresponding 
operators G’ and G* by G? and G~”, respectively, with 
G_?=S'G°S=e'"'G?, 
and 
G-9=S1G-9S=¢ 1G», 

as a consequence of Eqs. (2.53) and (3.6), the right 
side of (2.52) can therefore be written in the form 
I'(o) =m > »(2e°{G%aG-?}-? 

—a{G?G~?}-?—{GG~*}~ a). (3.7) 
This notation agrees with that used in Eq. (2.34) of 
II; except for the neglect of the corrections A and I, 
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justified in view of their smallness in comparison to Eo, 
Eq. (2.34) of II is in fact seen, with (3.7), to become 
identical with Eq. (2.52) of this paper, written out in 
the representation in which Eo is diagonal with eigen- 
values g.'* 

While the preceding treatment leads to the special 
cases of I and II and is applicable only if the principal 
part of E is independent of the time, there exists a 
similar simplification under the condition that it is 
sufficiently slowly varying. This condition can be 
formulated through 


|dE/dt|/| E|<w*, 


1/8, 


and is evidently always satisfied for sufficiently short 
values of the correlation time r.=1/w*, as well as of 
the time #, i.e., according to Eq. (1.2) for sufficiently 
high temperatures. For given values of r, and £8, the 
relation (3.8) demands that E consist predominantly 
of a part /o(/) which varies relatively little during time 
intervals of the order of either r, or 8, but it permits 
also the existence of an additional small term £;(t) 
with a relative rate of change w, comparable to | Ko! 
e|E|, so that w/|E| 1. With |dE#,/dt| ~w|F,|, the 
condition (3.8) requires thus 


\Ey 


(3.8) 


«K(w*,1/B). (3.9) 
This situation is of particular interest for resonance 
experiments, where the resonance condition demands 
indeed a magnitude of w comparable to ||. This 
latter quantity, i.e., the magnitude of the resonance 
frequencies, is not excluded to be comparable or even 
large compared to w* and 1/8. The same holds thus for 
the relative rate of change w of £;, provided that the 
magnitude of this rapidly varying term satisfies the 
condition (3.9) which is also contained in Eq. (2.33) 
of II. 

By virtue of (3.8), the instantaneous eigenvalues of 
E(t), as well as their differences, to be denoted by 
w,(t), are slowly varying functions of the time in the 
sense that they vary appreciably, neither during a time 
interval of order +r, nor during one of order #. In 
analogy to (3.2) and (3.5), one can define a series of 
operators P’ such that 

G=)_, P”, (3.10) 
and 


[EP] 


These operators are likewise slowly varying and it can 


w,P*, 


(3.11) 


‘6 The symbols defined in Eqs. (2.28) and (2.29) of this paper 
are in the case «Eo simply related to the relaxation coefficients, 
defined in Il, Eqs. (2.16), (2.17), and (2.45). Referring, for 
example, to the case where the eigenstates of Zo are not degener 
ate, one has, by comparison of this last equation with Eq. (2.29) 
of this paper, w(g| (G°QG~?}~? |g’) =Tyy-"(g+pl|Ql\ eg’ +p) for an 
arbitrary spin-function Q such as, for example, og and a; and 
the matrix element (g\I'(o)|g’) of the expression (3.7) in the 
representation where £» is diagonal is seen to be identical with 
the corresponding symbol on the right side of Eq. (2.34) of I, 
omitting the quantum numbers 9 and ’, 
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be seen that, in analogy to (3.6), 


SP*S- = eb rGr, (3.12) 


with 


(3.13) 


t 
ohn f wo At’)dt’, 
a 


where G’ is another slowly varying operator. While for 
t=, iLe., S=1, one has G’= P’, it is possible, after a 
sufficient lapse of time, that G’ differs appreciably 
from P”, 

Except for the replacement of w,,< by ¢,+ ¢,, the 
form of the Boltzmann equation (2.52) can be seen to 
remain unaltered. Indeed, the procedure of forward 
integration over the time interval r, which led to Eq. 
(2.52) and, hence, to Eq. (2.56) is equally applicable 
here ‘since the condition 1>>(r,,8), implied by Eq. 
(2.41), is compatible with a choice of r such that all 
slowly varying functions can, during this interval, be 
replaced by their instantaneous value at the time /. 
The expression (2.57) is thus to be replaced by 
(a) = m9 >, er (e%*"(G_'aG}*"—a{G_'G}”" 

+ €8#"{GaG_"}~*"—{GG_"}~*"a), (3.14) 


where the definition of G_’ is still given by Eq. (2.58) 
and where G’ and w,, instead of being independent, are 
slowly varying functions of the time /. 

The expression (3.14) can be considerably simplified. 
In the first place, it follows from (3,12) that 


eG '=e"SG'S=P", 
80 that 
mw > (e%"{ ProG)*"—a{ P’G)* 
+-e8"{ GaP") *— {GP} 0). 


I'(a) 
(3.15) 


It follows further, from (3.11), that 


0/dB(e ## PA") = —e 8 ®LE,P' |\b*® = —weP® Pr e®, 
and since 


(é BE PrebE) , = Pr. 
one has, through integration from 0 to 8, 


CBE PreBk wx ¢ Ber Pr (3.16) 


and, analogously, 


eFE Pre BE eferpr, (3.17) 


Inserting these expressions in Eq. (3.15), and including 
a in the curly brackets of the second and fourth terms, 
one obtains 


D(a) = Sle" (( Prye*o IG)" 


+ {GL oe®*,P"])~*e-**), (3.18) 


This form is not only more concise than that given by 
Eq. (3.14) but it also has the advantage of showing 
directly the fact, mentioned in Sec. I, that relaxation 
will establish a tendency of the distribution matrix 
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towards the value oo, given by Eq. (1.4), provided that 
the condition (3.8) is satisfied. Indeed, one has 


(3.19) 


Pk go= oeh® =f, 


Being a mere number, i.e., proportional to the unit 
operator, ¢ evidently commutes with P’ so that one 
has I'(o9)=0, and hence 


I'(o)=T' (o—o»). (3.20) 


The corrections A and I on the left side of Eq. (2.52) 
can be incorporated in the total energy of the spin 
system by substituting Z for E+A-+T, and it is per- 
missible, in view of the condition (2.42) and of Eq. 
(2.46), to make the same substitution in (3.18). With 
E and w, referring to this newly defined total energy 
of the spin system, Eq. (2.56) can thus be written in 
the form 


da/di+iLE,o|=T (co), 
or with Eq. (3.20) 
da/di+ il E,o |=T(o—o), 


with I'(¢), and hence I'(o—ao), given by Eq. (3.18). 
Introducing further the deviation, 


(3.21) 


(3.22) 


(3.23) 


x ™"o"vea, 


of the distribution matrix o from the value oo, corre- 
sponding to the instantaneous equilibrium, and noting 
that EZ commutes with oo, one has for x the inhomo- 
geneous equation, 

dx/dt+iLE,x ]—T (x)= —doo/dt, 


with the condition of normalization 


Tr(x)=0 


(3.24) 


as a consequence of Eq. (2.51) and the fact that one 
has, from Eqs. (1.4) and (1.5), Tr(oo)=1. Equation 
(3.24) shows that the deviation from the instantaneous 
equilibrium distribution is proportional to the rate of 
variation o» and, hence, to that of E(t). 

It is to be noted that the condition (3.8) for the 
validity of Eq. (3.18) permits Z and, hence, some of 
the frequencies w, to have magnitudes comparable or 
even large compared to the inverse correlation time w*. 
Consequently, I'(¢) may contain features arising from 
an appreciable dependence of the curly brackets in Eq. 
(3.18) upon w,.'* A further simplification is obtained, 
however, if not only the condition (3.8) but also the 
condition 


| E|<w*, (3.25) 


equivalent to w,<w*, is satisfied. It is then possible to 


“In the simplest case, treated in I, this feature underlies the 
distinction between the longitudinal and the transverse relaxation 
times 7, and 7, respectively. The former arises from the terms 
in (3.18) where the magnitude of the frequency w, is equal to 
that of the Larmor frequency of precession in the strong field, 
while the latter corresponds to those where w,=0. 
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apply Eqs. (2.46) for a=0, «= -+w, and to write 
(LP cha Gyor=e([ Preto Gy), 
(GLoet#, Pr]}-er= «8° GLaet® Pry’ 


respectively. Using further, in analogy to Eqs. (3.16) 
and (3.17), 


and 


e~ Burl? Pr— ¢~BE/2 PreBB!? 


2 §E/2 DPry—BE/2 
eberl Pr = ¢ e/ / "¢e /2 


it is then possible, through Eq. (3.10), to carry out the 
summations over f in Eq. (3.18), with the result 


P (a) = 9({[e-8# *Geh#/g,G]}9 
+{[G,oe8#/*Ge-##/2]}9), (3,26) 


It is seen, as in the more general expression (3.18), that 
I'(ao)=0, so that the Eqs. (3.21), (3.22), and (3.24) 
retain their validity but permit, in this case, the use 
of the simpler form Eq. (3.26) for T'(o) and, hence 
I'(o—ao), (x). It is this fact which, in essence, repre- 
sents the justification of the treatment presented by 
Wangsness.” 

In addition to the expression I'(c) for the right side 
of Eqs. (2.52) and (2.56), given by Eq. (3.18) under 
the condition (3.8) and by Eq. (3.26) under the addi- 
tional condition (3.25), there exists a third simple form 
of T'(o) which may be useful. It is obtained if the 
condition (3.8) is replaced by the less stringent one 


|dE/dt|/| E|<«w*, (3.27) 


maintaining at the same time the condition (3.25). In 
contrast to the two previous cases of this section, no 
condition for the shortness of the time 6 of Eq. (1.2) 
has to be satisfied beyond that implied by (2.42). 
Provided that the condition (3.27) is not violated,”! 


® Wangsness’!® procedure is indeed based upon the validity of 
the condition (3.25). Contrary to the more general case of Eq. 
(3.18) (see reference 19), it does not permit the distinction between 
T, and 7». A further simplification, implied in his treatment, con- 
sists in the assumption of a sufficiently high temperature, i.e., of a 
sufficiently small value of 8. Since x=o—g» will, in first approxi- 
mation, be proportional to @, it is permissible in (x) on the left 
side of Eq. (3.24), obtained by replacing o by x, to let 8B=0,. The 
error thus committed will be only of order 8*. The (single) relaxa- 
tion time is then independent of Z and, hence, of the time. This 
feature is indeed implied by using the phenomenological equations 
with constant values of 7; and 7; and with Mo introduced as the 
instantaneous equilibrium polarization. 

*1 It should be noted that the definition of the correlation time 
7. in Eq. (2,38) or of the characteristic frequency w* of the 
molecular surroundings refers to the dependence upon a of the 
integrands in (2.28) and (2.29). Through their additional de- 
pendence upon f, the integrands are weighted with the Boltzmann 
factor P(f) which favors the lower values of f, the lower the 
temperature of the molecular surroundings. Owing to the fact 
that the dependence upon a is related to that upon f , the effective 
order of magnitude of w* will thus depend upon the temperature. 
With the motion of the molecular surroundings slowed down for 
lower temperatures, one may in general expect w* to decrease 
with decreasing temperature. This decrease being of entirely 
different origin from the linear decrease of 1/8 with decreasing 
temperature, which has nothing to do with the specific nature of 
the molecular surroundings, the clear distinction between the 
orders of magnitude of the two frequencies w* and 1/8 remains 
nevertheless in force. 
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this case allows thus the application towards lower 
temperatures than the case which resulted in Eq. (3.26). 
With the notations of Sec. II, the conditions (3.27) 


and (3.25) can be combined into the condition 


w<Kw"*, 


(3.28) 


valid for all frequencies w, which enter in their defining 
equation (2.20). They permit therefore in (2.57) the 
application of the formulas (2.46) for a=0, inserting 
+w, for «, G_" for G’, and G for G* with the result 


I'(a) = , el“rtle Burl G "a ,G | 


+e! GoG_"})*. (3.29) 


The summation over r in this expression can be 
formally carried out by noting from (2.20) that 


Y,, elertF Bore = § (t+ hiB)GS— (t+ hip), 


i.e., by replacing in this formula ¢ by t+ 478. Therefore, 
by applying S~'({) from the left and S(¢) from the 
right on both sides of this equation, one has with (2.58) 


>, ert FiborG r= U (+8, GU" (+8, t), (3.30) 
where 
U(+48, )=S()S(t4- 4p), (3.31) 
and 


U- (48, t)= S(t fis) S(t). (3.32) 


The operators U/*' are thus known if the transformation 
function § and its inverse are known; they can also be 
determined as solutions of a differential equation, 
obtained by taking the partial derivative with respect 
to 8 on both sides of Eqs. (3.31) and (3.32) and ob- 
serving Eqs. (2.3) and (2.4). Indeed, omitting the 
argument / in U/*", one has thus 


OU (+B) /dB= F4U (4B) E(ts+ hip), (3.33) 
and 


OU (+B) /dB= +4E(t+hiB)U"'(+B), (3.34) 


respectively, with the “initial” condition for B=0, 
obtained from (3.31) and (3.32), that 


U(0)=U-(0) =1. (3.35) 


If one applies Eq. (3.30) to (3.29), the latter then 
becomes 


l(a) ="{[U(8)GU~()0,G] 
+[G, oU(—B)GU-\(—B) })" 


as a generalization of Eq. (3.26). This latter equation is 
directly obtained if, in addition to (3.27), one postulates 
also |dE/dt|/|E|<«<1/B, thus demanding the fulfill- 
ment of the complete condition (3.8) as well as that of 
Eq. (3.25). Indeed, this additional condition implies 
that the variation of E(t), treated as an analytical 
function of ¢, upon an increase of its argument of order 
of magnitude |f| is negligible, thus allowing the re- 
placement in (3.33) and (3.34) of E(t+4i8) by E(t). 
The solution, satisfying (3.35), of these differential 


(3,36) 
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equations has then the simple form 


U(4AB)=eF #2, U-"(48)=et?8?, = (3,37) 


with E to be taken at its instantaneous value Z(/). The 
substitution of the operators U and U~'; given by 
(3.37), into (3.36), yields indeed Eq. (3.26) and thus 
represents an independent check upon this expression 
for I'(a) and its conditions of validity. 


4. ROTATING MAGNETIC FIELD 


To illustrate the very general results obtained in the 
previous section, Eqs. (2.56) and (2.61) will here be 
applied to a specia: case which is not only of experi- 
mental interest but lends itself also to a relatively simple 
explicit treatment. The representative spin system is 
in this case that of a single spin 7=4, with magnetic 
moment yu’, and, hence, with a gyromagnetic ratio 
y= 2yu'/h, exposed to an external magnetic field with 
components 


H,= (w:/7) coswt, Hy= — (w:/y) sinwl, H,=wo/y. (4.1) 


The quantities wo and w;, with the dimensions of a 
frequency, are constant and represent a measure of the 
fixed component in the z-direction and of the transverse 
component, rotating with the circular frequency w, 
respectively. 

The energy of the spin system, divided by h, has 
here the form 


E= —wol,—w;(1,coswt— ],sinwt), (4.2) 


where /,, /,, 7, are the components of the spin operator 
I. By direct substitution, one verifies that the solutions 
of Eqs. (2.3) and (2.4) for the transformation operator 
S and its inverse can be written in the form 


P (Aol etoile) t I,t 
S=e Ol aT @lla oor, 


(4.3) 


S 1 = giwlete (Aol etwils)t 
: = ' p* i A 


(4.4) 
respectively, with the abbreviation 


(4.5) 


Ao wow. 


Owing to the fact that their exponents do not commute, 
the product of the two exponentials in (4.3) and (4.4) 
cannot be combined into a single exponential and their 
order is essential. An exception arises, of course, for 
negligible values of w; where Eq. (4.3) is seen to be 
equivalent to Eq, (3.1). A more convenient form is 
obtained by introducing the operators, 

Some tolst (4.6) 
(4.7) 


(4.8) 


Saito tet, 
Yas g~ tel 
Sp=e* ¥, 
and their inverse, with 


w’ = (Ag?+-w")!, (4.9) 
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and tan@=w,/Ao, so that 


Ao=w’ cos6, (4.10) 


and 


(4.11) 


wi=w’ sind. 
Indeed, the transformations 
Sol So'=I1, cosd—TI, sind, 
Sol So=1,, (4.13) 
Sol So =I, sind+T, cosd (4.14) 


represent a rotation of the spin vector I by the angle 6 
around the y-axis. In particular, multiplying the last 
equation on both sides with w’t, observing Eqs. (4.10) 
and (4.11), and applying the result to the first and 
second exponential in Eqs. (4.3) and (4.4) respectively, 
one obtains 


(4.12) 


S=SSuSeS., (4.15) 


and 
So= §5°7S,S8,7S¢1. (4.16) 


The coupling energy #G of Eq. (2.1) with the mo- 
lecular system is here due to the interaction of the 
magnetic moment with a magnetic field H’, arising 
from the molecular surroundings. If one introduces the 
vector operator 


h=—vyH’, (4.17) 


the components h,,y,, of h have the dimension of a 
frequency and are to be represented by matrices which 
are diagonal in the variables of the spin system. With 
the notations 

P=I],, 


{#=],+il,, (4.18) 


and 


ho= hy, hyi=4(h. Fih,), 


G= (h- Hh=>, h,l*, 
and from Eqs. (2.6) and (2.20) 
Gs=>, h,SI’S1=>, Gre'r', (4.21) 


as the defining equation for the operators Gr and the 
frequencies w,. In order to obtain explicit expressions 
for these quantities, it is necessary to express the 
result of the three transformation operators (4.6), (4.7), 
and (4.8) upon the spin operators J*. The former two 
transformations represent rotations around the z-direc- 
tion by the angles wt and w’t and hence yield, through 
Eq. (4.18), 


(4.19) 


one has 
(4.20) 


Sol *S ot em imot] (4.22) 


- and 


SeoPS tag OP, (4.23) 


respectively. Since one deals with a rotation around the 
y direction by the angle 6, the result of the transforma- 
tion S» and of its inverse Sy~!=S_» can be expressed in 
the form 


SPSAH= >, GA’, (4.24) 
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and 
Sot l*S = >a pr. 


The indices A, u, v in Eqs. (4.20) to (4.25) are meant to 
assume independently the values —1, 0, 1. Upon using 
Eqs. (4.12) to (4.14) and (4.18), the elements of the 
matrices p and q in (4.24) and (4.25) are explicitly given 
by the following equations: 

p= p_r'=q' =q¢_1' =}(cosd+1), 
p= pr'=q_'=qr'=}(cosd—1), 

po°= qo? = cosd, 

poi = po t= —2p)"= —2p P= —qo' = “a5 : 

= 29,°= 2q_:°= sind. 


(4.25) 


They satisfy the relations: 
qu(6)= p.'(—8), 
Lr Pr’qu®=Syy'y 
Dou Pr“qu’ =5y, 
p-r»*= pr", 


q Bid =", 


(4.27) 
(4.28) 
(4.29) 
(4.30) 
(4.31) 


Through the expressions (4.15) and (4.16) for S and 
S~ and the successive use of the transformations (4.22) 
to (4.25), one obtains 


SI“S- as >» Pr*g re iOa’+nu) ty’, 


Inserting this expression in Eq. (4.21) and replacing the 
index r by the double index (A,u) with A and yw inde- 
pendently assuming the values —1, 0, +1, it is 


Gs= dvs Get@rut 


(4.32) 


(4.33) 
with 

G*=h, >, pr'qrl’, (4.34) 
and 


Wry = — (Aw’+yw). (4.35) 


With the notation (2.58), one obtains from Eq. (4.34), 
through the inverse transformation with S,~'=S_,, and 
S.'=S_. as well as the relation (4.29), 


G = SAGMS=h, X, prrgne eT’, 


It will now be assumed that the diagonal elements of 
the matrices (fu|h,| f’u’) and, hence, those of G vanish 
so that from (2.26) A=0. Assuming further a sufficient 
magnitude of the external magnetic field, so that the 
second-order correction I’, given by Eq. (2.54), can be 
neglected in comparison to E, one can write the Eqs. 
(2.56) and (2.57) in the form 


da/di+i{ Eo |= (o), 


(4.36) 


(4,37) 
with 
Po)=r OL eb Mmipyrg (CH hgh, oml’oT? 


Me vp 


—{h,h,}?rol’ 1? +h, hy I ’ol” 


—{hyh,}~*™I*I’a). (4.38) 
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With the use of Eq. (4.36), this last expression is 
obtained from (2.57) through the replacement of the 
index r by (Au), writing G=}>~,h,/*, and observing from 
(4.35) that w,—ar= (v—p)w. 

As a further simplification, it will now be assumed 
that, similar to the treatment of Sec. V in I, the 
molecular surroundings have the property of isotropy 
so that, on the average, the cross products of the com- 
ponents of H’ vanish, and their squates have a common 
value. Applied to Eq. (4.38) and with the notations 


(4.19), this means that one can write 
w{ hh} *= 8", (a) by, — a (4.39) 


where, in accordance with the abbreviation (2,28), 


D, (a) = eae L nul f)nw(f+a)P(f) 


x (ful hy| fa, w’)(f+a, u’|h| fu)df, (4.40) 


and where one has, with Eq. (4.19), 
?,(a)=_,(a), 
2; (a) = 2@_;(a) = Po(a), 


(4.41) 
(4.42) 
and, as a consequence of Eqs. (4.40) and (4.41), 


,(a)=,(—a). (4.43) 


With the notations 


A w= Lv pr*gPP, (wry) Cosh (Bun,/2), (4.44) 


and 


Cw= — Dv pr’q?Py(wr,) sinh (Bu,/2), (4.45) 


the expression (4.38) takes then the greatly simplified 
form 
P(o)= eh" Awl [1,0], 1) 


+CylT’a+oal’, I-*}). (4.46) 


An alternative way of writing the Eqs. (4.44) and (4.45) 
is obtained by making use of the relation (4.28). Indeed, 
these equations can be seen to be equivalent to 


A y= ay by tay porg +a,” (pig — p-i"qr"), (4.47) 


and 
Cyw= Vu bet Vu po’g + Yu (pig, - 2 "qv ‘), (4,48) 
with the notations 
ayt = 40, (uw-+w’) cosh (ux+x’) +0, (uw— w’) 
X cosh (ux—x’) |, 
a,’=, (uw) coshux—4[, (uw+-w") cosh (ux+x’) 
+4,(uw—w’) cosh(ux—x’)], (4.49) 


a,” =4[%,(ywo+w") cosh (ux+x’) 
—, (uw—w’) cosh(ux—x’) |, 
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and 
Vet = 40%, (uwo+w’) sinh (ux+x’) 
+, (yw—w’) sinh(ux—x’) |, 
Vo =, (uw) sinhyx—4[%,(ywo+w’) sinh (ux+x’) 
+,(uwo—w") sinh (ux—x’) }, 
V0" = ALD, (uot) sinh (ux+x’) 
. ~ ®,(uw—w’) sinh (ux—x’) |, 


(4.50) 


The derivation of these expressions is based upon Eq, 
(4.35), the relation (4.43), and the abbreviations 


k= Bw/2, x’ = Bw'/2. 


A particular consequence of Eqs. (4.49) and (4.50) is 
that 


(4.51) 


(4,52) 


ag = ot = yo =0. 


For later use, it is further to be noted that, by changing 
the sign of the indices \, u, v in (4.44) and (4.45), one 
has with the Eqs. (4.30), (4.31), and (4.35), 


Ay=A ms) Cw=—-C nad (4.53) 


While it would be perfectly feasible to insert the 
expression (4.46) in (4.37) and to find appropriate 
solutions for the distribution matrix a, it is preferable, 
in this case, to use Eq. (2.61) directly for expectation 
values, with Q standing for any one of the components 
of the spin vector I, Omitting again the corrections A 
and T’ on the left side, inserting the expression (4.2) 
for E and observing the commutation relations between 
the components of I, one obtains thus the vector 
equation 


d(1)/di+[oX(D)=(r(D), (4.54) 


with 
(D)=> && wea, (Ul, F,7")) 
- 


tC +P ,1)), (4.55) 


and where the components of the vector @ are given by 


(4,56) 


W2™ Ww) COSwl, wy=—w Sinwl, w,=wo. 


If one uses the expression (4.46), these equations can 
also be obtained by multiplying with I and forming the 
trace on both sides of Eq. (4.37). 

It is the direct consequence of the commutation rules 
for the components of I, representing any value of the 
spin, that the double commutator in Eq. (4.55) can be 
written in the form of a linear expression for these com- 
ponents themselves, On the other hand, it is the par- 
ticular feature of the case for spin 1/2, that the ex- 
pression [/~*,[)/’+-/’/-*,1) either vanishes or becomes 
a mere number. It is for this reason, similar to the cor- 
responding treatment in I, that Eq. (4.54) reduces for 
spin 1/2 without further assumptions to a system of 
linear “phenomenological” equations for the expecta- 
tion value of the components of L. 

By a familiar procedure, to eliminate the explicit 
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time dependence occurring on the left side of Eq. (4.54) 
through the components w, and w, of w as well as that 
on the right side through the exponential in Eq. (4.55), 
it is convenient to transform to a coordinate system 
which rotates with the magnetic field. This transforma- 
tion is achieved by 


(I*)*= SS = emt] *, (4.57) 


where the relation of the starred quantities to the com- 
ponents /,*, J,*, 7,* of the spin vector in the rotating 
coordinate system is the same as that expressed in Eq. 
(4.18) for the original quantities, and where these 
quantities satisfy the same commutation rules. In the 
case of spin 1/2 one has further, both for the original 
and the starred components, 


I2=4, Iely+I,J.~=0, 


with the corresponding relations obtained by cyclical 
permutation of x, y, z. By a somewhat lengthy, but 
straightforward, application of the above-mentioned 
facts and the use of Eqs. (4.10), (4.11), (4.53), and 
(4.57), one obtains, from (4.54) and (4.55), for the 
expectation values of the spin components /,*, /,*, 
and J,* in the rotating coordinate system the simul- 
taneous differential equations 


aI ,*)/dt—w!(Iy*) cos+A AI a*)+0,(1 *)=Cy, 


di ,*)/dt+-w' ((1,*) cos6—(1,*) sind) 
+A,I,*) =0, 


d(I ,*)/dt+w'(1,*) sind+ A <1,*)+a41,*)=C,, 
with the constant coefficients 


A,=2(Ay— A1,-1) + Aoo= 2(ar*+ ar cos) 
+aot+ay® cos’, 


(4.58) 


(4.59) 
(4.60) 


(4.61) 
Ay=2(Aut+A1,-1)+Aoo 
= 2(a;++a;° sin’?@+a; cos@) 
+agt+ao° cos’6, 


A,= 4A rt feet 4(ay++ 4a," sin’é+a, cos8), 


(4.62) 
(4.63) 
(4.64) 
(4.65) 


d,= — 2A, = — ag’ sind cosd, 
a,= — 2A y= — 2(a;° sind cosd— ay; sind), 


C,= — (Ciot+Co) = — 1° sind cosé 
+1 sind+4}y0~ sind, 


C,= 2C= 2(yit+4y7i° sin’é+y1 cos). 


The second form of these coefficients is obtained from 
Eqs. (4.47) and (4.48) with the use of Eqs. (4.26) and 
the relations (4.52). 

The differential equations (4.58), (4.59), and (4.60) 
represent the generalization of the original phenomeno- 
logical equations® for the case of a rotating magnetic 
field, referred to the rotating coordinate system. The 
corresponding equations for the macroscopic polariza- 
tion are simply obtained by multiplying the expectation 
values of the spin components with 2ny’ where n 


(4.66) 
(4.67) 
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represents the number of spins per unit volume and y’ 
their common magnetic moment. The stationary solu- 
tion of the equations above is readily found to be 
(I,*)= (1/D)[C.(A,A.+w" sin’) 
—C,(a,A,—w" sind cosé) |, 

(1,*) = (w’/D)[ —C,(a, sind+ A, cos@) 

+C,(A, sind+a, cos6) }, 
(1,*)= (1/D)[—C,(Aya.—w" sind cos6) 

+C,(A,Ay+w" cos’) ], 


(4.68) 
(4.69) 


(4.70) 
with 
D= A,(A,A,—4,0;)+w"[ A, cos’O 


+ (a,+<4,) sind cosd+A, sin*@}. (4.71) 


In order to illustrate the great variety of facts contained 
in these equations, they will be applied to some familiar 
special cases: 


a. Static Field 


It is clear that in this case, i.e., for w=0, the sta- 
tionary solution must correspond to the equilibrium 
polarization in a constant magnetic field of magnitude 


(wo?+-w1)/y - w’/y, 
inclined at the angle 6 to the z direction. Indeed, it is 
seen from (4.49), (4.50), and the relations (4.42), 
(4.43), that for w=0 all the coefficients a and y in Eqs. 
(4.61) to (4.67) vanish with the exception of 
ay’=,(0)—,(w’) coshx’, 


ait =,(w’) cosh’, 


a? = 2a", 
aot = 2ay*, 
v1 =,(w’) sinh’, yor= yr. 

The coefficients, entering in Eqs. (4.68) to (4.71), are 
therefore given by 
A,= 2ao++ ay’ cos”6, 
A,= 2agt+ ay’ sin’, 
C,=Y0° Cos8, 


Ay= 2act+ a0", 
d,=d,= — ao sin8 cos6, 
C,=70° sind, 
and yield upon insertion 
,)=0, (,) cosé—(I,) sind= (A,/w’)(I,)=0, 
and further with D= 2ao+[(2a0++-a0")?+w"? ]: 
(I,) cos6+-(I,) sind = yo" / (2ag*) =} tanhx’, 


i.e., the proper thermal equilibrium value for the com- 
ponent, parallel to the field and the vanishing of the 
perpendicular components. The asterisk has been 
omitted in these expressions since, for w= 0, the rotating 
and the fixed coordinate system are identical. 


b. Vanishing Transverse Field 


The situation for thermal! equilibrium must evidently 
also be realized if the x and y components of the 
external field vanish so that one deals with a static 
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field in the z direction. The frequency of rotation has 
here only a formal significance and the result must be 
independent of any specific value assigned to w. Ac- 
cording to Eq. (4.1), one has here w;=0, and therefore 
from Eqs. (4.9) and (4.5) w'=Ao=wo—w and from 
Eq. (4.11) @=0. It follows then, from Eqs. (4.61) to 
(4.67), that 


A,= Ay=2(ait+ar)+aot+a0, A, 
C,=0, C.=2(yit+yr), 
and from (4.49) and (4.50) 
ayt+ar =, (w+w’) cosh (x+x’) ; 
itty =1(w+w’) sinh (x-+x’). 


4(ait+ar), 


a,=a,=0, 


Buo/ 2 


Wo, 50 


It is further seen from Eq. (4.51) that «-+«’= xo 
since for w;=0 Eqs. (4.5) and (4.9) yield w+’ 
that one obtains from Eqs. (4.68) to (4.71) 


(1,*) = (I,*)=0, 
and further, with D= A,(A/?+w”) 
(1,*)=2(yit+yr)/4(art+ar) 


The vanishing of (/,*) and (/,*) entails also that of 
(I,) and (/,) and one has (/,*)=(/,)=4 tanhxo, repre- 
senting indeed the proper equilibrium value for a 
constant external field of magnitude Ho=wo/y in the 
z direction. 


4} tanh. 


c. Weak Transverse Field near Resonance 


While the preceding result is rigorously valid only 
for w,;=0, it applies also to a weak transverse field, 
provided that wr | Ao| = , L.e., for conditions far 
removed from resonance, It is invalid, however, if | Ao! 
is comparable to w;, even though the latter quantity 
may be assumed small, since one has in this case 00. 
The fact that one is dealing with a “weak” transverse 
field is here implied to mean that w<<w=wo and 
Bw“<1. With | Ao! comparable to w, w’ is, according to 
Eq. (4.9), likewise comparable to w;, so that the case 
considered here implies that one has in Eqs. (4.49) and 
(4.50) 


wow 


#,(wt+w') =o, (w—w’) = &, (w) = &, (wo) 
and, according to Eq. (4.51), 
«<1, K== Ky = Bury / 2. 


Consequently, all the coefficients a and y in Eqs. 
(4.61) to (4.67) vanish, with the exception of 


Ho(w’), 


yi" = P; (wo) sinhko, 


ay + om ?, (wo) ( oshko, ag! 
(4.72) 
ay? = (0) —Po(w ), 


and one has 
A,= Ay= 2a;*+a0t+ ay’ cos’0, A,=4ay*, 
a,= —ag’ sind cos, a,=0, C,=0, Cy=2yi*. 


Using, further, (4.10) and (4.11), one obtains then from 
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Eqs. (4.68) to (4.71): 
4a,* ag’ (2a,* +aot +a? cos’#) 
(1,*) = Aqwor——| 1+ —_—— =} tanhxo, 
D Ad +w;* 
(4.73) 


(4.74) 


4a,* 
(1*) = wy—[2a;* +-a6* }h tanho, 
D 


4a,* 
; [ (2a;*+-a0* +a" cos’6)*-+ Ag |} tanhxo, 
J 


(I,*) . 


(4.75) 


with 
D = 4a;* (2a;* +-a9* +0 cos’0)’+-4a;t Ad 


+ (2a;t +a6*)w). (4.76) 


A considerable simplification of this result is obtained 
if, beyond the conditions stated above, the smallness 
of w; implies also that w:~w'’<w*. In fact, this addi- 
tional condition renders the assumptions made here 
equivalent to those made in I and II, and in view of 
the treatment presented in I, the expressions (4.73) 
to (4.75) must become identical with those obtained 
from the solution of the phenomenological equations.*® 
Indeed, this particular simplicity arises from the fact 
that it is here permissible to omit in Eqs. (4.72) the 
distinction between ®y(w’) and #9(0) so that agt=4 (0) 
and ag’=0. One obtains then from (4.73) to (4.76) the 
familiar result 


wi Ao 
(I,*)= (I,)o, 
1 +- (AoT'2)?+-w7 \T2 
wT", 
" a (I,)o, 
| +- (Ao7 +r iT? 


1+ (Ao7s)* 


——(I,)o, 
1+ (MoT 2)? +7717 2 


(1,*) 


where (/,)o= 4 tanhxo represents the equilibrium value 
of (J,) in the absence of a transverse field and where 
the inverse longitudinal and transverse relaxation times 
are given by 1/7'=44, (wo) coshxo and 1/T,=1/274o(0), 
respectively. 

The fact that relaxation can here be characterized by 
only two time constants arises from the circumstance 
that the two frequencies of relevance, occurring as 
argument in the quantities ® of Eqs. (4.49) and (4.50), 
are 0 and wo. The general case is actually to be charac- 
terized by five time constants, determined by five 
quantities ® with the corresponding frequencies 0, w’, 
w—w', w, ww’ as argument, which may all be different. 

The result expressed by Eqs. (4.73) to (4.76) is not 
quite so general since there occur only three different 
quantities, D,(wo), Po(w’), and o(0), in Eqs. (4.72). 
Nevertheless, it contains the rigorous formulation of a 
feature previously pointed out by Bloembergen' and 
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Redfield,” i.e., that the condition for saturation, ob- 
tained from the phenomenological equations, requires 
a modification for increasing values of the alternating 
field. This is best seen from the expression for (J,*), 
corresponding to absorption, under conditions of exact 
resonance. Indeed, for Ap=0, and hence, for cos#=0 
and w’=w, one obtains, from Eq. (4.74), 


wT! 
(I,*)=————— tanhu, 
1+wT1T,’ 


with the same significance, 
1/T1= 44;(w) coshko, 


for the inverse longitudinal relaxation time as in the 
case of the phenomenological equations, but with the 
modified definition 


1/T,/= 1/27 :+40(w) 


for the inverse of an effective transverse relaxation 
time. One may be dealing with a dependence of %o(a) 
upon a@ such that even for a=w;Kwo one has #o(w;) 
Py (wo) = 24,(wo). Assuming further that xo<<1, one 
has then #o(w;)=1/27, and hence T,’~T7), i.e., the 
value of the effective transverse relaxation time ap- 
proaches that of the longitudinal relaxation time. 

It is to be noted, however, that the effect of the 
distinction between %o(w’) and 4 (0), permitted in 
Eqs. (4.73) to (4.76), cannot generally be described by 
the mere introduction of a new transverse relaxation 
time. Through the occurrence of cos@ and the explicit 
occurrence of Ag in Eqs. (4.73), (4.75), and (4.76), it is 
seen that the dependence upon Ap, i.e., the shape of the 
resonance line, is at the same time altered from the 
simple Lorentzian line shape, obtained in the absence 
of this distinction. 


d. Slowly-Rotating Field 


The formulas (4.68) to (4.71) contain also the case, 
considered in greater generality in Sec. III, where, in 
accordance with the conditions (3.8) and (3.9), either 
w or w; are sufficiently small. In agreement with the 
condition (3.25) it shall also be assumed that wox<o*, 
and furthermore, that wo«1/8. The fulfillment of 
these two additional assumptions underlies the treat- 
ment of Wangsness'® so that his results must be con- 
tained in Eqs. (4.68) to (4.71) as a further special case. 

The condition for this case is formulated in our 
notation by 

w, w’<w*, 
so that the argument of all the quantities @ in Eqs. 


(4.49) and (4.50) may be replaced by zero and by the 
further condition 


x, «<A, 


# A. G. Redfield, Phys. Rev. 98, 1787 (1955). See particularly 
Sec, III A, 
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Neglecting all but the linear terms in « and x’, the 
hyperbolic cosines in (4.49) can be replaced by unity 
and the hyperbolic sines in (4.50) by their argument. 
The nonvanishing coefficients a and y are then given by 


it=4,(0), aot=%o(0) = 24, (0), 
yit=Kb,(0), yi =«’%,(0), 
0 =«'Bo(0) = 2x’, (0), 
and it follows from Eqs. (4.61) to (4.67) that 
A,=A,y=A,= 49, (0), 
C,= 26,(0)«’ sind, C,=24,(0)(x+«’ cos@). 
With Eqs. (4.5), (4.10), (4.11), and (4.50), yielding 
een! c080= (a+ Ae)/2KT = fno/ (247), 


and with D=44,(0){[4,(0) ?+w”)} from (4.71), one 
obtains from Eqs. (4.68) to (4.70) 


(I,*) ho om (47) 
shaver: See Tae | , 


4D (0)w —|/aen 


Iy*)=h 
Garde aes 


wrcere if 


Going back to the fixed-coordinate system, one has from 
Eq. (4.57) 
I") = (12) +i(1,*))e-'*! 

| wht 440; (0)u 


a,=a,=0, 


(,*)= il wo 


hon 
[ 44, (0) Pw"? 
(I,)=(I,*). 


“| ~wt/(4kT), 


and 


The corresponding expressions M,; and M, for the 
macroscopic polarizations are obtained by multiplying 
(") and (/,) with 2ny’. Observing that 2ny'h/(4kT) 
= x0o/y, .with xo=mpu’/(kT) being the static suscepti- 
bility, and with the notation M,=M!', r=1/[44,(0) ], 
H,=w;/y7, A= Ao, and a=w’, it is seen that the result 
thus obtained is indeed identical with that of Wangs- 
ness.” In particular, it includes the result of Gorter and 
Kronig,*® applied to a purely rotating field, i.e., to the 
case wo=0, with the in-phase and out-of-phase com- 
ponent of the susceptibility given by the real and im- 
aginary part of M'/H,, respectively. 


5. CONCLUSIONS 


Being restricted only by the conditions (2.42), the 
Boltzmann equation (2.56) can be claimed to properly 
describe a very general class of relaxation phenomena, 
based essentially upon the assumption that the mo- 


% See selevence 10, Eqs. (16) and (17). 
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lecular surroundings can be considered to remain in 
thermal! equilibrium. It is clear that what has been 
termed here the “spin system’ can be considered as 
any other quantum-mechanical system subjected to 
any given external actions, and that the “molecular 
system”’ is by no means required to consist of molecules 
but could, for example, be equally represented by elec- 
tromagnetic radiation in thermal equilibrium. 

Applied to nuclear- or electronic-resonance processes, 
Eq. (2.56) includes all the previously considered situ- 
ations as special cases and it contains, besides, a great 
deal of additional information, as is seen in Sec. IV, 
even for the simple case of a rotating magnetic field. 
With the further progress of the experimental art and 
particularly with its extension towards low temper- 
atures, there can be little doubt that many of these 
additional features will, in due course, become of equal 
importance to those considered so far. 

While this paper was in progress the author was 
informed about similar work carried out by Redfield™ 
who has likewise realized thé possibility of extending 
the earlier treatments to cases where the static part 
of the spin energy is not dominant. After a general 
presentation of the semiclassical approach, mentioned 
in the Introduction of this paper, through time-de- 
pendent random perturbations upon the spin system, 
he follows the procedure of I and II as well as of this 
paper in formulating a consistent quantum-mechanical 
treatment, based upon the assumption that the molecu 
lar surroundings can be treated as a heat reservoir 
which remains in thermal equilibrium. As an interesting 
methodical approach, external actions are introduced 
by including their producing devices into the total 
system with a coupling term to the spin system which, 
originally, does not explicitly depend upon the time. 
The explicit time dependence of the spin energy, used 
from the beginning in Eq. (2.1) of this paper, results 
then from taking the expectation value of the coupling 
term with regard to the devices under suitable assump- 
tions, chosen to account for their macroscopic character. 

Redfield’s treatment does not include a development, 
equivalent to Sec. II of this paper; instead, it is adapted 
to those cases of Sec. III where in addition to (2,42) 
the conditions (3.8), (3.28), and, further, the condition 

?|<<1/ are satisfied and it is augmented by indicating 
a series in ascending powers of parameters which, under 
strict fulfillment of these conditions, would be negli 
gible. His formulas are likewise presented in a form 
which is invariant against a particular representation 
of the spin system and he has also independently ob- 
served the occurrence of a second-order correction to 
the energy of the spin system, arising from its coupling 
to the molecular surroundings. As an application he 
treats the relaxation of nuclear spins in a metal for an 
arbitrary fixed magnetic field intensity. Since the 
problem is too complex to permit a rigorous solution, 


* A. G. Redfield, IBM Journal 1 (January 1, 1957). 
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it is assumed that the spin system is at any time in 
thermal equilibrium with a spin temperature, different 
from that of the molecular surroundings; a measure for 
the relaxation time is then obtained from the rate of 
energy transfer to the molecular surroundings. As 
mentioned in the Introduction of this paper, the 
generalization of the method of Wangsness and the 
author, presented in II, would likewise permit such a 
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treatment of this problem, but it could be applied only 
for a sufficiently high intensity of the fixed magnetic 
field. Redfield’s results, however, can also be applied 
to relaxation in an arbitrary small field which is of 
considerable experimental interest. The author is 
grateful to Dr. Redfield for having received his manu- 
script before publication and for an interesting dis- 
cussion. 
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Luminescence of Potassium Iodide* 
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When single crystals of potassium iodide are cooled to — 160°C and illuminated with light absorbed in 
the first fundamental band they luminesce with a quantum yield between 0.5 and 1. The excitation and 
emission spectra of this luminescence are presented. The experiments suggest that pure KI itself luminesces 
under the above conditions and that the luminescence can be modified by the presence of impurities or 


defects in the lattice. 


I. INTRODUCTION 


ECAUSE of their simple structure the alkali halides 
have played a very important role in the develop- 
ment of solid-state physics and it appears that there is 
still much to be learned from experiments done on them. 
For example, consider the result of illuminating a crystal 
with light absorbed in the first fundamental band. 
According to one interpretation this results in the 
excitation of electrons on the negative ions in the 
lattice. One observes, however, that this also results in 
a change in the optical properties of the crystal. 
F centers, among other things, appear in the lattice 
during illumination. It is also found that F centers may 
be ionized by illumination with fundamental band 
light.* This type of observation suggests that the energy 
of an excited negative ion is not localized at the absorp- 
tion site but may be transferred through the lattice and 
produce effects some distance from the point of absorp- 
tion. Theoretically it is also found that such energy 
transfer is possible and several mechanisms for the 
transfer have been proposed.’ However, it has not as 
yet been experimentally determined which of these 
mechanisms is important in the alkali halides. 
Another way in which the excited negative ion can 
get rid of its energy is by the emission of a quantum of 


* This work was supported by the U. S. Air Force through the 
Office of Scientific Research of the Air Research and Development 
Command, 

1A. Smakula, Z. Physik 63, 762 (1930). 

*E. Taft and L. Apker, Phys. Rev. 81, 698 (1951); 82, 814 


(1951); 83, 479 (1951), N. Inchauspé and R. J. Maurer, Air 
Force Technical Note OSR-TN-55-281 (unpublished), 

*D. L. Dexter and W. R. Heller, Phys. Rev. 84, 377 (1951); 
W. R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951); D. L. 
Dexter and J, H. Schulman, J. Chem. Phys. 22, 1063 (1954). 


light. There is apparently no theoretical reason why 
this process cannot occur in the alkali halides, but until 
quite recently no experimental observations of lumines- 
cence of these substances during illumination in the 
fundamental band have been taken seriously. Because 
of this, it has been generally accepted that such lumines- 
cence does not occur. In the past few years, how- 
ever, several workers have reported a low-temperature 
luminescence which might be ascribed to pure alkali 
halides, while others have observed fundamental band 
luminescence which was apparently connected with the 
presence of defects in the lattice.‘ The present work was 
motivated in part by the work mentioned above and 
also by the realization that a study of the luminescence 
of single alkali halide crystals excited by illumination 
in the fundamental band can perhaps help solve the 
problem of energy transfer mentioned in the first 
paragraph. It is interesting to determine whether or 
not the pure, perfect alkali halides will luminesce, but 
perhaps more important is the use of emission initiated 
by the excitation of a negative ion in the lattice as a 
tool in the investigation of energy transfer phenomena. 
Some experiments to this effect are discussed in the 
conclusion of this paper. 


II, EXPERIMENTAL 


In this paper the luminescence of the potassium iodide 
will be described in terms of its excitation and emission 
spectra and the quantum yield. Also, the optical absorp- 


“W. van Sciver and R. Hofstadter, Phys. Rev. 97, 1181 (1956) ; 
W. Martienssen, Z. Physik 131, 488 (1952); W. Martienssen and 
R. W. Pohl, Z. Physik 133, 153 (1952); W. Martienssen, Nachr. 
Akad. Wiss. Gottingen K1. Ila, No. 11, 111 (1952). 
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tion of the crystals used is important. These quantities 
and the methods used to measure them are discussed in 
the following paragraphs. 


1. Excitation Spectra 


The excitation spectra shown below were measured 
in the following way. The crystals were exposed, in a 
cryostat, to light from a quartz monochromator. The 
luminescence of the crystal as a function of the photon 
energy of the incident light was measured with a photo- 
multiplier whose optical axis was set perpendicular to 
the beam from the monochromator. The quantity 
called “total luminescence” on the excitation spectra 
graphs is proportional to the current in this photo- 
multiplier. Since most of the quanta emitted by the 
crystal had energies in a region where the response of 
the photomultiplier was quite flat, the quantity “total 
luminescence” is approximately proportional to the 
total number of photons emitted for a given energy of 
excitation light. 

In measuring the excitation spectra the number of 
exciting quanta was held constant. To do this it was 
necessary to vary the band pass of the monochromator. 
At 2140A the band pass was 5A. At longer wave- 
lengths it was no greater than this. 


2. Emission Spectra 


To make emission spectra measurements two quartz 
monochromators were used; one to provide exciting 
radiation, the other to analyze the light emitted from 
the crystals. The output of the second monochromator 
was measured with a photomultiplier held at its exit 
slit. The current in this photomultiplier, after correction 
for the spectral dependence of the photomultiplier re- 
sponse, was thus proportional to the total number of 
quanta emitted by the potassium iodide crystal in an 
energy interval equal to the band pass of the mono- 
chromator, assuming the monochromator transmission 
to be flat. This quantity was converted into “relative 
number of photons per unit band pass” by dividing by 
the band pass of the scanning monochromator. In the 
emission spectra the band pass of the monochromator 
providing the excitation radiation was 0.02 ev at 
5.90 ev and 0.015 ev at 5.65 ev. The total number of 
quanta incident on the crystal was held constant at 
6.2510" per sec. The band pass of the analyzing 
monochromator was 0.035 ev at 4.00 ev and 0.065 ev 
at 2.50 ev. 


3. Quantum Yield 


The quantum yield of luminescence is defined as the 
total number of quanta emitted by the crystal over the 
total number absorbed. It was measured by means of 
a calibrated end-on photomultiplier held at a known 
distance from the crystal. The fraction of emitted 
quanta incident on the photomultiplier was approxi- 
mated from the ratio of the area of the photomultiplier 
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cathode to the total area of a sphere with radius equal 
to the distance from cathode to crystal. The crystal was 
illuminated with a known number of quanta from a 
quartz monochromator. All quantum yield measure- 
ments were made with exciting light of energy 5.75 ev. 
At this energy the band pass of the monochromator was 
(0.06 ev with the slit widths used. The quantum yields 
are corrected for the transmission of the windows of the 
cryostat. Reflection of the crystal was assumed to be 
30% at 5.75 ev in calculating the yields. 


4. Optical Absorption 


The optical absorption of the three crystals used is 
presented in terms of optical density which is defined as 
D=logyo(J0/1), where Jo is the incident intensity of 
measuring light and J is the transmitted intensity. The 
absorption curves were roughly corrected for reflection 
losses by subtracting an amount equal to the reflection 
of the crystal at 4.0 ev, where the absorption should 
be negligible. 


5. Crystals 


Two of the crystals used, those numbered 1 and 3, 
were obtained from the Harshaw Chemical Company. 
They both contained a small amount of thallium al 
though they were supposed to be pure KI. The optical 
absorption curve of crystal 1 indicates that it was quite 
a good crystal. No thallium absorption bands appear. 
The presence of thallium is indicated only by the 
excitation spectrum of this crystal. Crystal number 3 
contained enough thallium to affect both the optical 
absorption spectrum and the excitation spectrum, It 
was also possible to observe the thallium emission 
bands in the case of this crystal. 

Crystal number 2 was obtained from Dr. G. Chiarotti 
of the University of Illinois, who grew it from reagent 
grade material. It was crystallized twice. The optical 
absorption spectrum of this crystal shows no definite 
impurity bands but indicates that it may have been 
somewhat strained. 


III. DISCUSSION 
1. Excitation Spectra 


In the following discussion it should be remembered 
that, since the number of excitation photons was held 
constant, the quantity “total luminescence” can be 
taken as closely proportional to the quantum yield in 
regions of total light absorption if one is willing to 
neglect reflection losses. The regions of total absorption 
can be determined from the optical absorption data 
shown in Figs. 1 to 3. 

At room temperature no significant excitation bands 


appear other than the well-known thallium bands in 


crystals 1 and 3. These are shown at 4.35 ev and 5.20 ev 
in the curves marked 2 in Figs. 4 and 6. When the 


crystals were cooled to — 160°C illumination with light 
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. Optical absorption spectrum of crystal 1. No thallium 
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absorbed in the first fundamental! band caused a strong 
luminescence as is shown by the curves marked 1 in 
Figs. 4, 5, and 6. The quantum yield increased by more 
than a factor of 10° at an excitation energy of 5.75 ev 
during the cooling. In the case of crystal 3 the thallium 
excitation bands appear at 5.35 ev and 4.4 ev, shifted 
slightly from their room temperature positions, These 
bands also appear with much less intensity in the 
spectrum of crystal 1 and perhaps in the spectrum of 
crystal 2. In all cases the thallium bands appear to be 
superimposed on the tail of a large excitation band or 
bands occupying the same spectral region as the first 
fundamental band of potassium iodide, In all three 
cases the excitation spectrum of the fundamental! band 
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Fio, 2. Optical absorption spectrum of crystal 2. 
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luminescence has the same general form and the peaks 
which occur at 5.75 ev and 6.0 ev are about the same 
height. The similarity of the excitation spectra, ex- 
cluding the peaks contributed by the thallium, suggests 
that the luminescence caused by irradiation in the first 
fundamental band is a property of pure potassium 
iodide, since the different histories of the crystals make 
it improbable that they all contained the same con- 
centration of any impurity. 

The deep minimum which occurs at 5.8 ev in the 
excitation spectra taken at — 160°C is very interesting. 
In the case of crystal 3 (Fig. 6) the minimum indicates 
a decrease in the quantum yield by a factor of 10. It is 
to be noted that this minimum occurs quite close to 
the position of the optical absorption maximum which 
lies at 5.78 ev in potassium iodide at this temperature, 
according to Fesefeldt.® An increase in reflection loss, 
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Fic, 3. Optical absorption spectrum of crystal 3. Note the thallium 
bands on the tail of the fundamental band. 


which does occur near the absorption maximum, would 
account for some decrease in quantum yield, but not for 
a decrease of a factor of 10, certainly. Near the peak 
of the first fundamental band the light is absorbed 
within 1000 A of the crystal surface and in this region 
some surface modification of the bulk lattice structure 
may cause quenching of the luminescence. 

The tail of the first fundamental band of crystal 1, as 
shown in Fig. 1, was quite sharp. This indicates that 
crystal 1 was not greatly strained and that no great 
number of defects were present in the lattice. The 
fundamental! band tail of crystal 2, however, was some- 
what distorted as is shown in Fig. 2. For example, 
crystal 2 absorbed about 4 times as much light as 
crystal 1 at 5.0 ev and — 180°C. The total luminescence 
of crystal 2 was twice that of crystal 1 at — 160°C, as 


* H. Fesefeldt, Z. Physik 64, 741 (1930). 
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shown by the excitation spectra. One can speculate 
that in general the properties of the luminescence caused 
by irradiation in the fundamental band tail region will 
be dependent on the perfection of the crystal. 


2. Emission Spectra 


The emission spectra are shown in Figs. 7, 8, and 9 
for crystals 1, 2, and 3. First let us discuss the differences 
between the emission of crystal 1 and crystal 2. Upon 
excitation with 5.9-ev light a single emission band 
appeared in the region from 2.0 ev to 5.5 ev as is shown 
by curve 1, in Figs. 7 and 8. This band has its peak at 
3.3 ev and a hali-width of about 0.7 ev in both cases, 


CRYSTAL #1 


“TT, EXCITATION SPECTRUM! 
AT-160°C 
2. EXCITATION SPECTRUM 
AT ROOM TEMP, 


| 


5 


IN ARBITRARY UNITS 
8 








lJ 
O 
y -4 
J 
O 
yn” 
WwW 
2 
= 
> id 
aad 
ad 
sf 
| om 
\e) 
= 


5 4 
ENERGY OF EXCITATION PHOTONS INE V 


Fic. 4. Excitation spectrum of a potassium iodide crystal at 
—160°C and room temperature. The measurements were made 
using a constant number of excitation photons per second. 
Small thallium excitation bands appear at 4.35 ev and 5.20 ev 
at room temperature. 


Excitation with 5.8-ev light also leads to similar 
emission spectra for the two crystals. When excited 
with 5.75-ev light crystal number 1 emitted light in a 
band with peak at 3.3 ev and half-width 0.7 ev, just as 
with 5.9-ev excitation. This is shown in curve 3, 
Fig. 7. Crystal number 2 behaved differently upon 
excitation with 5.75-ev light. The emission band for 
this case, shown in curve 3, Fig. 8, has its peak at 3.1 ev 
with a half-width of 0.5 ev. Excitation with 2.65-ev 
light led to about the same emission spectrum for both 
crystals. 

The emission spectra for crystal number 3 is shown 
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Fic. 5. Excitation spectrum of a crystal of potassium iodide 
grown from reagent grade material and crystallized twice. The 
same number of excitation photons per second was used as in 
the case of crystal 1, 


in Fig. 9. Excitation of this crystal with 5.9-ev light 
caused emission in a band with peak at 3.3 ev, as in 
the case of crystals 1 and 2. However, the band charac- 
teristic of crystal number 3 has a half-width of 0.8-ev, 
instead of 0.7 ev, and appears to have a shoulder’at 
about 2.95 ev. This may indicate the presence of an 
additional band with peak at about 2.9 ev. When 
crystal number 3 was illuminated with light absorbed in 
the thallium excitation bands, the emission spectrum 
given in curves 1B and 2B of Fig. 9 was obtained, These 
show the well-known thallium emission bands reported 
by many previous workers.® It is to be noted that the 
main thallium emission band lies at 2.9 ev. Thus curve 
1A of Fig. 9 could be explained by assuming that part 
of the energy absorbed in the fundamental band gives 
rise to the emission characteristic of pure potassium 
iodide and part is transferred to thallium ions causing 
them to luminesce. The fact that the emission bands 
produced by excitation with 5.8-ev and 5.75-ev light 
lie to the red of the emission bands produced by the 
same excitation of crystals 1 and 2 is in agreement with 
the above hypothesis. Excitation of the crystal with 
5.65-ev light gave rise to an emission band almost indis- 
tinguishable from the main thallium emission band, as 
is shown by curve 4A in Fig. 9, 


*W. von Meyren, Z. Physik 61, 321 (1930). 
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Fic, 6. Excitation spectrum of another potassium iodide crysta! 
which contained more thallium. Again a constant number of 


excitation photons per second was used and the number was the 
same as in the case of crystal 1. 
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TOTAL 


3. Quantum Yield 


The quantum yield of crystal 1 for an excitation 
energy of 5.75 ev was found to be 1.18. The yield of 
crystal 2 for the same excitation energy was 0.93, These 
numbers were calculated under the assumptions noted 
in Sec. II, They are probably good to no better than a 
factor of 2, 

An independent estimate of the quantum yield may 
be obtained using the excitation spectrum and optical 
absorption spectrum of crystal 3, About 15% of the 
light was absorbed in the thallium excitation band at 
4.4 ev while we assume that 60% of the light was 
absorbed in the fundamental band excitation peak at 
5.75 ev. The ratio of the heights of these excitation 
peaks is 2.9. The quantum yield for thallium lumines- 
cence is supposed to be 1. If we assume this, the funda- 
mental band luminescence had a quantum yield of 0.73, 
which agrees with the direct measurements within the 
expected error. 


IV. CONCLUSIONS 


The experiments described above are to be taken as 
preliminary to a more thorough ‘investigation of the 
low-temperature luminescence phenomena in the alkali 
halides, The following comments on the present work 
will indicate the type of experiments this investigation 
will include. 


One of the main points of interest in the interpretation 
of the results of these experiments is whether or not the 
low-temperature luminescence is characteristic of the 
pure material or is dependent upon the presence of 
some impurity or defect in the crystals. The author 
feels that the emission found when the crystals were 
irradiated with 5.9-ev light is a property of the pure KI 
lattice, The reasons behind this tentative conclusion are 
as follows. 

The three crystals used had different histories and 
the optical absorption measurements in the region of 
the fundamental band tail indicate that the crystals 
contained different amounts of impurities and defects. 
For example, thallium was present in different amounts 
in crystals 1 and 3 and perhaps in 2. Despite this, all 
three crystals showed very similar emission spectra 
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Fic. 7. Emission spectrum of crystal 1. Note that the meas- 
urements were made over the region from 2.10 ev to 5.50 ev. 
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when irradiated with 5.9-ev light and the quantum 
yield for the three crystals was the same within experi- 
mental error. 

From the optical absorption data it appears that 
crystal 1 was the most pure of the three. It is significant 
that for this crystal, the emission bands produced upon 
illumination with 5.9-ev light and 5.8-ev light were the 
same as far as position is concerned. In crystals 2 and 3, 
illumination with 5.8-ev light produced emission bands 
lying to the red of the emission band excited with 
5.9-ev light. But it is known that the absorption of light 
in the long-wavelength tail of the first fundamental 
absorption band depends strongly on the purity and 
perfection of the crystal. Hence, it is to be expected 
that the luminescence produced by illumination in the 
tail will also depend on the purity and perfection of the 
crystal. If the KI itself also luminesces independently 





LUMINESCENCE 


of any impurities or defects, then the purer the crystal 
the more the tail luminescence will resemble the 
luminescence produced by illumination near the peak 
of the fundamental band, as is shown for crystal 1. 

At any rate, it is clear that the initial process leading 
to luminescence is one in which a photon is absorbed 
at a negative ion in the lattice and, therefore, the experi- 
ments reported on here may have an important bearing 
on the processes by which such absorbed energy can be 
transmitted through the alkali halide lattice. This is 
true whether or not the luminescence is due to the pure 
crystal. If defects or impurities are necessary for the 
observed emission to occur, then presumably the energy 
of an excited negative ion is transferred by some means 
to the defect or impurity and a study of the quantum 
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Fic. 8. Emission of crystal 2. 


m 


yield of luminescence as a function of impurity or defect 
concentration may give some idea of the energy transfer 
mechanism. This type of experiment might be made to 
yield the first definite evidence of the existence of an 
“exciton” in the alkali halide lattice, for example. 

If the luminescence reported on here is due to the 
pure alkali halide lattice, as we suspect, then other 
interesting experiments are possible. It is known that 
F-centers can be ionized by irradiation in the funda- 
mental band of these crystals. This process must 
compete with photon emission for the energy of the 
absorbed quanta. Hence pure crystal luminescence 
should be quenched by the presence of a sufficient 
concentration of F-centers. How far does the F-center 
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Fic. 9. Emission of crystal 3, The thallium emission spectrum is 
included for comparison (curves 1B and 2B), 
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have to be from the initial site of absorption before it 
can receive the energy of the excited negative ion? 
Again, an answer to this question would yield some 
information as to the energy transfer mechanism. We, 
therefore, would like to study the quenching effect as 
a function of F-center concentration. 

Also, it may be that an excited negative ion would 
prefer to give its energy to some impurity center such 
as thallium if the impurity were present in sufficient 
concentration, A quenching of the pure crystal lumines- 
cence and the appearance of induced thallium lumines- 
cence might be observed in this case as the concentration 
of thallium is increased. 

It is hoped that it will be possible to report on the 
results of experiments of this nature in the near future, 
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The details of an observed absorption spectrum are shown to depend upon the thickness of the absorber. 
This effect is present, at least in principle, regardless of the type of radiation involved. It is discussed here 
specifically for x-rays, and specifically for the neighborhood of an absorption edge. Measurements of widths 
and of relative intensities of the component structure are the most sensitively involved, but wavelengths are 
also slightly affected. The explanation lies in the rdle of the effective spectral window of the spectrometer. 
The effect may be serious when the “tails” of the window are extensive, as is inevitably the case with two- 
crystal x-ray spectrometers. Features of the extent and shape of the spectral window for the (1, +1) position 
of the instrument used in this work are roughly determined from the thickness effect. 


INTRODUCTION 


HE absorption spectrum for x-rays in the fre- 

quency region of an absorption discontinuity is 
rich in structural details of increasing interest in 
solid-state studies. To date, measurements have been 
confined almost exclusively to wavelengths of some 
arbitrary feature called the absorption edge, and of the 
several maxima and minima exhibited on the high- 
frequency side of the edge. As we try to bring into 
better focus the details of the relative intensities and 
spectral shapes, we encounter numerous instrumenta- 
tion problems. In the present paper we point out a new 
effect : The details of the observed absorption spectrum 
depend upon the thickness of the absorber. This effect, 
as we shall see, is just another twist in the old problem 
of the instrumental resolving power. 


CHOICE OF THICKNESS 


In absorption structure work, the investigator seeks 
a curve of either the transmission //Jo or the absorption 
coefficient 4» plotted against the photon frequency », 
where p is obtained from the relation 


I/Ip=e™, (1) 


where x is the thickness of the absorber. Sometimes, 
when «x is not known as accurately as is the product ux, 
he is content to use merely the product. But in either 
case, he must choose the thickness x in the design of his 
experiment. 

To date it has been the wont of the x-ray spectro- 
scopist to choose, when he can, an absorber thickness 
that allows the greatest precision in the product px as 
calculated from the measured intensity ratio J/Jo. 
Several criteria for such an “optimum” thickness have 
been used, each of value as far as it goes. We shall 
mention briefly the three criteria that have been the 


* This research was supported by the United States Air Force 
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mand. 
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most popular; then we shall add a new criterion, one 
which deals with accuracy rather than with precision 
alone. 

First, the measurement of the intensity ratio of two 
x-ray beams (having the same spectral composition) is 
essentially a photon-counting problem; and the well- 
developed statistics of counting apply. By this statistical 
theory, if the time involved in the measurement is 
assumed to be fixed, the absorber thickness that allows 
the greatest precision in ux is determined entirely by 
the ratio of the background counting rate to the 
incident-beam counting rate. This “optimum” thick- 
ness, x,, is such! that the ratio of J/Jo is about 0.07 if 
the relative background is negligible; this ratio in- 
creases nonlinearly as the background increases, and is 
about 0.2 if the relative background is about 0.1. The 
“optimum” thickness by this criterion is tied up in 
the product ux,, Eq. (1), but can readily be determined 
if w« is known. Thus, for the case of negligible back- 
ground, 

x= —1n(0.07)/p. (2) 


In the study of a spectral region involving many 
different values of wu, we need, according to these 
statistical considerations, many absorbers each of a 
different “optimum” thickness. This leads to the second 
criterion. 

For two different absorption coefficients, uw; and po, 
for which the transmitted intensities are 7; and J2, we 
may write Eq. (1) with each of the two subscripts and 
solve simultaneously for the thickness xg that gives the 
greatest intensity-contrast, i.e., that makes the differ- 
ence J;—J2 a maximum.” Thus, for d(/;—J2)/dx=0, 


In (jy / ps 
aan hal us) (3) 


Mimo 


The “optimum” thickness x4 is based on an implicit 
assumption that measurements of /,, /2, and J» are all 


'M. E. Rose and M. M. Shapiro, Phys. Rev. 74, 1853 (1948). 

* Alternatively, we could define contrast as the difference 
4i—e. Maximum contrast in this definition leads to a different 
“optimum” thickness x.’ which is given by the transcendental 
equation e(2—y—1)—e =v2, where 2¢ = pox,’ and 2y= pix’. 
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made with the same percentage precision, a condition 
that can be easily met if the time involved in each 
intensity measurement is adjusted appropriately. Since 
this precision condition is not the same as that assumed 
in %-, the two values xq and x, are different. 

In order to formulate a physical interpretation of an 
observed curve of uw vs frequency, one may wish to 
know precisely the ratio of two values yw; and py at 
particular frequency positions. Thus, a third criterion 
for “optimum” absorber thickness is that which results 
in the greatest precision in the ratio r=y2/y;. Analysis, 
such as that carried out in reference 1, concludes that 
the optimum thickness x, depends on the value of r as 
shown with four numerical examples in Table I. In this 
table, a2 and a; are, respectively, the fractions of the 
total time spent in counting the transmitted beams for 
we and wy. The background has been assumed to be 
negligible. Note that the minimum transmission lies 
between 0.09 and 0.12 for all the values of r shown. 
Both the first and third criteria lead to the rule-of- 
thumb that about 10% minimum transmission is 
“optimum” when the background is low. 

The presence of a substrate (which may be necessary 
to support the absorber), or of another element in a 
compound, further complicates the statement of an 
optimum thickness criterion. In general, additional 
absorbing media call for thinner absorbers. 

These three criteria are based solely on precision of 
measurements. We shall see that, when our interest 
includes the physical meaning of the quantity being 
measured so precisely, an important additional problem 
arises in the choice of an optimum thickness: Distinc- 
tion must be made between precise measurements and 
accurate measurements. 


OBSERVED STRUCTURE 


We recently recorded with a two-crystal spectrometer 
(an instrument having very high physical resolving 
power,® viz., \/AA* 11 000), the absorption spectrum of 
crystalline KCI in the region of the chlorine K edge. 
The absorption coefficient varies irregularly between 
extremes of about 650 cm™ to about 3320 cm™'.4 We 


TABLE I. Parameters for calculating optimum thickness 2,. 


Mix a a 


2.421 0.413 0.413 
2.286 0.353 0.396 
2.164 0.243 0.433 
2.087 0.141 0.456 


* Resolving power is conventionally defined as the wavelength 
divided by the full width at half-maximum of the spectral window 
regardless of the shape of the window. (In two-crystal x-ray spec 
trometry the width of the spectral window is taken as the width 
of the (1, —1) curve.) As we shall see in this paper, this numerical 
value of resolving power is optimistically misleading if the window 
has extensive tails, See reference 16. 

4‘ These measured coefficients are for an absorber consisting of 
35108 A of KCI on a thin substrate of polystyrene. The sub 
strate alone has about 90°% transmission at the Cl K-edge wave 
length, 4.4 A. 
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Fic. 1. Experimental absorption spectrum in the region of the 
K edge of chlorine in crystalline KCI. Three absorber thicknesses 
were used; in general, the thinner the absorber the greater the 
absorption coefficient. By the choice of the zero of the ordinate 
scale, the absorption coefficients refer to the chlorine K electrons 
only; the measured coefficients are obtained if 640, 410, or 370 is 
added to the numerical values for the 35 10° A, the 140K 10° A 
or the 235 10° A curve, respectively. (The Pd Lay line was used 
as a reference wavelength.) 


were interested in the structural details in all parts of 
this spectrum, so, in choosing the absorber thicknesses, 
we were at first guided by the advice afforded by all of 
the criteria discussed above. For example, for the 
region of low absorption, x, is 409 10° A from Eq. (2); 
for the region of high absorption, x, is 80108 A;°* 
and for this range of extremes in p, x@ is O1K10°A 
from Eq. (3). 

Actually, as a start, we chose several values of x 
selected in the range from 235X10°A to 35X10° A. 
With each absorber thickness and for each value of / 
and of J) throughout the entire curve, sufficient counts 
were accumulated to make the probable error in ux less 
than one percent. The large value of Jo (about 650 
counts per second) made the time required to obtain 
this precision reasonably short even with the thinner 
absorbers. Nevertheless, we were prepared to believe 
that thicker absorbers would be better. 

To check internal consistency in our observed curves, 
we ran the entire spectral region with each absorber 
thickness. Three of these curves are shown in Fig, 1, 
The shapes of the curves are in marked disagreement. 
After checking with new absorbers, different substrates, 
etc., we convinced ourselves that the effect is real. We 
call it the thickness effect. 


® The transmitted counting-rate with our proportional-counter 
system was always rather large (e.g., a minimum rate of more 
than 200 counts per second with the 35108 A absorber) so that 
the background rate, less than 0.2 count per second, was negligible 
The x-ray tube, platinum target, was operated at 10 to 12 kv and 
60 to 80 ma, with voltage and current separately stabilized 
electronically to better than 0.1% during each run. 

* If /o(v) of Eq. (4), discussed later, is assumed to be essentially 
constant (i.e., a flat incident spectrum) and if this incident 
intensity is checked only occasionally during the run, x, is a little 
less than the value calculated for ///9=0.07 in Eq. (2). 
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FG, 2. Ratios of absorption coefficients (as featured in Fig. 1) 
depend upon the thickness x of the absorber. The coefficients refer 
to the chlorine K electrons only. 


The disparity among the curves for different absorber 
thicknesses may be conveniently expressed in terms of 
the ratios of the maxima to minima, e.g., A/a and A/y, 
and the maxima to maxima, e.g., A/B, using the Fig. 1 
notation. Figure 2 shows how these three ratios vary 
with absorber thickness; in this figure the absorption 
coefficients are taken for the chlorine K electrons only 
(by subtracting off the appropriate ux “background’’). 

It is apparent that we need -a new criterion for 
“optimum” thickness. Since the thickness effect is 
negligible only for extremely thin (strictly, for zero 
thickness) absorbers, the new criterion says that the 
“optimum” thickness is the minimum value that can 
be satisfactorily prepared.’ In practice, it behooves the 
investigator to keep in mind all these criteria for 
“optimum” thickness, and not to rely exclusively on 
any one of them. He must exercise delicate good 
judgment if he wishes high accuracy in his final curve. 


EXPLANATION OF THE THICKNESS EFFECT 


The explanation of the thickness effect lies in the 
solution of an old spectroscopic problem, i.e., in the role 
of the spectral window of the spectrometer.’ By 
“spectral window” is meant the effective over-all spec- 
tral response of the instrument. If the beam incident 


7In going to an extremely thin absorber, the investigator must 
beware of other effects such as the nonuniformity of thickness. 
Nonuniformity also distorts the absorption structure and results 
in inaccurate values of the absorption coefficients, In very thin 
absorbers, the microscopic nonuniformity may be of greater 
concern than the macroscopic. For example, our KCI absorbers 
were prepared by the vacuum evaporation technique and it is 
known that such a condensed KCI film consists of randomly 
oriented crystallites. If the average crystallite size is about 
10 000 A, a film of nominal thickness 35 000 A probably contains 
a nonuniformity that is just on the verge of being intolerable. 

* That the spectral window distorts the true spectrum has been 
known since the beginning of spectroscopy, and many attempts 
to analyze the effects have been made. Most of these attempts 
have assumed a simple window function, for example, a rectangle 
or a triangle, and have assumed a simple emission or absorption 
line, often Gaussian in shape. See S. Brodersen, J. Opt. Soc, Am. 
44, 22 (1954) and references therein. Also, R. C, Spencer, Phys. 
Rev. 48, 473 (1935), discusses Lorentzian functions; and F. D. 
Kahn, Proc. Cambridge Phil. Soc. 51, 519 (1955), treats some 
other symmetrical windows. 
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AND JOSSEM 

on the spectrometer has a flat spectrum, the spectral 
window may be interpreted as the function which gives 
the relative probability that a photon of energy hy will 
be counted when the spectrometer is set at energy hy,. 
So defined, the spectral window includes, along with the 
crystal diffraction pattern(s), the geometrical effects of 
the horizontal and vertical slits, diffuse thermal scat- 
tering by the crystal(s), spurious scattering from any 
source, and the relative sensitivity of the detector. The 
true transmission is distorted by the spectral window 
by an amount that depends, of course, upon the 
window’s width and shape. 

If W(v,—yv) is the spectral window function, centered 
at v, which is the setting of the spectrometer, if [(v) 
is the incident intensity, and if 7(v) is the true trans- 
mission function, then the observed transmission curve 
O(y,) is given by 


O(v,) =k f Io(v)T (vy) W (y,— v) dy, (4) 


where k is a normalizing constant having dimensions of 
reciprocal frequency. In practice, the integration must 
be carried out over the extent of the spectral window 
for which the luminosity is appreciable, but note 
especially that “appreciable” really means with refer- 
ence to the integral of Eq. (4), not merely to the relative 
ordinate values of the window alone. 

Figure 3 is intended to illustrate Eq. (4) for the 
absorption-edge problem for one position of the spectral 
window and for the case of Jo(v)=constant. Although 
the spectrometer is set with the spectral window 
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Fic. 3. “True” transmission curves, one for each of two absorber 
thicknesses, and a typical spectral window. The tails of the 
window are also shown plotted on an enlarged ordinate scale. The 
spectral window is pictured with its center v, at the A minimum 
in the transmission curves. The observed transmission curve O(»,) 
is obtained by placing », successively at each of many different 
positions along the » scale and by noting for each position the 
integral value“as"expressed ‘mathematically in Eq. (4). 
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centered at y,, and although the spectral window may 
be relatively very narrow at half-maximum, neverthe- 
less considerable intensity of other frequencies, v,+ Ay, 
leaks through the tails of the window. 

The special feature of the absorption-edge problem 
is the enormous asymmetry of the true transmission 
function T(v). It is evident that when the spectrometer 
is set somewhere in the low-transmission (high-absorp- 
tion) region of the spectrum, as in Fig. 3, the leak- 
through of lower frequencies is greatly enhanced by 
the high transmission there. Furthermore, the enhance- 
ment in the observed transmission O(»,) is greater 
when the spectrometer is set at the A position in the 
curve than at, say, the B position. The detailed enhance- 
ments for each of the many settings of the spectrometer 
are such as partially to “wash out” the inherent 
minima (and maxima) in the true 7(v) curve. This 
means that, relative to the more or less flat part of the 
high-frequency region of the T(v) curve (a region for 
which the thickness effect may be taken as negligible), 
the A and B valleys in the observed transmission are 
partially filled up. 

Also, since the wash-out occurs most in the low- 
frequency part of the structure, the true frequency 
(or wavelength) position of the absorption edge,’ and 
of A (the peak in Fig. 1, the valley in Fig. 3), is shifted 
slightly toward higher frequency. In principle, every 
other maximum or minimum is shifted also, but 
whether it is shifted to a higher or to a lower frequency 
depends upon the details of the curve and upon the 
actual thickness of the absorber. 

So far, our explanation of the thickness effect has 
dealt with the case of a single thickness. The full 
stature of the effect looms as we increase the thickness, 
for by so doing we increase the effective asymmetry 
of the true transmission curve. As the absorber is made 
successively thicker, the transmission in the high- 
frequency region drops more rapidly than does the 
transmission in the low-frequency region. For example, 
we note from Fig. 3 that quadrupling the thickness of 
the 35 10* A absorber reduces the transmission at the 
position A by a factor of about 18 times as much as 
the reduction in the low-frequency region, and, of 
course, the relative contribution of the low-frequency 
leak-through is hugely increased. In principle, as x in- 
creases, the wash-out of structure becomes almost 
complete, the maximum slope in the O(»,) curve 
greatly decreases, and the observed absorption edge 
shifts markedly to higher frequencies. Fortunately, such 
overwhelming thicknesses are impractical, but, depend- 
ing upon his desired accuracy, the investigator may 


easily run afoul of a too-thick absorber.'® 


*Often the frequency position of the edge is more or less 
arbitrarily taken as at the first inflection point in the absorption 
curve u vs v. It is also often taken, with less theoretical justifica 
tion, as the first inflection point in the transmission curve. 

“ It is clear that the eflect can be expressed as the deviation 
from linearity of the curve [InO(»,) ] os x for any given setting ». 
(The curve of [In7'(»,)] vs x is linear because T(v,) is defined as 
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The thickness effect may be opposed or aided by the 
use of an incident beam whose intensity function /o(v) 
varies significantly over the pertinent spectral region 
(i.e., the region of the window tails). For example, one 
may use as /9(v) the continuous spectrum near the high- 
frequency limit, or one may use the side of an intense 
emission line. The effect is aided in the former case and 
also in the latter case if the line is centered on the low- 
frequency side of the edge, but the effect is opposed if 
the line is centered on the high-frequency side of the 
edge, e.g., the Pd Lay line in the present Cl K spectrum. 
In either event, of course, the asymmetry of /9(v) must 
be taken into account according to Eq. (4). 

In the present work, the continuous spectrum from a 
platinum target® was used for all the curves represented 
here. This /9(v) spectrum was more or less flat. But, in 
order to demonstrate the effect of an asymmetric /o(v), 
the side of the Pd Lay line was used for a few curves," 
The relative frequency position of this Pd line is shown 
in Fig. 1. 

SPECTRAL WINDOW SHAPE 


If we knew completely the three functions in the in- 
tegrand of Eq. (4), we could, at least in principle, com- 
pute the thickness effect. For example, /»(v) may be a 
known section of the continuous spectrum. A satisfac- 
torily close approximation to T(v) can be deduced from 
an observed O(v,) curve recorded with a thin absorber 
(after the curve has been corrected for the instrumental 
resolving power according to a new method'*), Unfortu- 
nately, the window function W(»,—v), although it may 
be assumed to be symmetrical and constant in shape, 
remains unknown to within the required accuracy in 
the very important regions of the tails. 

An attempt has been made to work backward, i.e., to 
deduce the window function W(yv,—¥v), using the ob- 
served thickness effects as a starting point. The work 
is tedious and difficult, and we conclude that a reliable 
unambiguous window function is not deducible from 
the measurements at hand. However, from this work, 
we believe that the most probable window function of 
our two-crystal spectrometer in the (1, +1) position 
has about the following characteristics: (1) it drops 
initially about as the Lorentzian, viz., 


w? 
W 1 (¥y,—-v) = ’ (5) 
w*+(v,—v)? 


the true function, i.e., before the spectrometer has acted upon it.) 
Initially, as x increases, the magnitude of the slope of the curve 
[InO(v,) ] vs x decreases if y, is at or near a deep minimum in the 
transmission curve, or it may increase if vy, is at or near a sharp 
maximum in the curve. For some particular values of »,, O(y,) 
may show no thickness effect 

" The thickness effect was not known prior to the present work 
and the absorption curves reported by J. W. Trischka, Phys. Rey 
67, 318 (1945), and by L. G. Parratt and E. L. Jossem, Phys. 
Rev. 97, 916 (1955), were taken for intensity convenience with 
the Pd La, line as /o(v). The distortion so introduced is small in 
this case and is (at most) about twice as great as the experimental 
probable error, 

LL. G. Parratt and C, F, Hempstead (to be published) and 
L. G, Parratt and J. O. Porteus (to be published) 
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where w is the half-width at half-maximum (w= 21 
seconds of arc, Bragg angle, reckoned by rotating only 
one crystal”), and follows this function for a distance 
equal to about w, then (2) it drops more rapidly, 
reaching approximately the square of a Lorentzian 
matched at the half-maximum, then less rapidly and 
crosses the Lorentzian at about 15w, then (3) drops 
more and more slowly compared with the Lorentzian as 

v.—v| continues to increase. The tail farther out than 
100w is probably still very appreciable although out 
here we cannot conclude as to the slope, asymmetry'*!® 
or other aspect of shape from the data at hand'*; we 
can conclude only as to a “lumped” area. The fraction 
of the area of the experimental window beyond about 
15w is roughly twice as great as the corresponding 
fraction for the Lorentzian model window. 

It is possible, but not specifically required from this 
analysis, that an appreciable tail exists even at very 
large distances, at several hundred w, where the window 
has essentially diminished to spurious and thermal 


scattering.’ At |y,—v| equal to about 300w, the geo- 


metrical effect of the slits limiting the horizontal diver- 
gence of the beam in our two-crystal spectrometer no 
doubt causes a marked drop in the slope of the window 


“ This numerical value of w is the half-width at half-maximum 
of the (1, ~—1) curve at the wavelength of the chlorine K edge. 

“The theory of diffraction of x-rays by crystals (Darwin 
Ewald-Prins theory) predicts an asymmetrical diffraction pattern 
near the peak, the low-frequency side dropping somewhat more 
rapidly. Experimental confirmation of this type of asymmetry is 
afforded by the observed asymmetries of some (n, —n) curves of 
the two-crystal spectrometer with nonidentical crystals, and by 
the recent neat demonstration by M. Renninger, Acta Cryst. 8, 
597 (1955). Asymmetry near the peak, however, is of but little 
practical concern if the window is much narrower than any 
maxima or minima in the true spectrum. 

Tf the center of the geometrical slit pattern is not properly 
placed, and if the two effective slits are of nearly equal width, 
a very significant asymmetry is introduced in the window by the 
horizontal divergence in the incident beam. The vertical diver 
gence also contributes to the asymmetry but is usually of little 
consequence [see, however, L. G. Parratt, Phys. Rev. 47, 882 
(1935) } 

‘© Tt should be noted that the tails of the diffraction pattern of 
a single crystal are not as high as for the two-crystal arrangement, 
and the thickness effect with a spectrometer using a single crystal, 
either plane or bent (focusing), would probably be somewhat less. 
We must be careful, therefore, in interpreting the numerical 
values of resolving power of instruments that have spectral 
windows of different shapes. See footnote 3. 

‘7 Fluorescent x radiation is also included in the window; in 
the present study the Ca K radiation from the first calcite crystal 
is by no means negligible in the remote tails of the two-crystal 
spectrometer. If the spectrometer is properly adjusted and 
operated and if a flat /»(v) beam is used, the (1,—1) curve gives 
a rather close representation of the spectral window to about 15w. 
We have attempted to study the remote tail regions with such a 
curve. The difficulty is that we don’t know how, in practice, to 
distinguish unambiguously the tail from the background. 
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tails (essentially to zero slope), but with the data at 
hand such a “cutoff” was not discerned.'* In practice, 
it is either this geometrical effect or the relative sensi- 
tivity of the detector (e.g., the channel discriminator in 
our detector) that bounds the spectral window, and 
also provides the practical limits of the integration in 
Eq. (4). 

It was further concluded that in O(v,) the contribu- 
tion from that part of the spectral window for all values 
of v4—v beyond 20w may be about 7% of the observed 
value for «= 35X10* A, and may be as large as 80% 
for x= 235 10° A.” These percentages can be deduced 
very roughly from the following relation: 


Tsa—T de 
Tem ( — ) x10, 
Tx 


where 7,4 is the observed transmission at A for thick- 
ness x, 74, is the “observed” transmission at A extrapo- 
lated to zero thickness (from a curve similar to those 
shown in Fig. 2), and 7,, is the observed transmission 
on the low-absorption side of the absorption edge for 
thickness x. The large leak-through contributions give 
a pragmatic realization of the importance of the remote 
tails (beyond 20w), a realization that the authors 
believe is afforded by no other calculations or experi- 
ment to date. 


CONCLUSIONS 


The “thickness effect”’ demonstrates that, for accurate 
absorption structure work, the optimum thickness of 
the absorber is much less than the value or values one 
calculates by maximizing the experimental precision in 
the measurements of intensities or absorption coeffi- 
cients, or the respective differences or ratios thereof. 
The explanation of the effect lies in the role of the 
spectral window of the spectrometer. Because of the 
asymmetrical nature of an absorption edge, the remote 
tails of this window assume a great and heretofore 
unsuspected importance. 


Tt is interesting to note that, with one horizontal slit set 
about 1/3 (or less) as wide as the other effective slit, two ‘‘cut-offs”’ 
on each side can be and have been observed in a (1, +1) curve if 
the curve is specially run by rotating the crystals but not the 
collimating slits. In such a run the center of the crystal diffraction 
pattern », is progressively shifted with respect to the fixed center 
of the geometrical slit pattern, and as the crystal pattern crosses 
first the trapezoid shoulder and then the trapezoid edge (the edge 
corresponds in angular measure to the maximum horizontal 
divergence), the intensity of the observed (1, +1) curve first 
rather abruptly decreases and then becomes flat (zero). 

1 The authors are indebted to Mr. Darrell C. Kent for assisting 
in these calculations which were carried out by the laborious 
method of graphical integration. 
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The band structure of selenium and tellurium has been calcu 
lated according to the tight-binding scheme in which only nearest 
neighbor interactions are presumed to be important. As a first 
approximation, von Hippel’s hypothetical crystal with 90° bond 
angles between bonds in the chain is used, and the ninth degree 
secular equation for the p bands factors into three identical cubic 
equations. Next, the crystal is pulled out along the ¢ axis to the 
observed bond angle, and further splitting of the p bands is 
calculated as a perturbation. The fifteen d bands are also com 
puted, and mixing of p and d levels estimated. In addition, matrix 
elements for optical transitions between bands have been worked 


I. INTRODUCTION 


ELENIUM and tellurium share an unusual hexago- 
nal crystal structure, space group D,‘, the atoms 
being arranged in spiral chains which are oriented along 
the ¢ axis of the crystal. The hexagonal lattice is 
achieved by locating a chain at the center and at each of 
the six corners of a hexagon. There are three atoms per 
primitive unit cell. Figure 1 shows a view of this 
structure in the direction of the ¢ axis. Each atom forms 
covalent bonds with the two nearest neighbors in its 
chain, the bond angle being close to 90° (Se: 105.5°; 
Te: 102.6°). The various chains are rather weakly held 
together; in the nearest neighbor approximation the 
chains are, of course, completely independent of each 
other. In both selenium and tellurium, however, the 
four second neighbors of an atom are on adjacent chains. 
A detailed discussion of the selenium structure, together 
with its relation to other group VIb structures, has been 
given by von Hippel.’ 

Although selenium is one of the older semiconductors 
and of some commercial importance, very little is known 
about its electronic structure. The cohesion of the 
spiral chain is usually explained from the Heitler- 
London point of view, the two unpaired p orbitals on 
ach atom forming covalent bonds with its neighbors. 
The relatively weak interaction between chains is 
generally agreed to be of the Van der Waals type. 
Recently, Callen? attempted to explain certain optical 
properties of tellurium by means of a “‘related”’ tetrago- 
nal crystal structure. Actually, closer inspection of 
Callen’s structure shows that it would produce a 
metallic conductor, not a semiconductor; hence, the 
electronic structure of these group VIb substances is 
still undetermined. 

In the following sections, the energy bands of selenium 


* Permanent address: Case Institute of Technology, Cleveland, 
Ohio. 

t National Carbon Company, a Division of Union Carbide and 
Carbon Corporation. 

1A. von Hippel, J. Chem. Phys. 16, 372 (1948). 

2H. B. Callen, J. Chem. Phys. 22, 518 (1954). 


out. The long-wavelength absorption limit for direct transitions 
occurs at k,=/c, and is different for light polarized parallel or 
perpendicular to the ¢ axis of the crystal. Both p-p and p-—-d 
transitions give the same order for the two absorption edges, the 
results appearing to be in accord with experiments of Loferski on 
tellurium. Finally, we note Bridgman’s measurements on crystals 
of tellurium subjected to hydrostatic pressure: the bond angle 
apparently increases with pressure. The calculations here show a 
reduction in energy gap with increasing bond angle (i.e., increasing 
pressure), which is in the right direction to explain the simultane 
ous large decrease in electrical resistivity observed by Bridgman 


and tellurium are calculated according to the tight- 
binding scheme in the usual approximation in which 
only nearest neighbor interactions are taken into ac- 
count. It is found that there are three well-separated 
groups of p bands, so that the structure may produce an 
insulator (or semiconductor) when either two, four, or 
six p electrons per atom are present. In addition to the 
band structure, matrix elements for optical transitions 
between bands have been calculated. Although the 
“tight-binding model” is somewhat crude, it seems to 
give essential features of the electronic structure. The 
optical properties of tellurium as measured by Loferski® 
(absorption edge depending on polarization of incident 
light) are easily explained by the present calculation. 


II. CRYSTAL ORBITALS 


In the tight-binding method, the one-electron Bloch 
functions, ¥.(r), are constructed as a linear combination 


Fic. 1. The crystal structure of selenium and tellurium, Similarly 
shaded atoms are at the same level in neighboring chains and 
above each other in the same chain. 


4 J. J. Loferski, Phys. Rev. 93, 707 (1954). 
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of atomic orbitals: 


Welt) = Sones Bus exp(tk-R,,)X,(r—Ry,), (1) 


where X,,(r—R,,) is a normalized atomic wave function 
corresponding to the atomic level n and centered on site 
R,,. The summation over n is over those levels which 
mix together, s is over the nonequivalent atomic posi- 
tions in the unit cell, and 7 is over the unit cells of the 
crystal. The coefficients B,, may sometimes be deter- 
mined by symmetry arguments, but usually must be 
determined by a complete solution to the Schrédinger 
problem. 

Substituting (1) into the Schrédinger equation, we 
obtain 


Yo nei Bus exp(ik- R;,) 
<[— Ext EnotW’(1—R,,) )X,.(r—R;,)=0, (2) 


where 


W’(r—R,,) = V(r) —W (r— R;,,) 


is the perturbing potential, i.e, V(r) is the crystal 
potential at rand W(r—R,,) is the atomic potential at 
the same point due to the atom at R,,. Ey is the energy 
corresponding to k, and Ey» is the energy of the atomic 
level. If we multiply (2) in turn by the various X,,* and 
integrate over all space, we obtain a set of linear 
equations in the B,,,; finally, if we form the determinant 
of the coefficients of the B,, in these linear equations, 
and set it equal to zero, we obtain the corresponding 
secular equation which may be solved for Ey. 

We shall make the usual tight-binding assumption 
that two atomic orbitals centered on different atomic 
sites are orthogonal to each other, i.e., 


fxr ~ Ri) Xn(r— Ry, )dr=b nnd ite. (3) 


Ill. p BANDS 


The most important part of the electronic structure 
are the p bands deriving from the atomic 49 levels in 
selenium, 5p levels in tellurium. In order to reduce the 
problem in complexity, we shall assume that the p levels 
do not mix with any other type of atomic level. This is 
probably not the case in the real structure, since the 
lowest group of p bands very likely mixes with an s 
level, and the upper group with d states. The mixing of 
the lowest group is not particularly important to us 
since these are not the uppermost filled bands in the 
crystal; more significant is the mixing of p and d levels, 
which may modify the conduction band of the crystal. 
We shall see, however, that there is probably either no 
mixing or mixing with the lowest d band only. Further- 
more, we are principally interested in one of the band 
end points (k=0 or k,=/c) where the band is mostly p 
or mostly d, even in the mixed case. 

There are three nonequivalent atomic sites in the 
selenium structure, A, B, and C, and three degenerate 
atomic p levels; hence, the secular equation is of the 
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ninth degree. We recall, however, that the p levels do 
not mix together in a simple cubic crystal in the nearest 
neighbor approximation; thus, we anticipate that we 
can factor the ninth degree secular equation for selenium, 
for the case where the bond angle in the selenium chain 
is exactly 90°. As a first approximation, then, we shall 
work out the band structure of “90°-bonded selenium.” 
This structure is obtained by compressing the crystal 
slightly along the ¢ axis, the symmetry of the crystal 
remaining unchanged. Hypothetical selenium (or tel- 
lurium) with 90° bonds was first discussed by von 
Hippel! in its relation to the polonium structure. 

A set of orthogonal axes, \, u, v is constructed, which 
because of the 90° bonds may be oriented along the 
nearest neighbor directions in the selenium chain. The 
direction (see Fig. 3) extends from atom A to C; u from 
A to B, and v from B to C. It will be convenient also to 
label the set of nearest neighbor distances: R,, the 
distance AC in the positive \ directions; R,, etc. It is 
clear that R,+R,—R,=c (the primitive translation 
vector along the ¢ axis). If we choose our atomic p 
functions along the directions \, u, v, then the ninth 
degree secular equation does indeed factor into three 
identical cubic equations. The nonzero matrix elements 
(together with their exponential coefficients) are: 


(pra|W"| pra) = (pro|W’| pre) = po; 
(prw| W"| Prw) = po’; 
(Pra | W’ | Prw) = (prw| W’'| pra)*= (ppm) exp(ik- R,); 
(prw|W’| prc) = (pro| W'| prw)*= (ppr) exp(ik-R,); 
(Pro| Ww’ Pra)= (pra | W’ | pro) *= (ppo) exp(—ik- R,); 
with similar matrix elements between u»—y, and y—»p. 
Let us abbreviate‘ 

e= Ey— Eyo— po; 

n= po'— po; 

= (ppo) ; r= (ppm). 
Then, one of the 3X3 secular equations (p,) becomes 


Gos. mexp(ik-R,) o exp(ik-R,) 
mexp(—ik-R,) —e+n nm exp(ik-R,)| =0, (4) 
|o exp(—ik-R,) wexp(—ik-R,) —« 


or 


— €(e—n) + (29 +-0*) —no*+ 29's cosk,.c=0. (4a) 


The three roots of this equation give ¢ as a function of k, 
and we see that it is only the k, component that matters. 
The other two cubic equations obtained from p, or p, 
are identical to (4a) so that each of the three roots of 
(4a) is triply degenerate. 

It is instructive to solve (4a) in certain limiting cases. 
First, assume (ppm) =0, then the roots are e=n, + (ppa) 


* In this section w will generally mean the integral (ppr); but it 
has occasionally been necessary to use x in its normal context, i.e., 
k,=x/c. 
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independent of k. If (ppr)= (ppo) and n=0, then 
e= 20 cos(4k,c+120°K) (5) 


where K =0, 1, 2; in this case the two lower bands touch 
at k=O, and the two upper ones at k,= r/c. 

Actually the exact solutions of (4a) have a simple 
analytical form at k=0 and k,=a/c. At k=0, the three 
roots are 


e=—o or 4{o0+n+[ (o—n)?+8n" }}} ; (6) 
at k,=x/c, 
e=o or —4}{o—n+[ (o+7)?+8n" }}!}. (7) 


Since | ppr| is probably of the order of one-third (ppo), 
it is feasible to obtain an approximate solution to (4a) 
in the following compact form (valid for 7=0): 


F 1 
cof 1+264/0)H] ~ 
0 


1 
+ | j | (1+2(n/o)*}-"(n/0)? cost, (8) 


which is plotted in Fig. 2(a). Equation (8) is accurate 
only to terms in (#/o)*. From the usual calculations of 
two-center integrals, we expect o and 7 to be positive, 
negative, and m’<o*; in addition, 9 is probably sub- 
stantially less than o. The separation between bands is 
principally governed by the integral o, the width of the 
band by 7; the main action of nonzero 7» is to raise the 
middle band relative to the other two bands. Even when 
na, the bands do not intersect ; an example [ obtained 
by numerical solution of 4(a) ] is shown in Fig. 2(b). 

Having found the energies ¢, we may now obtain the 
coefficients B,, in Eq. (1), and, hence, the relative 
amplitude of the wave function on the sites A, B, C. At 
k=0 and k,=2/c, the coefficients take on a rather 
simple form: either (a) 


Bya: Byp: Bye= —explik-(R,+R,)]:0:1, (9a) 


or (b) 


Bya : By p: Bye 


=exp[ik-(R,+R,) |]: exp(ik-R,):1 (9b) 


(9a) belongs to the roots +o; for the other four roots 
given in (6) and (7), H has one of the following (ap- 
proximate) values: 


o—n 2n Qn 2r ot+n 29 
-| t | ea: } + | 
T o—n o-7 o+n T ao+n 


The relative amplitude for the end points of the three 
bands is shown in Fig. 3 where the amplitude factor 
includes the Bloch coefficient, exp(ik-R,,), with Ry, 
measured from the lower C site. The lower band is 
characterized by a o bond; at k=0 there is a solitary o 
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FG. 2(a). The p bands of the selenium structure for the particu 
lar case of 90° bond angles. »=0. Each of the bands depicted is 
triply degenerate. (b) The p bands of the selenium structure for 
the case of 90° bond angles. n=¢. |r| =oa/3. Each of the bands is 
triply degenerate. 


bond between A and C; at k,=a/c the o bond is 
weakened slightly (due to normalization) but two small 
m bonds are gained in the process. The middle band is 
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LOWER BAND: 


FG, 3. Schematic drawing showing the relative amplitudes of 
the atomic orbitals at atomic positions A, B, and C for the end 
points of the three p, bands. The exponential Bloch coefficient is 
included in the amplitude 


characterized by two w bonds which change to anti-r 
bonds at k,=a/c. The upper band is an antibonding 
band. 

The coefficient ratios, (9a) or (9b), as well as Fig. 3 
refer to the p, bands. The coefficients of the p, and p, 
bands may be obtained from this case by cyclic per- 
mutation. 

None of the above wave functions, derived solely 
from pr, py, or p, has the proper symmetry for the 
selenium crystal. We may construct wave functions of 


the proper symmetry, however, as linear combinations 


of the three degenerate functions. It is evident that for 
k= (0,0,k,) one of these combinations favors the ¢ axis 
(z direction) of the crystal; we denote this by p,. The 
other two may be written as p.+V3ap,, where p, and 
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p, favor the x and y axes of the crystal, respectively. a 
may be determined by symmetry arguments or by the 
perturbation method outlined in the next section; it is 
equal to i/V3. Now the direction cosines of z, x, and y 
relative to the A, wu, v axes are: 
z: (—1/N3, 1/V3, 1/v3), 

x: (1/v2, 0, 1/v2), 

y: (1/6, 2/r/6, —1/r/6), 
so that 

p.= (1/V3)(— prt put py), 

prtipy=4[pr(laa)+2ap,+ (1¥Fa)p, |. 
The last two combinations will be denoted: pt and p-. 
Finally, we may write the coefficients of p, as 
(Bys ; Byp: Byc) ° (Bya : Byp: Buc) 4 (Bya ° Byr: B,c) 
(Bya: Bye: Byo): (— Byo: — Bya: — Byp): 
(— By pg: ap Bye: ote Bya). 


(10b) 


(11) 


IV. FURTHER SPLITTING OF THE p BANDS 


In the selenium crystal with 90° bonds, each of the 
bands shown in Fig. 2 is triply degenerate, being com- 
posed of p,, pt, and p~ bands. We can remove the 
degeneracy, either by adding interactions between more 
distant neighbors, or by pulling the crystal out along the 
¢ axis so as to increase the bond angle. We shall adopt 
the latter procedure here, since this introduces no new 
parameters into the theory. 

We keep the A, yu, v axes fixed in space as we distort the 
crystal. R,, R,, and R, are still the nearest-neighbor 
distances, but they no longer remain exactly along the 
directions \, u, v. In fact, if the direction cosines of R,, 
K,, and R, relative to the x, y, 2 axes are 


R,: (0, a, (1—a?)!], 
R,, Ry: (4v3a, +4a, F(1—a*)!], 
and if we define w= 1—av/3, then the direction cosines 
of R,, etc., relative to A, w, v are 
R,: (1, —w, —w), 
R,: 
R,: (—w, w, 1), 


(—w, 1, w), 


to first-order terms in w. The matrix elements of the 
last section are unchanged to first order, but there are 


Taste I, Changes in energy of band end points as the crystal is pulled out along the c axis. 


fs band 


2w(o+2n)(1—2/o) 
wlo—) 


Upper group k=0 
Upper group k,=1/c 


4wr (1 
2wr (1 


Middle group k=0 
Middle group k, = /¢ 


W/@) 
n/a) 


2w(o—m) 


Lower group k=0 
w(o+2r)(1—x/o) 


Lower group k,= n/c 


band 


p* band ? 


w(a+2n) (1 


2w(ao—m) 


w(o+2nr)(1—2/o) n/a) 


wio—m) 


2wr(1—/o) 
4wa(1—2/o) 


2wr(1—/a) 
~2wr(1—2/o) 


wlo—n) 


—2w(o+2n)(1—12/o) 


wio—m) 
w(o+2n)(1—/o) 
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now a number of additional matrix elements: 


(pra|W'| pun) = (Pro! W'| pus)*= (Paw! W"| pra)* 


=(pya|W'| prs) =—w(o—m)e*®, 


(pra|W'| puc)=(pro|W’| pus) *= (Puc! W’| pra)* 


=(pya|W' | pro) =—w(o—m)e*®, 


plus similar elements between A—v, and y—v. In calcu- 
lating these matrix elements, Table I from the article by 
Slater and Koster® was found helpful. 

For p,, the set of coefficients (11) must still satisfy 
each of the simultaneous equations at all k= (0,0,k,) ; at 
k=0 and k,=2/c, (9a) and (9b) are modified slightly to 


By4/Byp/Byco= — (1+-A) explik: (R,+R,) ]/ 
h exp(ik-R,)/1, 


Bya/Byp/Bye= (1+) exp[ik- (R,+R,) ]/ 
H exp(ik-R,)/1, 


(12a) 


(12b) 


where A and / are small quantities of the order of w. For 
p* or p-, the set of coefficients is 


(Bya ° Byp: Byc): (Bua ° Byp: Bye): (Bya : Bp: B,c) 
= (Bya(1+a): Byp(1+a): Byc(1+a)): 
(2aByc: 2aBy 4: 2aByp): 


((1—a@)Byp: (1—a) Bye: (1—a)Bya), (13) 


with (12a) or (12b). But in order that all nine equations 
be satisfied simultaneously, a= +i/V3. 

The shifts in energy of the end points of the various 
bands are given in Table I, and the modified p-band 
structure is shown in Fig. 4. In both selenium and 
tellurium, w is approximately 0.1. 

Adding second neighbor interactions will also remove 
the degeneracy, but it may reverse the order of some of 
the bands. Preliminary calculations indicate that some 
of bands tend to shift in the opposite direction from 
Table I if the second neighbor (ppo), and (ppm), 
integrals are large enough and of the same sign as the 
corresponding first neighbor integrals. But Slater and 
Koster’ have shown that when orthogonalized atomic 
orbitals are used, the second neighbor integrals are 
often of the opposite sign from expected, and usually are 
quite small. Further support for the order of the bands 
as shown in Fig. 4 (at least for tellurium) comes from 
optical studies of the crystals, as we shall see shortly. 


V. d BANDS 
There are five atomic d levels and three nonequivalent 


sites, so that there are fifteen bands. We shall consider 


+ (3a-+-5)e'* RA 
be'* Ry 


ail +n 


—e'+4n’ 4(30+5)e* 
| — +n! 
(complex 
conjugate) 


~ 65. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 
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Fic. 4. The nine p bands of the selenium structure for the case 
where the bond angles are greater than 90°. The lowest d band is 
also shown, but its exact position relative to the p bands has not 
been calculated. 


only the 90°-bonded crystal here, since even in this case 
the band structure is almost completely split. With 90° 
bonds, three of the d levels: Au, wv, and vA do not mix 
with the other two: \?—y?, 3v’—r*. Furthermore, the 
Au, wv, and vA do not mix with each other in the nearest 
neighbor approximation. Hence, the secular equation 
factors into three identical cubics and a 6X6 equation, 
The cubic equation is similar to the p-band cubic with 
é replacing ¢, n=O, and with (ddd) and (dd) replacing 
(ppo) and (ppm) respectively. Since (ddé) is of the 
opposite sign to (ppa), the bands will slant in the 
opposite direction (see the dotted curves in Fig. 5) 
The +” 
sixth degree secular equation. This equation involves 
the integrals (dda), hence will give rise to the lowest of 


yw’ and 3yv*—r’ levels mix together to form a 


the d bands. We may easily construct the secular 
determinant by using Table I of reference 5; abbrevi 
ating o= (dda), 6= (ddé), we obtain 

0 tV3 (o—5)e'*: Re 


—4v3(a—db)e'* ® 


4V3 (a0 —5)e~ *# Re 0 0) 
—4v3(0—5)e~** Be 0 0) 
— + by! 


h(a-+38)e%®» 3 (g-+36)ei®- Rd 
/ 


an oete R 


/ 
=< 
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Fic. 5. The fifteen d bands of the selenium structure for the 
particular case of 90° bond angles. The three broken curves are 
each triply degenerate. 


which must be set equal to zero. Here 
é E,- Eu ~dy; 
n’ dy — dy; 
where 
do (d3,* r? Bl W' | dy, r’, B); 


do! (d* »’, pl W'| dy? yp’, B). 


Now, A\?—y? and 3v’—?’ favor the v direction, which 
is not a symmetry direction in the crystal. For k 
oriented along the c axis of the crystal, the correct wave 
function should favor the z direction. Such a function 
may be constructed as 


9) at (3? —9#") pt (3y?—1") ¢ 


+e —p) at (wv) at (v?—d) c}, 


(3p? " 


where g is a constant to be determined. This construc- 
tion is facilitated by the fact that 3\*—?r’, 3u?—r’, etc., 
may be obtained as linear combinations of the two 
normalized functions: 3v*—r’ and \*’—y?. Thus, 


3X2 — r= — 4} (3v?— 9") 4-43 (A°— 2), 


etc. The coefficient ratio of the six linear equations 


becomes 
(By pwiA: By p*, B: By uc): 
( By, r? A: B;,*_,4 B: By, r’, c) 
= (g:4(v3—g): —4(V3+8)): 


(1: —4(14+-v3g): —4(1—v3g)). (14) 
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This set of coefficients does indeed satisfy each of the six 
linear equations, but only for the case n’=0. This case 
gives us all of the essential features of the d-band 
structure; hence we limit ourselves by this restriction. 
We find that g is purely imaginary: 


g= — (2i/v3)[(o—4)/(0+8) ] cot (4k,c) 
+i{1+ (4/3)[ (¢—68)?/(0+-8)?] cot?(4k,c)}}, 


(15) 
and 


e' = —} (+6) cos(4kc) (1+ 2[ (o—8)*/(0+6)? 
+4 tan*(4k,c) }'). 


The second set of coefficients is obtained from (14) by 
multiplying the B and C amplitudes by w and w’, re- 
spectively, where w= (1)'=e?"*. The third set: B and C 
amplitudes multiplied by w* and w, respectively. The 
four other roots of the secular equation are obtained 
from (16) by replacing 4k,c by 4r+4k,c. All fifteen d 


bands are shown in Fig. 5. 


(16) 


VI. OPTICAL TRANSITIONS 


In selenium and tellurium, the lower and middle 
group of p bands are filled, the upper p group and the d 
bands are empty. Optical transitions correspond to 
transitions between the middle p group and one of the 
conduction bands. If the bands are ordered as in Fig. 4, 
then the long wavelength limit corresponds to a pp 
transition at k,=a/c. It is possible, since we do not 
know the exact values of py and do, that the lowest d 
band actually cuts across the upper p group. Then, the 
absorption limit would correspond to pd, still at 
k,=1/c. In this case there would be mixing between the 
p and d levels, and the simple theory of the preceding 
sections would not be strictly true; nevertheless, the 
lowest part of the “d band” would still be predomi- 
nantly d. 

Matrix elements for the optical transitions are rather 
easy to work out in the tight-binding approximation 
provided the number of interacting neighbors is not 
very large. We are interested in the matrix element: 


(Wurs* |e'tFe9°T | Pui), 


where yy; and Wy, are wave functions of the form (1) for 
the particular electron which changes its state during 
the absorption, q is the wave number of the incident 
radiation, and ep is a unit vector along the polarization 
direction of the electric vector in the radiation. Since the 
wavelength of the radiation is very large compared to 
interatomic distances, and since k’=k+q~k in the one- 
electron scheme, substantial simplifications may be 
made in the form of the matrix element. Further, the 
matrix element of e9:V may be converted in the usual 
way to one of &, where ¢ is the magnitude of an arbitrary 





ELECTRONIC BAND 


« vector in the direction of polarization, eo: 


M.E. « De simon Brunt* (kK) Bry(k)e** Bi BO 


x [Xue RJEX eal R;,)dr, (17) 


where s, j, m refer to the initial state and are as per 
Eq. (1), m is an index to summed over levels con- 
tributing to the final one-electron function, and ¢ is 
summed over to all atoms interacting with a given s, j. 
Finally € is written as 


f=dA\+dy+dyy, 


where d,, ds, and d; are the direction cosines of the 
polarization direction with respect to A, wu, v axes. When 
only dominant interactions are considered, the number 
of nonzero terms retained in (17) is not particularly 
large. The summation over j may be replaced by N, 
where N is the number of unit cells in the crystal. 

We first consider p—d transitions since they are 
simpler. Here the dominant contributions come from 
terms in which the two atomic orbitals are on the same 
atom. The quantities, (A7—y?, A|A|A, A), etc., are well- 
known atomic matrix elements. Neglecting all but the 
dominant contributions, (17) becomes 


M.E.« (15) } > .[ B*s,? r »(2d3B, .—4,B,, -—d2B,, ») 
+v3 B*): ut (4, By, -—d2B,, ) |. (19) 


(18) 


Now the lowest d band has the coefficients: 


(By2_,2 4: By? peers B3,%- rc) 
= (¢:4(v3—g)w:4(V3+¢)w*): 


(1: —4(14+-V3g)w: —4(1—V3g)w*); (20) 


using these together with (11), we find 


M.E. p,--d © (15)74(d3—w*d,+ wd») 

X(2Byp—wBys —w’By¢ +V32(wBya —w*Byc) }. (21) 
This vanishes if the radiation is polarized in the 2 
direction [refer to (10a) ]. Actually the quantity in 
square brackets vanishes right at k,=a/c; at slightly 
smaller values of k,, however, the matrix element 
vanishes only if the light is polarized along the ¢ axis of 
the crystal. 

Using (20) together with (13), we are able to calculate 
the matrix elements for pt-+d and p-—d. The former 
again vanishes if the radiation is polarized along the c 
axis; the latter vanishes for polarization perpendicular 
to the ¢ axis. Hence, there are two absorption edges. 
From the ordering of p bands as given in Fig. 4, it is 
evident that the absorption edge for light polarized 
perpendicular to the ¢ axis is at the longer wavelength. 
This isin agreement with the measurements on tellurium 
as reported by Loferski.’ 

For pp transitions, the contribution from terms 
in which the atomic orbitals are on the same atom 
vanishes; hence, we must consider interactions between 
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atomic orbitals on nearest neighbors. The elemental 
matrix elements are either zero or of the following two 
types, which we denote by O; and O,: 

(\,A |v] ¥,C) =O, 


2 
(v,B| v|v,C) = Or. ( 


Hence, the matrix element, (17), becomes 


M.E. « d;O.[ B* 9B, ce ®— B*;,cB,ne7* ® 
+-d,0,[ B* ;,4B,ce®®\— B* cB, se! ™ 
+ B* 7,4Byce®™— B*,,cBy,e7** ™ 
+ B* y,4B, ne ®+— B*/, 5B, se 
+ B*y,4B,pe'* ®+— B*,, 2B, ae* ® | 
fevee, 
plus similar terms in d; and d». The subscript / refers to 
the final state. For p,->p, at k= (0,0,9/c), we find with 
the aid of (11) 


M.E.p, -p,c— (d, os dy— d;)iv30\H, 


(23) 


(24) 


where H is the symbol in (9b) referring to the end point 
of the middle band, namely, H=[ (0+ )/4+2n/ 
(a+) |. Equation (24) vanishes if the radiation is 
polarized perpendicular to the ¢ axis (z direction) of the 
crystal. 

In a similar fashion, we find that the matrix element 
for pp vanishes for the same polarization, but 
p.->p and pt-—>p~ vanish if the polarization direction 
is parallel to the ¢ axis. Referring to Fig. 4, we find two 
absorption edges corresponding to transitions from the 
middle two p levels to the lowest of the upper p group at 
k,=m/c. Again, the absorption edge for light polarized 
perpendicular to the ¢ axis is at the longer wavelength. 

Thus, we cannot distinguish between pd and pp 
on the basis of this single criterion. It is probable, 
however, that a detailed analysis of the absorption 
beyond the edge could distinguish between these two 
cases, since the behavior of (21) and (24) are quite 
different in the vicinity of k,=m/c. At all events, the 
structure of the lowest conduction band is really not 
much different in the two cases: where the lowest d band 
does or does not cut the upper p group. 


VII. EFFECT OF HYDROSTATIC PRESSURE 


Bridgman® has measured the compressibility of tel- 
lurium under hydrostatic pressure, finding an anomalous 
expansion parallel to the ¢ axis and a normal contraction 
perpendicular to this axis. Hence, it appears that one of 
the effects of hydrostatic pressure on Te is to increase 
the bond angle between adjacent bonds in each chain. 
Bridgman’ also observed a decrease in resistivity of 
tellurium under hydrostatic pressure, the decrease being 
more than a factor of 600 at a pressure of 30 000 kg/cm’, 
and from the decrease Bardeen® was able to calculate the 


*P, W. Bridgman, Proc. Am. Acad, Arts Sci. 60, 303 (1925). 


7P, W. Bridgman, Proc. Am. Acad. Arts Sci. 72, 159 (1938). 
* J. Bardeen, Phys. Rev. 75, 1777 (1949). 
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corresponding reduction in energy gap between valence 
and conduction bands (Z,~0 at pressure of 30000 
kg/cm’), 

If we assume that the principal effect of hydrostatic 
pressure is the effect on the bond angles mentioned 
above, then we find that for p—+p transitions the energy 
gap decreases, in agreement with experiment. In fact, 
according to Table I the change in energy gap for this 
case is 


AE, = —2(Aw) (o—294+-2°/c), (25) 


where Aw is the change in the quantity, w, defined in 
Sec. IV. 

For pd transitions, we cannot predict with certainty 
that the energy gap decreases with increasing w, since 
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the d bands (Fig. 5) have only been calculated for the 
90° bonded crystal. 


VIII. CONCLUSION 


The tight-binding scheme has been applied to the 
selenium structure and appears to give the essential 
features of the electronic structure. It appears that the 
scheme may be used to advantage in obtaining first 
approximations to the band structure of certain other 
complicated crystalline materials. Matrix elements for 
optical transitions are fairly easy to work out in the 
tight-binding approximation provided the dominant 
“atomic” interactions are sufficient for one’s purpose. 
Application to tellurium has explained the polarization- 
dependent absorption edge observed by Loferski.’ 
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Incoherent Neutron Scattering by Polycrystals 


G. PLaczex* 
Institute for Advanced Study, Princeton, New Jersey 
(Received November 16, 1956) 


General expressions are given for the first terms in the expansion in powers of the neutron to nuclear mass 
ratio of the total cross section for incoherent scattering of neutrons by polycrystals. Special limiting cases of 


these expressions had been published earlier. 


NEW method of calculation for the total cross 
section of incoherent scattering of slow neutrons 
by a polycrystal was presented very briefly in an earlier 
publication and a few results were mentioned for the 
special case of low neutron energy and high crystal 
temperature.! The aim of the present note is to give the 
main equations of the method for the general case. 
Regarding the crystal the simplifying assumption is 
made that it has a Bravais lattice and that all lattice 
vibrations (phonons) have the same velocity, irre- 
spective of wave vector and direction of polarization. 
We denote by « and y the energies of incident and 
scattered neutrons, expressed in units of the Debye 
temperature 4p of the crystal. In the same units, 7 is the 
crystal temperature and £ the energy of a phonon. The 
mass M of the nuclei in the crystal, in units of the 
neutron mass, is the expansion parameter of the method: 
the total cross section is expanded in powers of M~. All 
cross sections are given in units of the bound incoherent 


* The present note contains results obtained by George Placzek 
a few years ago and never published, except in very fragmentary 
form as a Letter to the Editor [G. Placzek, Phys. Rev. 93, 895 
(1954) ]. In view of the importance of these results for actual 
computation of slow-neutron scattering cross sections, it was 
considered useful to publish them after Dr. Placzek’s death, as a 
complement to the above-mentioned letter, The author’s original 
notes have been reviewed and edited for publication by L. Van 
Hove, Utrecht, Netherlands. 
1G. Placzek, Phys. Rev. 93, 895 (1954). 


nuclear cross section previously denoted by s.! Finally 
the quantity F, a function of the temperature, is defined 


by 


1 
F= if coth(¢/27)édé. 


It is the mean square deviation of a nucleus in the 
crystal from its equilibrium position, in units of the de 
Broglie wavelength of a nucleus with energy 4p. 

Decomposing the total scattering cross section ¢ into 
cross sections o; for processes in which / phonons are 
emitted _or absorbed, one has 


~~ (1) 


l= 


Silom) 


l 
Xwi(x, a+) £4), 


i=l 


where? 


(2) 


*G. L. Squires, Proc. Roy. Soc. (London) A212, 192 (1952). The 
equations of this paper must be rearranged and expressed with the 
present notation to reduce to the more compact form (2). 
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(45a? (xh +h) —6aF 
(— ) (4x1!) f exp( - ala 
|\2M 4 yhys M 


(x 


Wi(x,y) = 4 (3) 
for x>0 and y>0, 


10 otherwise. 


In particular, 
42 


oo=Wo(x,x) = (4x) f exp(—6al’/M)da 


= (M/24Fx)[1—exp(—24Fx/M) ], 


n= f [coth(é/27) —1 Jédtyi (x, «+€), 
1 


etc. 
Expanding ¢ in powers of 1/M, 
c= > M wg 
+ n= 
one finds from (2) and (3) 
g@MQ= ya ai, 
1=0 
where a; is given by (2) with y; replaced by yi": 
Wi” = (3/2) "C1i(n—D)! }"'(— OF )™""(y/x) 1S, (x,y). 
The function S,(x,y) is defined as follows: 
n {2n+2 
(2n+2)" > ( = rye 
ed \25+1 


| 
Sn(x,y) =Saly,%) = 4 
(9) ve) | for x>0, y>0, 


LO otherwise. 


In particular (x>0, y>0), 


So(x,¥) 1 ’ S(x,y) =X +, 
S2(x,y) =x? + (10/3) xy+y’, 
S3(x,y)=+7x*y+ Tar +y 


etc. 


Thus by insertion 
o =I, 


a) = gy) fg") 


1 
~12F x4 if 


Max ( 


g 
x eoth( ) 1 ea 
2T 
3 ort 
12Fx+ f yi (y?— x) 
2x! 


max(0, 21) 


= a9 +0; +09 
OFx 4 yi (y—x)So(x,y) 


max(0, 21) 


. y—« 
x| coth( - ) —| | 
ar 


9 2+2 
f ySo(x,y)dy 
32x} 


max( 2-2, 0) 


dE | y—x+v 
xf eotn( ) - | 
0 47 
y~-x—1 
x eoth( ) iffy v)?—v? |do, 
4T 


These results introduced in (4) give the total cross 
section to second order in M~', The accuracy of this 
approximation was pointed out before.’ For practical 
calculations the above expressions for a’ and a can be 
treated by suitable expansion methods for low or high 
incident neutron energy « and temperature 7. Such 
expansions have been studied and found to have 
satisfactory convergence properties. The leading terms 
of one of them (x1, 7>1) have been published 
before.! It is however clear that the exact expressions of 
o and o® are suited for direct numerical 
computation. 


96F?x?- 


also 
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Atomic Heats of Normal and Superconducting Thallium 


J. L. Snmer* ann J. Nicor 
Department of Physics, Amherst College, Amherst, Massachusetts 
(Received August 13, 1956) 


The atomic heats of thallium have been measured in the liquid helium temperature range. In the normal 
state the atomic heat varies with temperature according to the form: C,=y7'+464.4(7/0)* cal/mole deg 
in which y=6.11K10~ cal/mole deg* and @ = 86.6°. In the superconducting state, at temperatures below 
0,97,, the electronic specific heat obeys the relationship: Csg=y7.A exp(—aT./T) cal/mole deg, in which 
A=5.8 and a= 1.3. These results lend support to the suggestion made in consequence of recent measurements 
of the atomic heats of aluminum, vanadium, and tin that the electronic specific heat may in general be an 
exponential function of temperature. They do not confirm, however, the suggestion that there exists a law 


of corresponding states among superconductors. 


1, INTRODUCTION 


N the light of recent revisions! of the temperature 

scale between 1°K and 4.2°K and the evidence? 
which has been published supporting an exponential 
relationship between the electronic specific heat of a 
superconductor and the temperature, it has been 
considered appropriate to measure the heat capacity 
of a sample of thallium metal between 1.1°K and 4.2°K 
both in the normal and in the superconducting states. 
Although the magnetic properties of this metal have 
received considerable attention,®® the calorimetric 
properties below 4,2°K were last investigated by 
Keesom and Kok’ in 1934, The fact that the metal 
has a relatively high lattice specific heat so that the 
ratio of the electronic contribution to the lattice 
contribution at the transition temperature is only 0.24 
makes the accurate determination of the electronic 
contribution somewhat difficult and may account for 
the paucity of data on this particular property of the 
metal, Moreover, since the transition temperature is 
2.36°K it is not possible with conventional techniques 
to perform measurements at a temperature lower than 
approximately 0.57T,. Since the results published on 
Al, V, and Sn indicate that the exponential temperature 
dependence of the superconducting electronic specific 
heat may only be valid below 0.77,, it may be expected 
that measurements to a temperature no lower than 
1.15°K may serve only to indicate whether a similar 
relationship exists in the case of thallium or not. 


* Present address, Princeton University, Princeton, New 
Jersey. 

! Discussions at Conférence de Physique des Basses Températures 
Paris, 1955 (Centre National de la Recherche Scientifique and 
UNESCO, Paris, 1956) and Baton Rouge Conference on Low 
Temperature Physics and Chemistry, 1955. 

* B. B, Goodman, Conférence de Physique des Basses Tempéra- 
tures, Paris, 1955 (Centre National de la Recherche Scientifique 
and UNESCO, Paris, 1956), p. 506. 

*W. S. Corak and C, B, Satterthwaite, Phys. Rev. 102, 662 
(1956). 

* Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956). 

* A, P. Misener, Proc. Roy. Soc. (London) A174, 262 (1940). 

* FE, Maxwell and O. S. Lutes, Phys. Rev, 95, 333 (1954). 


7L. H. Keesom and J. A. Kok, Physica 1, 175, 503, 595 (1934). 


2. EXPERIMENTAL 


The thallium sample was provided by A. D. Mackay, 
Inc., New York, New York with a stated purity of 
99.9997. The metal was cast, in vacuo, in a Pyrex 
tube lined with magnesium oxide® to prevent the metal 
sticking to the glass. The sample was then cooled over a 
period of several hours from its melting temperature 
to ensure proper annealing although the softness of the 
metal probably made this unnecessary. After removal 
from the mould the metal was polished superficially to 
remove the few traces of magnesia adhering to its 
surface and coated with Glyptal lacquer to inhibit the 
formation of a surface layer of oxide, a process which 
occurs very rapidly on exposure to the atmosphere. 

The thermometer employed was an Allen-Bradley 
10-ohm, 4-w carbon resistor, the properties of which 
have been described by Clement and Quinnell.’ This 
was cemented with Glyptal lacquer into a hole drilled 
into the metal specimen. The heater consisted of a 
length of No. 40 Advance wire wound around the 
sample and insulated from it by a layer of lens tissue, 
the whole being coated with Glyptal. The final sample 
was a cylinder of diameter 22 mm and length 44 mm. 
The mass of thallium was 199.20 g and the total mass 
of addenda, thermometer, heater, lens tissue, and 
Glyptal, was 0.49 g. Throughout the entire temperature 
range the estimated heat capacity of the addenda 
never exceeded 0.3% of that of the thallium, and 
accordingly the presence of these components was 
neglected in calculating the heat capacity of the 
specimen. 

The sample was suspended by nylon fibers in a 
vacuum calorimeter surrounded by liquid helium. Only 
at the lowest temperatures, below 1.5°K, was there any 
positive indication of incomplete thermal isolation and 
then the heat leak into the sample never exceeded 2% 
of the power input during a heating cycle. Since the 
resistance changes of the thermometer were recorded 
in the manner reported by Horowitz, Silvidi, Malaker, 


* T. W. Richards and J. P. White, J. Am. Chem. Soc. 50, 3290 
(1928). 

a R. Clement and E, H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 
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and Daunt"™ accurate allowance could be made for 
any temperature drift. Electrical connections, of No. 
40 Advance wire, to the heater and thermometer were 
conducted via glass-metal seals into the helium bath. 
Within the calorimeter the heater current leads were 
coated with lead solder to minimize the generation of 
heat. 

The measurements of heater power and thermometer 
resistance were made by standard techniques. For 
the former, Rubicon potentiometers Type 2730 were 
employed in the measurement of heater current and 
potential. The thermometer current (constant) and 
thermometer potential difference were measured with 
a Rubicon Type B potentiometer. The error signal 
generated across the thermometer in the course of a 
heating cycle was amplified by a dc amplifier and 
recorded on a Brown recording potentiometer. There- 
after, by the application of a calibration signal from 
the Type B potentiometer to the de amplifier, the 
exact values of potential across the thermometer before 
and after the heating cycle could be obtained. The 
corresponding resistance values of the thermometer 
were thus calculated and in consequence the tempera- 
tures of the sample by use of a calibration equation of 
the type to be described. Power dissipation in the 
thermometer varied between 0.05 and 1 yw and was 
negligible in comparison with the heater input. 

The calibration of the resistance thermometer was 
performed by measuring the resistance at various 
temperatures between 4.2°K and 1.2°K. The tempera- 
tures were obtained from measurements of the vapor 
pressure of the liquid helium bath and the use of the 
helium vapor-pressure temperature scale published by 
Clement, Logan, and Gaffney.”* The use of the symbol 
T in the following will imply a temperature based on 
this scale. Separate calibrations were obtained whenever 
the thermometer current was changed or the external 
magnetic field was applied. Resistance measurements 
were made with an estimated inaccuracy of less than 
0.03%. The resistance measurements taken during 
calibration were plotted as a function of temperature 
in an equation of the form’: logR+k(logR)' 
= AT~'+ B, On substituting into this equation a value 
for R, the value of the temperature so obtained was 
designated T,. A curve of the deviation, (Tr—T), 
was plotted against 7, and employed to correct the 
values of Tp to the temperature T. It is believed that 
temperatures, 7, determined in the above manner were 
accurate to within 0,002°. 

The measurements of heater current, heater voltage, 
and heating cycle duration were such that the estimated 
inaccuracy in computing the total heat input during a 
cycle was less than 0.1%. The greatest source of error 


” Horowitz, Silvidi, Malaker, and Daunt, Phys. Rev. 88, 1182 
Penfield, B.A. thesis, Amherst College, 1955 (un- 


published). 
2 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 


AND SUPERCONDUCTING Tl 1243 
lay in computing the change in resistance of the 
thermometer, and accordingly the change in tempera- 
ture (approximately 1% of the mean temperature) 
which occurred during a heating cycle. An analysis of 
all the relevant factors permits the inaccuracy in this 
measurement to be set at 2%. Accordingly it is esti- 
mated that the over-all experimental error in the 
computed values of specific heat as a function of 
temperature should be set at 2.50). With the exception 
of measurements below 1.4°K, over 90° of the total 
specific heat values deviate by less than 2°% from the 
smooth curves to be mentioned. For a few points at 
lower temperatures the deviation is as much as 5%, 


3. RESULTS 


The results reported here were obtained in a total 
of 184 heating cycles. Of these, 68 cy were performed 
with the metal in the superconducting state and the 
remainder in the normal state. Of the latter group, 61 cy 
were carried out in zero magnetic field above the 
transition temperature, 35 in a longitudinal magnetic 
field of 200 oe, sufficient to remove all traces of super- 
conductivity at temperatures below the normal transi- 
tion temperature, and 20 in the same field above the 
transition temperature. 

Since it is expected that the total normal atomic 
heat, C,, will be expressible as the sum of terms linear 
and cubic in temperature the data were plotted in the 
form C,/T vs T*. The curve so obtained is given in 
Fig. 1. It will be seen that the experimental points 
fit a straight line extremely well over the entire tem- 
perature range. Eighty-five percent of the points 
deviate from the straight line by less than 2% and 
except at the extremes of the temperature range, the 
scatter is random. At temperatures above 7?= 15 deg? 
and below 7?=2 deg’, it may perhaps be claimed that 
the deviations are other than random although the 
experimental scatter makes it difficult to make a 
categorical statement to this effect. On the assumption, 
following Debye” and Sommerfeld,“ that the total 
normal specific heat is of the form: 


Cy=C,=Ca=T+464.4(T/0)! 
the values of the constants obtained from a least- 
squares evaluation of the C,/T7 vs T* data are 
y= 6.11 10°-4+-0.84 K 10~ cal/mole deg’, 
6= 86.6°+0,3°. 
The fiducial limits in both cases are stated for a 99% 
confidence level. 

If it is assumed that the total observed specific heat, 
in the superconducting state, Cyr, may be expressed 
as the sum of the lattice specific heat, Cy, and the 
superconducting electronic specific heat, Cg, then 

Csr=Cgr—464.4(7T/0)'. 


4 P, Debye, Ann. Physik 39, 789 (1912) 
4 A, Sommerfeld, Z. Physik 47, 1 (1928). 
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Fic, 1, Atomic heat of thallium in the normal state. The solid line represents: 
C/T =0.0007157?+4-0.000611, where C, is in cal/mole deg and T in deg K. 


Using the constant value of 6 obtained above, Csz was 
computed for each value of Csr measured experi- 
mentally. The values of the superconducting electronic 
specific heat so determined are plotted as a function 
of temperature in Fig. 2. 
If the electronic specific heat is of the form 
Cask aT,/T), 


v7 .A exp( (1) 


the hypothesis may be tested by plotting the logarithm 
of the electronic specific heat vs T~!, This analysis has 
been performed and it is apparent that at temperatures 
below 2.15°K (i.e., 0.97.) the experimental points 
indicate a linear relationship. A least-squares analysis 
yields the following formula for the variation of Csz 
with temperature : 


5.877, exp(—1.37T,./T) cal/mole deg 
6.1110 cal/mole deg’? and 7, 


Cser 


in which y 2.36°. 


4. DISCUSSION 


The experimental results are in agreement with those 
of Keesom and Kok’ throughout the temperature 


range which they investigated. The transition tem- 
perature and the magnitude of the specific heat dis- 
continuity at the transition were also in agreement 
with data based upon the magnetic measurements of 
Misener® and Maxwell and Lutes® although scatter in 
the immediate vicinity of the transition prevented a 
precise determination of either quantity. 

The information presented in Fig. 1 suggests that 
the Debye temperature is constant within the tem- 
perature range of the experiments, with the possible 
exception of the temperature range above T?= 15(°K)?. 
In this latter region, the value of @ was computed from 
the smoothed specific heat data using the value y 

6.1110 cal/mole deg’. Up to a temperature of 
4.10°K, the value of @ so obtained agrees with that 
already quoted, 86.6°+-0.3°. However there is evidence 
of a slow reduction of 6 with further increase of tem- 
perature, since the following values are obtained: at 
4.15°K, = 85.9° and at 4.20°K, @= 85.1°. This behavior 
is consistent with the results of previous investigations, 
The data of Keesom and Kok, have been reanalyzed 





ATOMIC HEATS OF NORMAL 
by plotting C,/T vs T*. Between the transition tem- 
perature and 4.2°K, a straight line is obtained consistent 
with a constant value of = 89.6° with again possibly a 
slight tendency for @ to diminish in the vicinity of 
4.2°K although the experimental data are insufficient 
to justify a more definite statement. Below the transi- 
tion temperature very few values of the normal specific 
heat were obtained by Keesom and Kok and it is 
difficult to reach conclusions generally consistent with 
the data obtained above the transition temperature. 
It is possible that at least part of this difficulty arises 
from inaccuracies in the temperature scale employed 
by them. Measurements of the specific heat of thallium 
at higher temperatures have been performed by 
Clusius and Vaughen!® and by Hicks.'* They are agreed 
that above 17°K, @ is constant at approximately 94°, 
but that @ diminishes to 84° in the vicinity of 11°K. 
It therefore seems permissible to conclude that 6 
remains constant at 86.6° up to a temperature of 
4.1°K and then diminishes slowly to a minimum 
between 4.2°K and 11°K. Thereafter it rises to a 
relatively constant value of approximately 94° at 
temperatures above 20°K. This over-all picture is 
qualitatively in agreement with that presented by 
some other hexagonal metals—e.g., Zr!’ and La.'8 
THALLIUM 
| | 





T T 
3.0x 1073 


Cse (col /Amole- deg) 











Fic. 2. Electronic specific heat of superconducting thal- 
lium vs temperature. The solid curve (A) represents: Csz 
= 5.877, exp(—1.37./T). The broken curves represent, (B): 
Cgx=0.000238T?, and (C): Cag=9.A7yT, exp(—1.57./T). In 
(A) and (C), y=6.11 10™ cal/mole deg? and T, = 2.36°K. 
1K. Clusius and J. V. Vaughen, J. Am. Chem. Soc. 52, 4686 
(1930). 

6 J. F. G. Hicks, Jr., J. Am. Chem. Soc, 60, 1000 (1938). 

17 Friedberg, Estermann, and Goldman, Phys. Rev. 87, 582 
(1952). 

8 Parkinson, Simon, and Spedding, Proc. Roy. Soc, (London) 


A207, 137 (1951). 
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The value obtained for the electronic constant y, 
6.11 10, is considerably closer to that obtained from 
the magnetic measurements, 2.8 to 3.65 10-*, than is 
the calorimetric value, 14 10~, quoted by Shiffman'’ 
and also obtained from our analysis of the data of 
Keesom and Kok. 

The analysis of the superconducting electronic 
heat confirms for thallium the conclusion 
already reached for aluminum, vanadium, and tin, that 
this parameter is an exponential function of tempera 
ture. There is therefore agreement with the predictions 
of the two-fluid model of the “energy-gap” super 
conductor recently discussed by Lewis.*® Moreover, the 
values of the constants, A= 5.8, a= 1.3 [ Eq. (1) |, are 
not incompatible with the criterion which is suggested 
in his Eq. (20). For comparison, the corresponding 
values in the case of aluminum? are A = 6.9 and a= 1.28. 
On the other hand, the constants differ from those 
obtained by Corak ef al. for both vanadium and tin 
and therefore are in disagreement with the suggestion 
that there exists a law of corresponding states for 
superconductors. In Fig. 2, there has been inserted the 
curve (marked C) which is predicted if A=9.17 and 
a= 1,5, the values obtained for vanadium and tin. This 
curve differs from the experimental data between 


specific 


1.45°K and 2.1°K by an amount greater than the 
experimental scatter. In the plotting of these curves 
the values y=6.11K10 and T,=2.36° 
employed. If it is assumed, that this value of y is in 


have been 


error and the most recent “magnetic” value of y, 
3.65X 10-4, is used instead, no better agreement with 
the experimental results is obtained. 

In Fig. 2 there is drawn a curve (marked B) repre- 
senting the equation: 


C s2=0.0002387* cal/mole deg. 


This curve was chosen by fitting a 7* function as 
suggested by the Gorter-Casimir theory” to the 
experimental points above 2°K. Clearly the data 
deviate considerably and consistently from this curve 
at lower temperatures. 

We have performed an analysis of the specific heats 
of indium obtained by Clement and Quinnell®* and 
find that their values for Cy” between 2.3°K and 1.8°K 
(their lowest temperature) agree closely with Eq. (1), 
with A=9.6 and a 
experimental points within this temperature region 


1.6. However the small number of 


renders this description somewhat tentative until 


further measurements at lower temperatures are 


performed. 


“Carl A. Shiffman, “The Heat Capacities of the Elements 
below Room Temperature,” General Electric Company, Schenec 
tady, New York, 1952. 

”H. W. Lewis, Phys. Rev. 102, 1508 (1956). 

%(C, J. Gorter and H. B. G. Casimir, Physik Z. 35, 963 (1934); 
Z. Physik 15, 534 (1934). 

2 J. RK. Clement and E. H. Quinnell, Phys. Rev. 79, 1028 (1950), 
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In conclusion, the evidence available from measure- 
ments on aluminum, vanadium, tin, and thallium 
(possibly also indium) strongly supports the contention 
that the electronic specific heat in the superconducting 
phase is an exponential function of temperature. 
However, the variation in the values of the constants 
A and a does not yet permit the existence of a law 
of corresponding states to be concluded without 
reservation. 
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Ionization Rates for Holes and Electrons in Silicon 


S. L. Mitrer 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 12, 1956) 


The ionization rates for holes and electrons in silicon at high electric fields have been evaluated from 
data on the multiplication of reverse-biased junctions. In Si, electrons have a higher ionization rate than 
holes. The variation of ionization rate with field strength is in good agreement with theory. 


INTRODUCTION 


T has been demonstrated that in both germanium 

and silicon,’reverse biased junctions break down as 
a result of a solid state analog of the Townsend 
B-avalanche theory.’ In germanium it was possible to 
detect the difference between the roles of holes and 
electrons in the breakdown process.’ Differences in the 
functional form of multiplication vs reverse voltage, 
depending on whether the initial current entering the 
junction consisted of holes or electrons, were analyzed 
to give the ionization rates for holes and electrons as a 
function of field strength. In the case of the silicon 
experiments,® the initial currents entering the junction 
were composed of both holes and electrons; and the 
detection of a difference between their ionization rates 
was rendered either difficult or impossible. 

In the work reported here for silicon, initial current 
consisted of predominantly one carrier type ; and differ- 
ences between the ionization rates for holes and elec- 
trons were detected. 

It is interesting that in silicon the ionization rate is 
higher for electrons than for holes, while the opposite 
holds in germanium. 

As in Ge, the ionization rates, as a function of field, 
could be brought into agreement with Wolff’s* theo- 
retical treatment of the problem by a suitable choice of 
parameters. 

THEORY 


The Townsend §-discharge theory for solids, pictures 
multiplication and breakdown of pn junctions as 


1K. G. McKay and K. B. McAfee, Phys. Rev. 91, 1079 (1953). 
*K. G. McKay, Phys. Rev. 94, 877 (1954), 

*S. L. Miller, Phys. Rev. 99, 1234 (1955). 

“P. A. Wolff, Phys. Rev. 95, 1415 (1954). 


occurring when electrons and/or holes are accelerated 
to energies sufficient to create hole-electron pairs by 
collisions with valence electrons, This can occur in the 
high fields in the depletion region of a reverse biased 
junction. Electrons or holes, entering the depletion 
region from the p or n side of the junction, respectively, 
create electron-hole pairs. These collision products are 
then accelerated until they have sufficient energy for 
pair production and so on. This gives a multiplication 
of the original current appropriate to every field distri- 
bution and therefore every voltage for a given junction. 
This multiplication, for an original current composed 
of only one type of carrier, is given by* 


1 w . z 
1-- -f a;(E) exp| -{ [a;(E) ~#4( Eye Ja, (1) 
M 0 0 


where M is the multiplication, w is the width of the 
depletion region, and a;(Z) and 6;(Z) are, respectively, 
the ionization rates for the initial and secondary 
particles, 

For a complementary set of step junctions consisting 
of a pn* and npt with the same net density of impurity 
centers on the high resistivity side, it is possible to 
solve for the ionization rates for holes and electrons 
separately if the multiplication of initial current coming 
from the high-resistivity side vs voltage conforms to the 
empirical law 


1 


I en, (2) 
1—(V/Vs)" 


Then the expression for the ionization rate of the initial 
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particle at the maximum field in the junction is of the 
form* 


2na f Eu \ 2"! 
sindeogten) 


WatEup 
Em 
xexp| 4072 f (ax AdaE | (3) 
0 


where Wg, is the width of the junction and Eye», the 
maximum field in the junction at breakdown. W, is the 
width of the junction at 1 volt total reverse bias in 
magnitude (dimensionally cm/volts!) and mq is the 
appropriate parameter in Eq. (2) for the junction in 
which the initial particle is a. The exponential term in 
(3) is given by 


Em H'(y) 
exp( —1IW} f (a;— aie) =— ’ 
0 H(y) 


where y= (Ey/Empn)*" and H is the solution to the 
Bessel-type equation 


H" — (na/ng)y"2!"® "= 0, 


Here ng is the value of the parameter in Eq. (2) for the 
complementary junction. Wg and Ey, are determined 
from breakdown voltage experiments. Therefore a com- 
plete solution for a;(Z4) and 6;(Ey,) for any value of 
Ey<Ewyp is obtainable from measurement of ng and ng 
appropriate to the set of complementary junctions. 


EXPERIMENT 

In a previous paper’ it has been shown that accurate 
multiplication data is most easily gathered from experi- 
ments on transistors. One of the principal reasons for 
this is that the injected current coming from the 
emitter and entering the reverse biased collector is then 
uniformly either electrons or holes depending on whether 
npn or pnp transistors are used. However, because 
suitable transistors were not available, the multiplica- 
tion measurements in silicon were conducted with 
diodes. The carriers were injected on the high-rasistivity 
side of the step junctions by means of light irradiation, 


1.0 

















Fic. 1, Plot of 1—1/M os V/V for an np* Si step junction with 
Ve approximately 35 volts (slope=1/3.7) and for a pn* Si step 
junction with Vg approximately 39 vy. (Slope = 4.) 
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Tase I. The parameter » as a function of breakdown voltage 
and conductivity type. 


High-p side of 
step Junction 


n type 
n type 
n type 
n type 
p type 
p type 
p type 


Since the junctions, for which multiplication data are 
given below, were made by an alloy process, a metallic 
layer covered the low-resistivity side and prevented 
injection of carriers on that side of the junction, 
Furthermore, the lifetime on the low-resistivity side is 
considerably lower than on the high side and therefore 
many more of the optically generated minority carriers 
would reach the junction from the high- rather than 
from the low-resistivity side if there were injection on 
both sides. 

The validity of this kind of measurement 
checked for the case of a Si graded junction between 
moderate resistivity p and heavily doped m material. 
The variation of multiplication with voltage was the 
same for carriers injected by light irradiation as it was 
for electrons injected by a nearby junction on the 
p side. 

Junction current was measured as a function of 
junction reverse bias. The increase of current with bias 
was considered to be the result of avalanche multipli- 
cation. These curves were taken at several different 
initial current levels (or injection levels), This confirmed 
the supposition that the increase in current was multi- 
plicative rather than due to some kind of leakage. The 
values of the parameter m in Eq. (2) were obtained for 
a range of np*t and put Si junctions, in which the 
empirical formula (2) was found to hold, by plotting 
In(V/V») vs In(1—1/M). Figure 1 shows typical plots 
of such data for both an npt and a pnt junction. 
Table I gives the values of n determined in this manner. 

In silicon, there is a significant departure from the em- 
pirical multiplication expression, M=(1—(V/Va)"}", 
for junctions with higher breakdown voltages, This 
makes the method of analysis described above in- 
applicable at field strengths below about 350 kv/cm. 
In general, at these lower field strengths and higher 
breakdown voltages the multiplication falls off more 
rapidly in both np* and pnt junctions because the 
ionization rates are steeper functions of field in this 
region. 

The other information necessary for calculation of 


was 


the ionization rates is the width of the junction and the 
maximum field in the junction at breakdown. These 
data are obtained from measurement of the breakdown 
voltage, Vz, as a function of N;, the net density of 


impurity centers on the high resistivity side of the step 
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Fic, 2. The breakdown voltage of Si step junctions as a function of the net number of impurity centers per cc 
on the high-resistivity side of the junction. 


junction Then 


W n= W,(Vz)!, 

where 

W,=[1.317107/N, }! for Si, 

Emp=2V p/We. 

Figure 2 gives the results of measurements of Vg vs Ny; 
for np* and pnt Si step junctions. The net number of 
impurity centers for each junction was determined 
from measurements of capacitance per unit area. This 
data is in good agreement in the region of overlap with 
data given by McKay’ for np* junctions when re- 
sistivity is converted to N; by use of Prince’s* mobility 
values, When the data of Herlet and Patalong® on 
Vp» vs p for pnt junctions are similarly converted to 
Vn vs Ny, there is distinct disagreement. The data of 
Herlet and Patalong can be brought into agreement 
with Fig. 2 if their resistivity values are halved. 
Perhaps this resistivity discrepancy is caused by thermal 
resistivity changes wrought by the diode fabrication 
process. The identity in Vy, for the same N;, for npt 
and pn* junctions, shown in Fig. 2, is in agreement 
with the situation in Ge and the theory.’ Incidentally, 
from Fig. 2 it appears that Vy can be represented by 
Vpa=KN,°™ from 10 v to 300 v for Si. The deviation 
from this law at high values of N, is a reflection of the 
tendency toward saturation of ionization rates at very 
high field strengths.* The fact that at no point is there 
any tendency toward a slope of —1 on this logarithmic 
plot also shows that there is no breakdown attributable 
to ordinary Zener breakdown’ (constant critical field) 
even well above maximum field strengths of 10° v/cm. 


‘M. B. Prince, Phys. Rev. 93, 1204 (1954). 
* A. Herlet and H. Patalong, Z. Naturforsch. 10a, 584 (1955). 


Multiplication of injected current increasing to break- 
down was clearly observed in junctions down to a 
breakdown voltage of 6.5 v. 

From the above data, namely the values and the 
V » vs N; curve for Si, two sets of complementary junc- 
tions were chosen for calculation of electron and hole 
ionization rates. These were 


Set I: Va=13, 
Set IT: Vg=335, 
Here, m, refers to multiplication with electrons as 
original particles, mg refers to holes as original particles. 
The values of a;(/y) and 8;(E4,) were determined for 
(Em/Emp) equal to 0.95, 0.85, and 0.75 and are plotted 
in Fig. 3 along with the previously determined values 
for Ge for comparative purposes. Again, as in Ge, 
points obtained from the two sets of junctions are in 
excellent agreement with each other as they should be 
if ionization rates are only a function of field strength. 
The ionization rate for electrons is greater than that 
for holes in Si whereas the opposite holds true for Ge. 
This situation is reflected in the inversion of the relative 
values of n, and ng for the two semiconductors 

There is a check possible on the ionization rates 
determined as above. It can be shown that the quantity 
(—4/W,*)(dW,/dEwe), which was used by McKay to 
determine the ionization rate at Ey» when the differ- 
ence between holes and electrons is neglected, should lie 
between the ionization rates for holes and electrons 
at Ey,. This quantity when evaluated from the 
Vz vs N; data given in Fig. 2 falls almost exactly half- 
way between the curves for holes and electrons shown 
in Fig. 3. What this means is that the breakdown data 
are consistent with the multiplication data. 


Na= 1.4, ng= 3.7, Eupn=660 kv/< m, 
3.7, E 


Na=1.9, ng=3. up=520 kv/cm. 


’ 
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Wolff’s theory‘ allows a theoretical calculation of 
ionization rate vs electric field strength involving the 
proper choice of two parameters, the energy threshold 
for electron-hole pair production, Zo, and the mean free 
path for electron (or hole) phonon collisions, \. Theo- 
retical curves for electrons and holes, calculated with 
Eo=1.5 ev and A\=70A and Eo=3.5 and A=100A, 
respectively, are also shown in Fig. 3. They are in fair 
agreement with the experimental data It is surprising 
that the energy threshold required for a fit should be so 
different for electrons and holes However, the numbers 
obtained do agree with data given by McKay and 
McAfee! on the efficiency of ionization for a particles 
bombarding silicon They report 3.6+0.3 electron volts 
per electron-hole pair produced. If it is assumed that 
the electrons and holes, which are the end products of 
the shower resulting from the a@ particle, are each uni- 
formly distributed in energy between the respective 
band edge and energy threshold, then on the average 
the energy necessary to create an electron-hole pair 
would be the sum of the energy gap, one-half the /y for 
electrons, and one-half the 2» for holes. This gives 
1.1 ev+ (1.5/2) ev+ (3.5/2) ev=3.6 ev. 

It is possible that the unexpectedly very different 
threshold values obtained for electrons and holes in 
fitting the theory and the experimental data are a re- 
flection of the inadequacy of the theory. For example, 
the mean free path for phonon collisions may not be 
constant. On the other hand, the vastly different band 
structure for electrons and holes in silicon could be 
responsible for large differences in the threshold for pair 
production for the two particles. If the exact shape of 
the bands were known, it would be possible to compute 
the thresholds. For example, in the case of spherical 
energy surfaces, the threshold would be 1.5 times the 


energy gap for electron and hole masses taken equal.‘ 


CONCLUSIONS 


Ionization rates for electrons and holes in high fields 
have been obtained from multiplication and breakdown 
data for Si junctions. Whereas in Ge the ionization rate 
was higher for holes, in Si the ionization rate is higher 
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lic. 3, The ionization rates for holes and electrons in Si and Ge, 
© A Y © denote experimental data. Dashed lines indicate theo 
retical curves. 


200 300 


for electrons than for holes, The best fitting of Wolff's 
theory for the variation of ionization rate with electric 
field to the experimental data for the two particles 
yields the following parameters: 
Energy threshold for pair production by electrons, 
1.5 ev; by holes, 3.5 ev. 
Mean free path for phonon collisions by electrons, 
70 A; by holes, 100 A, 


ACKNOWLEDGMENTS 


The author wishes to acknowledge the considerable 
assistance in the preparation of junctions and data 
gathering of W. C. Meyer and J. R. DeCostanzo and 
the many discussions on this subject with K. G. McKay 


and P. A. Wolff. 





PHYSICAL REVIEW VOLUME 105, 


NUMBER 4 FEBRUARY 15, 1957 


Electron Capture by Protons Passing through Hydrogen* 
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A formal treatment of the capture problem is presented and a suitable approximation scheme valid for 
fast collisions is developed. The approximation consists of: (1) using a suitable perturbed initial wave 
function instead of the unperturbed initial wave function used in the Born approximation, (2) neglecting 
the contribution of what we call two-step capture processes, and (3) in an impulse approximation fashion, 
neglecting the effect of the binding of the electron in the atom in the initial state “during” the collision. 
All the above three approximations result from an attempt to express the transition matrix for capture in 
terms of two-body operators. The improved wave function is orthogonal to the final wave function in the 
limit of infinitely heavy incident ion, unlike the Born approximation wave function. Consequently the 
(incident ion)-(nucleus) interaction has zero matrix element for transition from the initial state to the 
final state. Only the (incident ion)-(electron) interaction contributes to the capture cross section in this 
approximation. Good agreement with experiment is obtained in the particular case of protons picking up 
electrons from hydrogen gas for proton energies above 25 kev. 


1. INTRODUCTION 
la. Review of Previous Theoretical Work 


HEORETICAL work done so far on capture of 
electrons by ions passing through gases has been 
confined to the Born approximation’* and other 


equivalent first-order approximations® for fast col- 
lisions. For slow collisions the method of “perturbed 
stationary states’”® has been used. Oppenheimer' cal- 
culated the capture cross section for fast alpha particles 
passing through hydrogen gas using the Born approxi- 


mation. The interaction Hamiltonian to be used in the 
Born approximation has two terms: (1) the Coulomb 
interaction between the alpha particle and the electron 
in the hydrogen atom, and (2) the Coulomb interaction 
between the alpha particle and the hydrogen nucleus. 
Oppenheimer neglected the contribution of the (alpha 
particle)-(hydrogen nucleus) interaction to the capture 
cross section, Such neglect is perfectly justified for 
inelastic collisions because the initial and final wave 
functions are orthogonal. In rearrangement collisions, 
such as the capture problem, however, this is not the 
case, Oppenheimer showed that the scalar product of 
the initial and final wave functions is small for fast 
collisions so that they can be considered approximately 
orthogonal. Following Oppenheimer, Brinkman and 
Kramers* (referred to hereinafter as BK) calculated the 
capture cross section for protons in hydrogen using 


* Submitted in partial fulfillment of the requirements for the 
Ph.D. degree in the Faculty of the Department of Physics, 
University of Chicago. 

t Government of India Fellow, on leave of absence from Raven- 
shaw College, Cuttack, India. 

< R. Oppenheimer, Phys. Rev. 31, 349 (1928). 

1. C. Brinkman and H. A. Kramers, Proc. Acad. Sci. Amster 
dam 33, 973 (1930), 

] D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 
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*K. Takayangi, Science Repts. Saitama Univ. Ser. A, 2, 33 
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Born approximation and neglecting the proton-proton 
interaction. They found for the cross section four times 
the experimental result for a proton energy of 100 kev 
and still larger value for lower energies. Jackson and 
Schiff* (referred to hereinafter as JS) and also Bates 
and Dalgarno,‘ on the other hand, have calculated the 
capture cross section using the complete interaction 
Hamiltonian in the Born approximation. Their results 
agree with experiment for proton energies above 25 kev 
(e?/hv<1). Wick,’ however, has pointed out that if one 
were to make an exact semiclassical calculation using 
an impact parameter treatment, the proton-proton 
interaction will give a negligible contribution to the 
capture cross section (of the order of m/M where 
m=electron mass and M=proton mass). Wick also 
points out that by an appropriate canonical trans- 
formation the proton-proton interaction can be removed 
from the total Hamiltonian in the limit M/m—. In 
view of Wick’s remarks, the agreement of JS results 
with experiment looks paradoxical and, if his remarks 
are correct, it is not easy to see why BK’s results should 
not agree with experiment. 


1b. Summary of Results and Outline of Paper 


In the present work the capture problem is inves- 
tigated by the formal methods of collision theory and 
an approximation scheme is developed. The approxi- 
mate wave function for the initial perturbed state 
obtained in the present work is found to be orthogonal 
to the final wave function in the limit of infinitely 
heavy protons. Consequently the proton-proton inter- 
action does not contribute to the capture cross-section 
in keeping with Wick’s remarks. It is also easily seen 
why BK’s results do not agree with the experiment. 
The results obtained with this improved initial wave 
function agree very well with the experiment for 
energies above 25 kev. 

A brief outline of the work leading to the above con- 


7 See “Note added in proof’’ to the paper quoted in reference 3. 
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clusions runs as follows: First, an exact expression for 
the transition matrix for capture is derived following 
the formal methods of collision theory given by Gell- 
Mann and Goldberger.’ The Mller matrix of this 
three-body system is then expressed in terms of two-body 
M@ller matrices by using an operator identity given 
by Chew and Goldberger’ in connection with the 
impulse approximation. The transition matrix expressed 
in terms of two-body operators has several terms. Some 
of these terms are small enough to be neglected. The 
terms that remain are shown to correspond to what we 
call direct or one-step capture and two-step capture 
processes. It is shown that the proton-proton inter- 
action has zero matrix elements for direct capture in 
the limit M/m-—«. It has, however, nonzero matrix 
elements for two-step capture. This two-step capture is 
somewhat analogous to “double scattering” discussed 
by Chew and Goldberger’ in connection with the 
impulse approximation. Since the two-step capture 
amplitude is one order higher in e?/hv than the direct 
capture amplitude, it is neglected for energies for which 
e’/hv <1, The only term that contributes to direct cap- 
ture is the one containing the proton-electron interac 
tion. This term is evaluated and is found to give good 
agreement with experiment. Identity of protons is ig- 
nored because the cross section is so much peaked in the 
forward direction that the protons are effectively distin- 
guishable. Capture into excited states has not been 
treated. The cross section for capture into excited states 
is presumably very small compared to that into the 
ground state. The calculations of BK, which are prob- 
ably over-estimates, show that the cross section for 
capture into an excited state m decreases as 1/n*. We 
shall ignore the fact that the target hydrogen is actually 
in the form of molecular hydrogen. 


2. DERIVATION OF EXACT TRANSITION MATRIX 


In this section we shall derive an exact expression 
for the transition matrix for capture. Let us assign 
numbers 1, 2, and 3, respectively to the hydrogen 
nucleus, incident proton and the electron. Figure 1(a) 
represents symbolically the situation before collision 
and Fig. 1(b) that after collision, ie., after capture. 
We look for the probability of transition from the state 
described by Fig. 1(a) to the state described by Fig. 
1(b). Let 

H= K+ Uyet Uist Uo, 
Hye=K+U ;, 
Hy= K + U 43, 


where K is the kinetic energy operator for the system 

of three particles and the U’s are interaction potentials 

between the different particles denoted by the suffixes. 
The transition probability is given by 

What) -_ | (,(t) |W,(t)) j ° (W,(1) W.(t)), (1 ) 

®*M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 


(1953). Also see: B. A. Lippmann, Phys. Rev. 102, 264 (1956). 
9G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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2 
a 





3 3 


a (b) 


(a) Situation before collision. (b) Situation after collision 


Fia. 1. 


where ,(/) and W,(/) are state vectors defined by 
Hv,(t) 
Hy, (1) 


idV,(t)/dl, (2) 
id, (1) / dt. (3) 


(We use units such that #=1.) We also need a state 


vector defined by 
H,U,4(t) =idU,(t)/dt. (4) 

The solutions of Eqs. (3) and (4) can be written as 
Dy (1) = dre", (5) 
U,(t) 


tae *Bat, (6) 


Following the methods of Gell-Mann and Goldberger,' 
we find for the transition probability per unit time (in 
the limit of infinite quantization volume) 


wa(0)= lim [— ido! Usa+U 13! Vat(0)) 
«-0* 
X (| Wa'(0))*+c.c.], (7) 


where 
1 
(Ui U 23) ta, (8) 
E,—H+ te 


1 


V,'(0) =u,4 


or 


(U2 U'o3)Va*(0). (9) 
» U3 + i€ 


V,*(0) =a + 
E.—K 


Equation (8) is the formal solution of Eq. (9). The 
latter is the integral equation for ¥,‘(0). The intro- 
duction of the parameter ¢ is discussed in detail in 
reference 8. In the evaluation of cross section, € is 
allowed to approach O*. 

Our next step is to express (@»|¥,*(0)) 
interaction potentials in a suitable form. For this we 


shall make use of Eq. (8). We then get 


in terms of 


| 1 
(bo| Va'(O)) = (po| ta) + (on (Use Una) 
ik, —-H+ie 


1 
= (hp | ta) + ( (U2 Un)u.) 
|Ea— Hi+te 
(H1—H,) 
ta Hy+ie 


| 
we 
I 
1 


x (Uso Un)ua) (10) 
ka-H+ie 
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Here we have made use of the operator relation 


i "£i-m 4 
! O~. 
P-0 P P-Q P 


Now we have from Eqs. (3) and (5), 


Hipn= En, (12) 


and from Eq. ( 
1 


(Us + U o4)te 
ka—H+%¢ 


WV ,'(0)—u,. (13) 


Making use of Eqs. (12) and (13) in Eq. (10), we obtain 


(dy| V4'(0)) 


1 
(py Ug) 4+ [ (pp) U jot U 1a\ Vat (O)) 
Kk, hy t le 
(dy | K + U 13| Ue) + (dr| K + U 23| Ua) ’ 
and since 
(K { l (K+ U 13) tha Ea, 


os)bn= Epp, 


we have 


(hy Vat(O)) = (14+ La Ea) bo} Ua) 

1 

1 (dy) U pot Uy3| Vat (O)). 
Ea hon 1€ 


(14) 


Since (@»| vq) is real, we get, by substituting Eq. (14) 
into Eq. (7), 


Wpa(0)= lim 
ee” 


2e 
(dy Ue U y3|Wat(O))|? | 
(Ee »)' +e 


(15) 
or 
2m | (bo) Uiet U13| Vat’) | O(a Lo) 
2m| Roa? |*6(Ea— Ey), (16) 


Wha(O) 


where 


Ri." Vv, = lim ¥,*(0). (17) 


«0 


(bo| Uset+ Ui3| Va’), 


Ry? is the transition matrix or, as we shall call it, the 
capture amplitude. The interaction U2; is, of course, 
concealed in the integral Eq. (9) for ¥,. 

One can derive an alternative expression for Rba 
where Us; appears more explicitly. For this we define 
the incoming wave state vector ¥,“: 


1 


vy,’ (18) 


got (UstUnv™, 


E,— K — Uss—ie 
which has the formal solution 


1 


Vv,“ =go+ ; (Uyot U 13) bo. (19) 


ky—- Hite 
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From Eqs. (17) and (8), we have, since E,= E,, 
ba=(bv| Viet U 15| ta) 


1 
+o Unt Uul- ag 


(Uwt+U nua) 
E,—H+ie 


= (»| UyotU 15) Ua) 


+(— : (Ut Uso] Ut Unl Us) 
E,—H—ie 
= (by| UsetU 15| ta) +(e — op) | U2 t+ U 28] tha) 
Wy | Ui2t+-U 25] ta) +-(ho| Uis— U2) ta) 
=(W,— | Uyot+U 23! tg) 
+-(py| K+U 15! ta) —(bo| K+ U 25! ta) 
(Wy | U2 U 25| ta) + (Ea— Ev) (b0| ta), 


Roa‘ )e (V,$ )| U t+U 25| ta). (20) 
In this expression for the capture amplitude, U2; 
appears explicitly. It is to be noted that expressions 
(17) and (20) are equivalent. We shall use the form 
given by Eq. (17). The Born approximation is obtained 
if ¥."* and ¥,~ in Eqs. (17) and (20) are replaced 
by u,_ and ¢» respectively. Since Eqs. (17) and (20) 
equivalent, it then follows that 


(bv | U13| ta) = (by | U25| ta). 


3. APPROXIMATE REDUCTION TO TWO-BODY 
OPERATORS 


We now begin to express the exact capture amplitude 
in terms of two-body operators in so far as possible. 
As mentioned in the previous section, we shall use Eq. 
(17) for our reduction. It is convenient to introduce the 
Mdller wave function matrix 2), defined by 


YY =2 ug. 
It then follows from the integral equation for V,?, that 
1 
+ (Us2+U23)0. 
Eg—K—U 3+ ie 


The formal solution of this integral equation is given by 


1 
YF) x | +-—— —(U 2+ U 43). 
Ea—H+i« 


(21) 


When expressed in terms of 2%, Eq. (17) becomes 
Roa? = (bo| Ure t+ U13| 2 u,). (22) 


We now define two-body Mller matrices and two-body 
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state vectors by the following integral equations: 


1 
west) = | +-—_______ 9g, (23a) 
En—K—Uost+ie 

1 
wis = 1+ 13— ’ 
E,—K—U3+1e 


(23b) 


1 


Ym‘? (23) =xmt— Uribm(23), (24a) 


En— K+i¢ 


1 


Vn (13) =xat . : Uiwn (13). (24b) 


in —K—ie 


The x’s are the wave functions for the system of three 
particles when there is no interaction between them. 
Wm'*?(23) is the wave function of the system of three 
particles when there is interaction between particles 2 
and 3 only. Similarly, y,“~’(13) is the wave function of 
the system when there is interaction between particles 
1 and 3 only. The superscript (+) stands for outgoing 
waves and superscript (—) stands for incoming waves. 
This is clearly seen from the structure of the integral 
equations. The differential equations for x’s and y’s are 


Kx» 
(K+ U 23) Wm"? (23) 
(K+U y3)hn~ (13) 


Pin% ns 
Embm'*? (23), 
Ew,» (13), 


where the appropriate boundary conditions are imposed 
on the ’s. It is now obvious that the w’s are products 
of Coulomb wave functions and plane waves. It follows 
from Eqs. (23) and (24) that 


w23° Xm Wm (23), w13° or Wri (13). 


With these definitions and preliminaries, we are now 
in a position to express the transition matrix given by 
Eq. (22) in terms of two-body Mller matrices. For this 
we make use of an identity used by Chew and Gold- 
berger.® According to this, if 


1 
B= A, 
E,—K —U,3— Vatie 
and 
1 


A, 
Ea—K—Uxt+te 


be, ) 


where V,=U.+U 2, and A is an arbitrary operator, 
then 


1 
U5 


BO ba, + 


E,—K 
(LU 13,b J+ (Va—-Ure)bau }. 


—V,+ie 
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Using this identity, we get 
I r 

—(Ui2t+U 25) 
E,—H+ie 


1 
CU rs,woa } 
ta— H+te 


(west? —1) } 
I 


so that 


a =14 


{ U yaaa? l, (25) 


t 
ka H+ ie 


and consequently the expression for transition matrix 
expressed in terms of wos‘? becomes 


Ri," (dy| U ot U13| wea (tte, 


1 
(6 Viet Uis) U ww" >) 
k,—H+ ite 


1 
t (on UiotU is [U sajwoa?? us). 
| I+ ie 


(26) 
This expression still contains the three-body operator 
1/(E,—H-+- 16), and so we try to reduce it further into 
two-body operators w,;°~. This is done by making use 
of the relation 


‘a 


BO =byO+ (Lb U 2s J+ bu (Vi-—U )} 
1 

x 
hy— K- 


Ues— Vor ie 


where 


by O=A aes 
hy—-K—-—Uy,+i%¢ 


U5 + U 42. 
Using this relation we have 


(wa! 


1 
(Uyot+U 43) 
E,—H+ie 


) 1 ) 


1 
{ {[wrs’ ) UV 25 }+ ars! MU} Aaa 
Ka H+ ie 
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We now make use of Eq. (27) in the second and third 
terms of Eq. (26) as a second step of an iteration pro- 
cedure. It is then enough to keep only the first term in 
Kq. (27). We thus get the following approximate ex- 
pression for the transition matrix: 
Roa? = (gr| U iat U 15| waa" tha) 

+ (oy! (wis — 1) 12 wes,) 

+ (go| (ors —1) (LU sss J) | 4a). (28) 
The third term in Eq. (28) contains the commutator 
[ LU yaaa"? |, Uy, does not commute with w2;"+), because 
ws'*) contains the operator K. The assumption that 
the third term is small is precisely what is called the 
impulse approximation. Chew and Wick'® have given 
as a rough criterion for its validity, the relation : 


(rl U ys,2a? ]) KA, 


(+) 


(29) 


where 7 is the “collision time” and is equal to the 
inverse of the extent to which conservation of energy 
is violated during collision. The left-hand side of Eq. 
(29) is certainly less than e?/hv, and in keeping with 
our approximations we shall consequently drop the 
third term in Eq, (28). 

Let us now examine the second term in Eq. (28). We 
shall designate the capture process represented by this 
term as a two-step capture process and the capture 
process represented by the first term as a direct or 
one-step capture process. The justification for this 
designation will be clear from the following discussion. 
The first term is the sum of matrix elements of Uj, 
and Uy» between the state wo;t)u, and the state dy». It 
will be shown later that wos‘t)™, is proportional to the 
continuum wave function of the hydrogen atom formed 
by particles 2 and 3. The term (@»| Ui2|wos"m,) and 
(p| Uy3|woa"tu,) in Eq. (28) represent direct capture 
from the continuum states of the hydrogen atom 23 to 
the ground state of the same hydrogen atom through 
the interactions Uy. and U3, respectively. The term 


(py! (wis — 1) U y2| wog tea) 


also represents a capture from the continuum state 
wos't tq to the ground state ¢» of the hydrogen atom 23, 
but not directly. It takes place through two successive 
interactions, U/; and U3, and hence we designate ths 
as a two-step capture. Such processes are less likely 
than the direct capture process by a factor of e*/hv as 
is evident from Eq. (28) and so we can neglect the 
second term in Eq. (28) for fast collisions. 

It is worthwhile to mention that the third term in 
Eq. (28) vanishes more rapidly with proton energy 
than the second term. This is seen as follows: In the 
high-energy limit w2s‘t)-+1. When this limit is ap- 
proached, the third term approaches zero while the 
second term remains finite. 

It is now clear that we obtain a fairly good approxi- 
mation by retaining only the first term in Eq. (28): 

Roa? (oo | U rat U13| asa). (30) 


# G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952). 
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4. COMPUTATION OF THE CROSS SECTION 


We shall now compute the cross section for capture 
using the approximate transition matrix given by Eq. 
(30). The differential cross section for capture is given 


by 
(31) 


doa zw \? 0% 
—— a (~.) | Rra* |*—, 
rh? 


dQ 


Va 


where », and » are relative velocities before and after 
collision, respectively, and are related by the following 
equation by energy conservation: 


hyr,’— a= huby?— €b, 


where »=[(M-+m)M |/(2M+m) is the reduced mass 
of the system, «, and «& are binding energies of the 
hydrogen atom before and after collision, respectively. 
For capture into the ground state, ¢.= « and 1,= 2. 

In order to compute do/dQ we have to evaluate the 
transition matrix Ry given by Eq. (30). It will be 
shown in the Appendix A that 


(bo | U12| wos"tt4g) = 0 


Roa= (by| U13| westta). 


(32) 


(33) 


We shall drop the superscript (+) hereafter. The 
integral given by Eq. (33) is difficult to evaluate. For- 
tunately, there exists an approximate identity between 
this integral and that obtained by replacing U1; by U2 
in Eq. (33), ie. 


(34) 


The validity of this approximation will be discussed in 
the Appendix B. Thus our working formula for Ry, now 
becomes 


(>| U13| wostta) (bo | U25| wostta). 


Rta= (bv| U25| wostta). (35) 


The coordinate system to be used for the computation 
is described below. Figure 2 gives the geometry of the 





Fic. 2. Relative coordinates used for the computation of 
transition matrix, 
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relative coordinates. C, and C, are the centers of mass 
of particles 1 and 3 and of particles 2 and 3 respectively. 
Relative coordinate vector between 1 and 2 is R, 
between 2 and 3 is ro, and between 1 and 3 is r. It is 
clear from the geometry that the relative coordinate 
vector Ris. between C, and 2 is (r—aro) and the 
relative coordinate vector Ro; ; between C, and 1 is 
(ar—ro), where a=M/(M+m). Let the momentum 
vectors conjugate to the coordinate vectors ro, Ros, 
and Ris be K, Kos; and Kjs,2, respectively. Our next 
task is to write down expressions for ta, d», x, and y;(23) 
in terms of the above coordinates and momenta. We 
have 


a= (36a) 


1 
exp iko: (ar— I) ]¢1.(r), 
2r)! 


I 
oo=— (36b) 


—~ expik,: (r—aro) ]¢1.(t0), 
(2m)! 


where ¢, is the hydrogen atom ground state wave 
function. 


1 
xXi= 4 exp[i(K+aKo,, 1)+ to—iKys, 1-8], (36c) 


(29 
and 


(23) =N(K)xiF (isa/K, 1,iKro—iK+t), (36d) 


where 


N(K)=et4"*P'(1—ia), a=as/K, s=1/ao, 


dy being the Bohr radius. F stands for the confluent 
hypergeometric function. The arguments of this 
function are properly chosen so as to correspond to 
outgoing waves. 

We now proceed to evaluate the integral given in Eq. 
(35). For this we expand , in the complete set of eigen- 
functions x:: 

Ua= 201 xi{X1| Ma), 
so that 


1 ¥i(23)(x1| a). (37) 


Using expressions for x; and given in Eq. (36), we get 


1 
(x1| ta) =- -—— fa farooutn 
(27) 


x expli(ako+ Kos, 1): r +-i (Ko taKo,, 1 +K) ‘ ro | 
G,(ako+ Kos 1)5(Ko+-aKos 1+K), 


— \ 
Wega +e woaxkx1 | Ua) 


(38) 
where 


Sarist 


G,,(K)> fares ‘o1,(r) 
(s?-+-K?)? 


is the Fourier transform of the hydrogen atom ground 
state wave function. Substituting Eq. (38) into Eq. 
(37) and using the expression (36d) for ~:(23), we get, 
after integrating over Ks; space by making use of the 
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6 function, 


Weglta 


fake.) exp[i(1/a)(ko+K)-r 
(2)! 


~iko: to IN(K)F (isa/K, 1, iKro 


iK-r). (39) 


Using this we get 


Rra= (po| l I 9s| Wega) 


— e 1 
= fa farof ax Pie" (To) 
(2r)§ To 


XexpLip:ro+i(1/a)(K—p)-r] 
*G,,(K)N(K)F (isa/K, 1, iKro—iK: 10) 


alan ea f ars f aki 1 /19)6( K . P) 


Xexp(ip: To ]er*( ro)Gi,.(K)N(K) 


XF (isa/K, 1, iKro iK: fo). (40a) 


Performing the integration over K space we get 


(po| U2s| wostta) 


ep ro 
10" (Lo) 


wae f droN (p)Gi.(p) 


To 


XF (isa/p, By ipro ip: fo). (40b) 


Here p=ak,—ko, so that p?= (ko?/g") + 4k? sin*(0/2), 
where ko=|ko|=|k,|, g=M/m, and 6 is the angle 
between ko and k,. 

At this point it will be worthwhile to attempt to 
visualize as to what kind of process the transition 
matrix Rra=(b»| U25| west.) represents physically and 
how is this illustrated in the structure of the integrands 
in Eqs. (40a) and (40b). To start with we have a state 
u, which represents a proton approaching a neutral 
hydrogen atom in its ground state. ‘This state is per- 
turbed by the potential U2; when the proton comes 
close to the hydrogen atom giving a perturbed state 
Woyltg. From Eqs. (37) and (39) it is clear that the state 
Wot, represents the scattering of particle 2 by a wave 
packet of the particle 3 which has the same momentum 
distribution as that of the hydrogen atom ground state. 
In other words, w23%, describes a continuum of states 
of particles 2 and 3 interacting through their Coulomb 
potential, but one of them has a momentum distribution 
restricted in a definite manner. Capture is the process 
of transition from this state wogu, to the state @, through 
the interaction U's. The 6 function in the integrand of 
Eq. (40a) tells us further that only those states of the 
continuum states wos4, which have a momentum K= p 
can make transition to the state @». Equation (40b) 
shows that the transition matrix (»| U/25| wast.) is pro- 
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portional to the matrix element of U2, between the 
continuum state, with momentum p, of the hydrogen 
atom formed by 2 and 3 and the ground state of the 
same hydrogen atom, i.e., 


(pv | U25| west) = (2m) *aGy,(p)<¢1s(To) | U24|Ue(p,to)) 
= — aN (p)G.(p)(s*/m) 7, (40c) 


where 


e’P ro 
I face oF (isa/p,1,ipro—ip-to), (41) 


To 


and U, is the hydrogen atom continuum wave function 
with momentum p. It should be noted here that BK’s 
result would follow if our perturbed initial wave function 
W23M, is approximated by the unperturbed wave function 
u,. This is equivalent to putting 


N(p)F (isa/p, 1, ipro—ip- to) 


equal to unity. This would be possible if as/p<1. One 
finds, however, that the transition matrix is large for 
small values of p, i.e., for small angles between ko and 
k,. Thus for the most important scattering angles, 
as/p>1 and hence wy%, cannot in general be approxi- 
mated by u, unless the energy of the incoming proton 
is very large. 

The integral given in Eq. (41) is evaluated in Appen- 
dix C, The result is: 


(42) 


4 2s s Ws 
exp arc tan(: )- | 
e+ p* p p/p 


Substituting this in Eq. (40c), we obtain 


4 N (p)G,,(p)s! ‘2s $ ms 
exp| are tan(~)- | (43) 


(s*+- p’) p 


and using this expression for Rig in Eq. (31), we get 
the following expression for the differential cross section : 


pr OP 


da  GAg*s" ws/p 4s 5 ms 
exp arc tan( ) - | 
dQ = (s*+-p*)® sinh (as/p) p p p 


da pK ns/p 


4s 5 ws 
exp| arc tan( )- | (44) 
dQ sinh(ws/p) p p p 


dao dopx 


da dQ 


ns/p 4s s WSs 
exp arc tan( )- | 
sinh (ws/p) p p p 


For large 0, da/dQ—+doxx/dQ and for small values of 8, 
da/dQ<doyx/dQ. The factor /(@) reduces the BK 
cross section in the most important range of angles and 
approaches unity for angles where the cross section is 
so small that the contribution to the total cross section 


where 


J(8)= 
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from these angles is practically zero. Integrating over 
all angles we get the total cross section: 


do 128ms%gtA 
ends f — sinddd=-——-—-(wa¢), 
0 dQ ke? 


(45) 


where 
. ae F exp[_(4/x) arc tan(1/x)— (x/x) ] 
k 


= x (46) 
ot (1+27)* sinh(x/x) 


The integration variable x=p/s is introduced for 
convenience in doing the numerical computation of A. 
It was not possible to evaluate the integral in Eq. (46) 
analytically. 

5. COMPARISON WITH BORN APPROXIMATIONS OF 
BK AND JS 


In this section we shall discuss the relation of the 
present work to the earlier work of BK and JS. Both 
of these sets of authors use Born approximation, the 
difference being that BK consider only the proton- 
proton forces. We shall see that both results may be 
obtained as further approximations to our result. Fur- 
thermore we shall see that the paradoxical situation 
noted by Wick may also be understood quite readily. 

Our final expression for the transition matrix has been 
written as 

Rta= (bv| U 12+ U15| wostta). 


The result of JS is obtained by replacing w23 by unity: 
Rra(JS) = (bs U 2+ U 43! ta). (47) 


Actually this is not a bad approximation here, but it 
has the unfortunate effect of distorting the physics 
rather badly. The point is that 


(po| U12| westta) = 0 


in the limit of infinite proton mass as already men- 
tioned. Thus we obtain 


! r 
Rra= (bs| U13| weatta). 


We see then that Wick’s assertion that the proton- 
proton interaction should play no role is verified and 
that the proton-electron interaction alone is needed. 
The critical point is that one can no longer replace wes 
by unity, since Eq. (32) is then badly wrong. What 
happens is that in our case the reduction of the BK 
result 


Ria(BK) = (| U 13 ta) 


is brought about by the use of an improved wave 
function (wes%_ instead of u,); in the work of JS, 
Ria(BK) is reduced by the fact that (| U12| 4.) 
interferes destructively with (@»|Ui3|ua). The dif- 
ference between our result and those of BK and JS 
may be written as 


Rra— Rra( JS) = (bo| Uist+U 12| (wes—1) a), 
Rta— Rea(BK) = (| Uis| (wes— 1) U4). 
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Clearly all these results coincide in the limit as w.;—1, 
but the significant criterion for the agreement of all 
three is the extent to which the influence of (¢»| U1»! tt 
in (y| Uyot+U 15| ua) is negligible. 

Unfortunately the difference Rra—Rra(JS) is of the 
same order of magnitude as the terms neglected in 
deriving Ry. so that no definite conclusion can be 
reached as to which result is really more accurate. It is 
our feeling that our errors are not as great as are 
incurred in the Born approximation; if the latter is 
valid, our results are of course also correct. In addition 
our approach has the advantage of giving a more satis 
factory physical picture of the capture process. 


6. COMPARISON WITH EXPERIMENT 
AND CONCLUSIONS 


Experimental data on capture of electrons by protons 
in hydrogen are available in the energy range from 2 to 
150 kev. There is no data above 150 kev. We are con 
cerned with the high-energy region (above 25 kev) and 
in this energy range the data!’ are quite good. Cross 
sections calculated from the present work are given in 
Table I and are plotted in Fig. 3, along with experi 
mental data of different workers. It is seen from the 
plot that the agreement with experiment is good for 
energies above 25 kev. It should, however, be mentioned 
that we have calculated the cross section of capture into 
ground state alone whereas experimental! data is for 
the total capture, i.e., capture into all the discrete 
states. We also show JS and BK curves for cross section 
of capture into the ground state alone. It is seen that 
the curves of JS and the present theory approach each 
other as one goes to higher energies. According to dis 
cussions in Sec. 5, our results should also go over to the 
BK result at high energy. However, at such energies 
that the BK approximation becomes valid, the capture 
cross section is essentially zero. 

At low energies the agreement with experiment is 
not good. This is understandable since our approxima 
tion, which consisted of keeping the direct capture 


TABLE I, Capture cross sections from present theory 


0.1974 
0.0928 
0.0430 
0.0186 
0.0080 
0.0053 
0.0019 
0.0004 


260.3670 
100.0000 
42.1268 
18.2912 

8.3792 

4.0852 
81 1.8914 
100 0.8808 
121 0.4213 
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APPENDIX A 


Here we shall prove that (gy U ix woyta)=9 in the 
limit M/m—>«. We have, from Eq. (39) in the text, in 
this limit, when a=1, 


yikg R 


[aK (K)G.(K) K (Re 


(29) 
Kh(is/k, 1 
ind so 


dy U \2| woytla 


ec ° | 
f aK (K)G(K) f dre f aRer.*(1) 
(2m)* « R 


exp! i(K-4 P) R+iK-r, IF (is K,1,i1Kro iK- ry) 
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On performing the R integration, we get 
G,,(K) 


e 
[« f aeoer.t(ee) 
2r’ (K+ p)’ 


XN(K )e™® F (is/K, 1, iKro—iK- 89) 


v2é G,,(K)J(K) 
f« | 
Vr (K+ p)’ 


1 
feroe.r(as) V(K )e'® 
(29)! 


KF (is/K, 1, iKro—iK+ to) 


(hy U9 Wega 


where 


(P14( Po) 0, (K,15)) (), 


since ¢1,(f») and U,(K,ro) are orthogonal to each other. 
Thus (py! U 12! wegtta) = 0. 


APPENDIX B 


We shall prove here that to a fairly reasonable ap- 
proximation 


pe U4 Wega =p Uo W23Ua). 


For this purpose we expand the state vector wos, in 
the complete set of eigenfunctions tam of the operator 
(K+-U3). The suffix stands for all possible variables, 
continuous and discrete, needed to describe the com 


plete set. To be more specific, 


1 


ite exp[iKy, 2: (ar—ro) |¢,(r), 


(27) 


where m stands for all possible continuous Ki; 2 values 
and all possible discrete as well as continuous values 
of hydrogen atom formed by 1 and 3. 


Weyl 5 Uam\Uam | Wo3tta), 


2m 
and hence 


(dy K | Uis Woalta) > mb | K +-U 4 Uam /' Uam | Woglta 


> m Em(bo| tam)(Uam|Wexta), (B1) 


where 
Fem= (WK 13, ?/2p) — €n, 


e, being the binding energy of the hydrogen atom 
state n. Now 


(Pp| Nam ~Gi,(k, Kis, 2)G,.(k,— Kis 2), 


‘and since these G’s sharply peaked'® about ko in the 


Ky;,2 space, we can put: 


Foal > (h* ko’ Qu) én (h eg" 2yu)=> kp. { B2) 

16 PP M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), first 
edition, p. 1680 


rRILOCHAN 


PRADHAN 


This is possible since ¢, is of the order of few electron 
volts, whereas h’k,’/2u is of the order of 10? kev. For 
state m lying in the continuum with large €,, (| tam) 
becomes very small so that these states are not very 
important in the series in Eq. (B1). As a consequence 
of Eq. (B2), it is possible to pull Z,, outside the sum- 
mation sign in Eq. (B1). Consequently we get 


py K+ if 3 Wega \~E, > mb» | Uam (tam | Wo3Ma) 
= Ex(bp Wola). B3) 


Also we have 


(bv | K+ U 25 | wogtta) = En(ho | westta). (B4) 


Comparing Eqs. (B3) and (B4), we get 
(bo| K+ U2! wogtta)=(bn| K+ U 13! wogtta), 
from which it follows that 
(pp | U25| wostta) (po | U1g| wegtta). 
In this connection it might be noted that 
(bp Ui, Uq) = (pp) U3) ta). 


This relation has been proved in Sec. 2 and is exact 
whereas relation (B5) is approximate. 

Another point deserves comment in connection with 
Eq. (B4). It has been assumed in this equation that K 
is Hermitian. Here K appears between @» and we3u, and 
one might worry that because of the presence of the 
singular Mdller matrix w2;, this may not be the case. 
Fortunately the state vector we3%_ contains bound 
states of the hydrogen atom as a factor which makes it 
vanish at infinity, assuring thereby the Hermiticity of K. 


APPENDIX C 
Here we shall give a method of evaluating integrals 
of the type occurring in Sec. 4, Eq. (41). The integral 
in question is of the type: 


eat 


r 


(C1) 


We use the convenient integral representation for the 
confluent hypergeometric function'®: 


1 (O*,1*) 
¢ dtt*®"(t—1)-**et, (C2) 
1 


Complex t-plane 


Gap 


Fic. 4. Contour for the integral representation of the 
confluent hypergeometric function. 


‘6 A. Nordsieck, Phys. Rev. 93, 785 (1954). 


F (ia,1,z)= 
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ELECTRON 


The contour is closed and encircles each of the two 
points 0 and 1 in the ¢ plane once anticlockwise as 
shown in Fig. 4. There is a branch cut between points 
=( and ‘=1 on the real axis. 

Substituting the integral representation (C2) into 
Eq. (C1), we get 


1 
[= paw '(t—1)- V(t), 
1 
where 
é Artiq-r+it(pr-p-r) 
V (t) fas 


4dr —2n 
'q— pt|?— (pt+ir) (a+y)t—a 


where 


a=4(¢+X), y=p-qtidAp—a, 


i f-1(t—1)-% 
= dt % 
aty t—lo 


where tg=a/(a+~7). The integrand has simple poles at 
t;=0 and at lb=a/(a+7). Since there are branch points 
at /=0 and ¢=1 on the real axis, to evaluate the complex 
integral by Cauchy’s theorem, the contour is suitably 
deformed as shown in Fig. 5 (since there are no other 


so that 








ststo 





Fic. 5. Deformed contour for the evaluation of /, 
employing Cauchy theorem. 


poles) so as to enclose the pole at /=t. The pole at 
t=(0 as well as the branch cut then lie outside the 
contour. The deformed contour is clockwise with 
respect to the point ‘=f. This is compensated by 
putting a negative sign in the integrand. From simple 
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Fic, 6. Relative phases of vectors to and (t9—1 
in the complex ¢-plane 
Cauchy theorem, we then get 


2r 
[ Residue at (=Io | 
a+y 


dr ( lo ) 
lola } 7) lo 1 


s, and a=5s/p, so that 


aty p + isp. 


Since (fo—1)~ and (to) in Eq. (54) are multivalued, 
proper care must be taken to fix the correct value of J. 
For this it is enough to know the relative phases to ly 
and (t9—1). In the present case [ Eq. (41) |, we have 


(1s/2p) 


The vectors fy) and (49—1) are shown in Fig. 6. It is clear 
from the figure that 


In Eq. (41), p=q, A 
a=4(p?+5"), 


ly 4—(is/2p), lo 1 } 


arg(lo)=(2r—0), arg(lo—1)=[24— (4-0) |= a+, 


where tand=s/p; and the phase at the point infinitely 
close to positive real axis, but lying below the branch 
cut, is arbitrarily put as 27 since we only need relative 
phases of to and f6—1. We also have |to| = |lo—1], so 
that to/(to—1) =e". Using this in Eq. (C3), we get 
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he isotope shifts in strontium have been studied in the hollow-cathode spectra from enriched even 
isotopes with the aid of a Fabry-Perot interferometer. The mass effects show predominance. The field effects 
are zero within experimental error, with no differential shift between 88-86 and 86-84. The 5p? *P terms are 
apparently perturbed to the extent that they exhibit a relatively large specific mass effect. 





I, INTRODUCTION 


[* YTOPE shifts in atomic spectra are considered to 
result from two types of general effects: those due to 
the spatial nuclear charge distribution, and those due 
to the finite nuclear mass. The former are referred to 
as the field effects; the latter are referred to as the mass 
effects, which can be subdivided into the normal mass 
effect and the specific mass effect.' The field effects are 
found to be predominant in the heavy elements, while 
the mass effects are predominant in the light elements. 
In the intermediate elements there is competition 
between the field effects and mass effects, both being 
small, which accounts for the general lack of isotope 
shift data in this region 

Strontium, one of the intermediate elements with 
atomic number 38, has four stable isotopes with mass 
numbers 84, 86, 87, and 88. The nuclei contain 46, 48, 
49, and a magic number 50 neutrons, respectively. This 
paper is concerned only with the even isotopes. 


Il. EXPERIMENTAL APPARATUS 


Spectra from enriched isotopes? were excited in 
liquid -nitrogen-cooled hollow-cathode discharge tubes 
which are modifications of the Mack-Arroe type.’ 

The necessary high resolution was accomplished by 
crossing a Fabry-Perot interferometer with a Hilger 
E-458 Littrow quartz-glass spectrograph. To insure 
optimum conditions for our comparison techniques, an 
all-Invar interferometer was placed in sealed, constant- 
temperature chamber. Care was exercised to keep the 
interferometer uniformly illuminated. 


Ill. TREATMENT OF DATA 


Table I shows the isotopic concentration of the 
sample. Since the isotopic structure of a given sample 
could not be resolved, the contribution of the con- 
stituents must be considered. If the contribution of 
the odd isotope is neglected, which we believe is fairly 
safe since none of our lines were overexposed and no 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research, Air Research and Development 
Command 

For example, E. W. Foster, Repts. Progr. Phys. 14, 288 
(1951) (contains a resumé of mass and field effects). 

2 Obtained on loan from the Y-12 plant, Oak Ridge National 
Laboratory, on U.S. Atomic Energy Commission allocation. 

*O. H. Arroe and J. FE. Mack, J. Opt. Soc. Am. 40, 386 (1950). 


trace of hyperfine structure from the odd isotope was 
observed in any line known to exhibit large separation, 
the following equations develop: 


observed 88-86 shift = 1.10 (observed 88-86 plate shift), 
observed 88-84 shift = 1.77 (observed 88-84 plate shift) 
-0,252 (observed 88-86 shift). 


In Table II, the observed shift column shows the 
results of this procedure in several lines. It is to be 
noted that one-half of the observed 88-84 shift is equal 
to the 88-86 shift, well within the limits of error in all 
lines measured. 

Our sign convention assigns a positive shift to the 
normal mass effect direction. All shifts are measured 
in millikaysers (1 mK=10~* cm™'). All errors in Table 
II are estimated limit errors (high confidence). Judging 
from the consistency from spacer to spacer and plate to 
plate, the quoted errors may be overestimated. 

IV. RESULTS 

The experimental results of the work are shown in 
Table Ii. The observed shift for AA =2 represents the 
average of the observed 88-86 and one-half the observed 
88-84 shift. The residual shift is the difference between 
the observed shift and the calculated normal mass shift. 
Listed also are the single configuration residual shift 
representations which are assumed to consist of the 
field effect, represented by the 6V’s, and the contribution 
of the specific mass integrals of the Bartlett-Gibbons* 
type. It must be noted that the 6V’s and the specifi 
mass integrals are all inherently negative. 

The specific mass integral K, can be evaluated by 
taking the difference of the residuals of transition (1) 
and transition (2), leaving 2K,= —0.066+0.047. This 
value is somewhat smaller than that obtained by 
Hanes® (2K,;=—0.10 claimed to a probable 20% 


Taste I. Isotopic concentration of sample, in percent. 


Sample 4 46 &8 


0.034-0.02 <0.01 

86 13.740.2 88.6 +0.1 0,080-4-0.003 
87 3.8+0,2 2.8 +0.1 0.294+0.004 
88 28.2+0.3 8.6 +0.1 99.03 +0.01 


Isotope 


84 54.34+0.2 


‘J. H. Bartlett and J. J. Gibbons, Phys. Rev. 44, 538 (1933). 
5G. R. Hanes, Ph.D. dissertation, University of Toronto, 1951 
(unpublished). 
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ISOTOPE SHIFTS 


IN SPEC 


TRA OF Sr 


TABLE II. Isotope shifts in the spectra of atomic strontium (in mK). 


Observed shift* 
88 86 


+5.6+1.0 
+5.5+1.0 
+4.1+0.9 
+5.2+0.6 
+9.4+0.9 
—1.3+0.7 
+0.141.0 
+14+0.9 
—6.5+0.9 


4 


@a(K) 


24 517 
23 715 


Transition 


5s *Sy—Sp *Py 
5s *S,;—Sp *Py 
Sri ) 5s®4So—Ss5p 1P\® 21 698 
Sst Sa 5s5ptPi* 14 504 
5s5p *P°— 5p? *P e 
5s5p *P°—5s6s 4S; 14 140 
5s5p *P—S5s7s 4S; 22 526 
5s5p *P°—5s5d 4D 
5s4d *D,—5s4f *F 


Spectrum 


Sr n> 


d 
20 430 


C=31.9 mK 
for Sr 
4 4 


Y= 2 K(np,5s) D= & K(np,6s) 
n~2 


nw? 


K,=K (5p,5s) 


4 
E=  K(np,7s) 
n=? 


* Isotopic concentration of samples taken into account. 
» Sr 11 measurements taken from 1 


4(88- 84) 


+5 640. 9 + 
+5.5+0.9 rs 
+4.3+0.8 } 
+5.1+0.6 + 
+9.7+0.8 + 
—1.5+0.7 
+0.34+1.0 
+1.7+0.8 
—6.7+0.8 


B= 2 K(ns,5p)+K (3d,5p) 
nmi 


Single configuration 
residual shift 
representation 


bV + 
6V-+ 
bVi4 
6Vi-t 
5Vert 
5Vs-+ 
5Ve+ 


Observed 


shift for Residual 


shift 


+-2.0+1.0 
+2.0+1.0 
+ 1.00.9 


Normal 
shift 


=e mnd 


9.6 +0, 9 
-1.4+0.7 
+0.2+1.0 
+1.6+0.9 
6.6+0.9 


ee 


Fu y 7 K (np, 5d) 


G=K (3d,4/) 


4 


H=  K(np,4d) 
nn? 


S. Donaldson, Master's thesis, University of Arkansas (unpublished). 


¢ Measured in five lines from 20 689K to 20 171K; the shifts are the average. 
4 Measured in three lines from 20 689K to 20 146K; the shifts are the average. 


accuracy) for CdI, but the two values agree within our 
larger and differently specified error. Hanes’ value is 
based on asymmetries in the Fabry-Perot patterns of 
natural samples, since complete resolution was 
impossible. 

The difference between the residuals of transitions 
(3) and (1) give |6V,| — |6V2| =+5.6+1.8 mK (since 
the 6V’s are negative). Residual (3) plus residual (4) 
gives |6V3|—|6V2| > +5.2+3.1 mK since we expect 
|\Y|>|D\ >|E).6V, and 6V,2 are supposed to measure 
essentially the 5s field shift, and if anything 6V, should 
be less than 6V» because of the mutual 5s screening in 
the 5s? configuration. 6V3; would be expected to be 
considerably less than 6V»2 because of the 1/n,' de- 
pendence in the volume effect, where m, is the effective 
principle quantum number. The answer to the problem 
probably lies in configuration mixing in the 5p**P 
terms. Plots of the quantum defect versus the term value 
show that these lower *S and */® terms and probably 
this lowest 'P® term are not perturbed to any great 
extent. However, a possible configuration interaction 
between the 4d? *P and the 5p? *P terms would increase 
the specific mass effect in these latter terms which would 
have to be absorbed by 6V, in the single configuration 
representation and quite possibly change the sign of 
5V». Residual (2) plus residual (5) gives |6V;| — |6V4| 
<1.6 mK with a best value of zero. From volume effect 
theory, the ratio 6V,/6V,4 can be calculated to be 7.2, 
neglecting the s screening. (The p, contribution to the 
volume effect is assumed to be negligible.) This makes 
'6V,;| <1.9 mK for AA=2. Presumably, taking into 
account the s screening would lower the limit on 6V, 
slightly. (A zero field effect is consistent with the 


Sr 11 data if the value of Y— B remains the same in the 
two spectra.) With this ample upper limit, 6V, is to be 
compared with the nuclear volume shift of 12 mK*® 
for a single unscreened 5s electron (calculated from 
the spherical model of the nucleus with the charge 
distributed uniformly throughout and a radius varying 
as R=1A}, where ro= 1.2K 10~" cm). 


V. CONCLUSION 


The spectra of strontium exhibit small but interesting 
isotope shifts. The mass effects are predominant. The 
importance of perturbations in the specific mass effect 
is shown in the 5p**P terms where a probable mixing 
of the 4d**P terms increase the specific effect in the 
former terms. 

The field effect is zero within our experimental error, 
with no difference in shifts between 88-86 and 86-84, 
Thus the strontium field-effect shifts seem to indicate 
that the field shifts around the neutron number 50 
might follow the somewhat regular pattern of shifts 
associated with the larger magic numbers. The small 
88-86 shift is in qualitative agreement with that 
predicted by Wilets ef al.’ from the standpoint of 
nuclear distortion. 
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The calculation of the coupling constants of the magnetic and electric hfs of the NO molecule is done using 
the Heitler-London wave function with Hartree atomic wave function. The homopolar ground state is found 
to be expressed by a linear combination of four Slater determinants. This wave function is used with success 
to calculate the spin-orbit coupling constant and the A-type doublet separation as well as the hfs coupling 
constants. The “s-character” of the magnetic hfs is explained by the configuration interaction with an 
excited state of the N atom, in which one of the 2s-electrons is promoted to the 3s orbital. The effective 
number of the odd electron in the electric hfs is 0.46, and Q for the N nucleus is 0.03 X 10™ cm*. No ionic 


structure needs to be considered. 


I, INTRODUCTION 


WING to the recent precise measurement of the 

hfs of the NO molecule in the microwave region,' 
our knowledge about the electronic structure of this 
molecule has increased greatly. It was found by the 
present author,’ Cox, Gordy,*® and Lin‘ that the wave 
function of the ground state of this molecule is 


(*11,| —v(J) @Iy| — 0.001372, |, (1) 


where vy is a numerical coefficient which depends on J 
and (*I1,|, (?11y|, and (*2,| are the wave functions in the 
pure Hund’s case (a). This mixed wave function could 
explain the result of hfs and Zeeman effect very well, 
and the origin of this mixing was also explained from the 
rotational and electronic properties of this molecule. 

Recently Dousmanis® tried to calculate the hfs 
coupling constants by using an explicit electronic wave 
function and he concluded that this molecule has 
35% N~Ot-type ionic structure and the odd electron 
(pr) has 2.5% s character. His calculation, however, is 
based on a simplified model, in which he took into 
account only one electron and neglected all the other 
contributions. This molecule, however, has a somewhat 
complicated electronic structure, and, as will be shown 
in this paper, cannot quite be expressed by a simplified 
model. 

In this paper it is shown that if one treats this many- 
electron system carefully, one can explain the magnetic 
hfs, the anomalous electric hfs, and the spin-orbit 
coupling constant in a consistent way, without intro- 
ducing ionic structure. It is interesting to observe that 
the dipole moment of this molecule is very small* 
(0.16-0.8 Debye unit), so that the contribution of the 


* Part of this work was done at Duke University, Durham, 
North Carolina. 

'C, A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953); 
Gallagher, Bedard, and Johnson, Phys. Rev. 93, 729 (1954) ; 103, 
1727 (1956). 

*M. Mizushima, Phys. Rev. 94, 569 (1954). 

* Mizushima, Cox, and Gordy, Phys. Rev. 98, 1034 (1955). 

*C, C, Lin and M. Mizushima, Phys. Rev. 100, 1726 (1955). 

*G. C. Dousmanis, Phys. Rev. 97, 967 (1955). 

* Watson, Rao, and Ramaswamy, Proc. Roy. Soc. (London) 
A143, 558 (1933-1934); C. P. Smyth and K. B. McAlpine, J. 
Chem. Phys. 1, 60 (1933). 


ionic structure is expected to be very small, if any, from 
this side too. An attempt is made to give an explanation 
of the “s character” of the magnetic hfs through the 
configuration interaction of the (1s)*(2s)(3s)(2p)* state 
of the N atom with the ground state (1s)*(2s)*(2p)* 
(Sec. V). 


II. HOMOPOLAR ELECTRONIC STATES OF 
THE NO MOLECULE 


The electronic structure of the NO molecule is, in the 
homopolar ground state, 


N[(1s)2(2s)*(2po) (2pm)?): 
O[(1s)?(2s)*(2po)(2pm)*], *Ty, 


and in the conventional model it is assumed that the 2po 
and one of the 2pm electrons in the N atom form bonds 
with the 2po and one of the 2pz electrons of the O atom, 
respectively. The other two 2pm electrons in the O atom 
saturate by themselves, and the remaining 2p7 electron 
of the N atom is the odd electron which is assumed to 
give rise to the entire hfs effect. This conventional 
model, however, is not quite correct. It is difficult, as 
will be shown, to assume such a simple bond scheme as 
described above, for there are many electrons in the 
outer shell of this molecule, and the contribution to the 
hfs is accordingly not so simple as to be confined to only 
one electron. 

Let us designate by (2pm), and (2pm)_, the orbitals 
with components of angular momentum 1 and —1, 
respectively, along the molecular axis; then it is quite 
easy to see that there are, at least, two kinds of con- 
figurations, namely 


NE: ++ (2pm):(2pm)_1J:O[- ++ (2pm) 2(2pr)_1J, (2) 


and 
N[- + (2pm).*]:O[- + -(2pm)_s*(2pm), J, (3) 


for the *II, state, where the unimportant part (1s)°(2s)*(2pe) 
is not written explicitly. If we take into account the spin 
part also, we shall obtain the following four independent 
states for the homopolar "II, structure of this molecule: 


, = | pyad_ sa Py_soe_18| /[120(1—A*) ]}!, (4) 
= | Sora rcyp_sap_,8| /(120(1— A?) }', (5) 
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3= | drag Hyrayroy_18| /[120'(1—A*)], (6) 
Dy= | b-day 1eqp ree 18| /[120(1—A*)}', (7) 


where ¢ is the 2pm orbital wave function of the N atom, 
while y is that of the O atom, and their subscripts give 
the values of the component of the orbital angular 
momentum along the molecular axis, a and # are the 
spin eigenfunctions, | | means the Slater determinant. 
and A is the overlap integral 


a= fou (8) 


The first three states (4), (5), and (6) come from the 
configuration (2), while the last one (7) corresponds to 
the configuration (3). 

The real wave function can be expressed as a linear 
combination of these four wave functions: 


P= XP +X. XgPs t+ xy, (9) 


where x1, %2, X3, and x, are numerical constants. 

Since the spin-orbit interaction is known to be small 
compared to the Coulomb interaction between electrons, 
we can assume it to be negligible in our Hamiltonian. In 
this case the total spin angular momentum is a good 
quantum number, and we can classify the wave. func- 
tions according to its value. Although a five-spin system 
can take many values of the total spin angular momen- 
tum, from 5/2 to 4, some of them are forbidden, if we 
confine ourselves to 2pm orbitals, owing to the Pauli 
principle. One observes that in our formulas (4)-(7), 
since the last two atomic wave functions always have the 
same orbital part to each other, their spins are always 
antiparallel, in other words, coupled to give zero re- 
sultant spin. Coupling the other three spins to give a 
definite spin value, we obtain one state with total spin 4 
and two states with total spin 4 from the configuration 
(2) and one state with total spin 4 from the configura- 
tion (3). To obtain their eigenfunction explicitly, one 
can use the fact that the rotation group and the 
permutation group are commutable and there is an one- 
to-one correspondence between the representations of 
these two groups in the case of a spin-} system. In the 
case of three electrons, the state of total spin } belongs 
to the totally symmetric representation of the permuta- 
tion group and the state of total spin 4 to the two- 
dimensional one. Thus it is quite easy to see, by 
permutating the first three spin functions, that the 
state of total spin } has the wave function 


b= [%,+,+ (1— A’), ]/[3(1—A”) }', S=4, (10) 


where the properties 


fea — A’, fea- fea.-o 


have been used, The other three doublet states should 


(11) 
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have coefficients which satisfy the relation 
(x;+ x2) (1— A*)!+4, 0, S }, (12) 


since they are orthogonal to the above quartet state. 


III. MAGNETIC HFS COUPLING CONSTANTS 


It was shown by Frosch and Foley’ that the 
Hamiltonian for the magnetic hfs can be expressed as 


H=>H,, (13) 
A ;= A dist BA -8.+-CJ Sis 
+4D{I Sy exp(2ig,)+/*s,* exp(— 2i¢;) ] 
+ EL (sil .+I-sie) exp(igs) 
+(sit1,+]*5,.) exp(—ig,s ], (14) 
where 
A 4 2g nb nb Vi, 
B,;= — grb Bl (3 cos’é;—1)/r? } 
+ (169r 3) gnB nB5(r:), 
C= 3g nB8 nB8(3 cos’®;—1)/r 2, 
D j= 3¢,8,8 sin’0;/r?, 
E,= 3g,8,8 sin0; cos0;/r'; 


(14a) 


/ is the angular momentum of the N nucleus; /; and s; 
are the angular momentum of the orbital and spin 
motion, respectively, of the ith electron; r;, 0;, and ¢, 
are the coordinates of the ith electron measured from 
the N nucleus and the molecular axis; g, is the g-factor 
of the N nucleus; and £, and # are the nuclear and Bohr 
magnetons, respectively. 

It can be seen that the above Hamiltonian reduces, 
when integrated over the electronic coordinates, to 


(H)=al ,L,+b1-S+cl,S, 
+4d(I-S-L*+1*S*L?), (15) 

where 

a= (e,|>0 Adisle4)/L., 6 

c= (e,|>> Casi, €4)/S,, 

d= (e,|>> Diss exp(2ig,) |e_)/S~; 


(e,| >) Bisi\e,)/S, 
(16) 


L and S are the total orbital and spin angular mo- 
mentum, respectively; (e,| and (e are the two 
electronic wave functions which are mirror images of 
each other and in terms of which the wave functions of 
two components of the A-type doublet can be expressed 
as [ (e,|+(e_| ]/v2 and [(e,| —(e_| ]/v2. The expres- 
sion for the hfs derived by the effective Hamiltonian 
(15) is well known.?4.%7 

By fitting the data for the "II, state’? and the "Il, 
state,* Dousmanis® obtained the following numerical 


7R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). See 
also references 2, 4, and 5. 

*R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950) ; 
Beringer, Rawson, and Henry, Phys. Rev. 94, 343 (1954). 
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Tasie I, Matrix elements of the magnetic hfs operators. 


[otAa=((OlA |0)+4*(N|A|N)—24(N|A|O))L,/(1—4%) 
[1° A@,= ((O|A|O)+4*(N|A|N)—28(N| A |0))L,/ (1-29) 
[ %*Aa,= (0 A\O)Ly 


[OP Ad.—2(N|A N) —(0|A/O)~24(N|A|O) 
A#(N|A|N)+24*(0|A|O))L,/(1—A*) 


f%:*A@,= (24(N|A|O) A*(N|A|N) 
-24*(0| A|O)+4*(O} A|O))L,/(1—A*) 


[%.*Ad,=0 n@=1,2 and 4. 
[:*Ade=( A*(N|A|N)+24*(N| A |O) 
M*(O|A|O)}L,/A—A*) 


[ @:* Ad = (4*(N|A|N)~2a*(N| AO) 
+A*(O| A|O))L,/(1—*) 


[:*C%) = (2(N|C|N) ~ (O|C|O)—2A(N|C|O) 
A*(N|C|N)+242(O0|C|O)).S,/(1—4*) 

[@:*C@,= ((O|C|O) —24(N|C|O) +4*(N|C{N)}S,/(1—") 

[0:*Co,= (0\C\O)S, 

[@°C%= ((0|C\O) -24(N|C|O)+42(N|C|N)}S,/(1—4%) 


A#(N|C|N)+24*(N/C/|O) 
A*(O|C|O)}S,/(1—4*) 


far D,= ( 
[.*C%=0 n=1,2and 4 


A*(N|C|N)+24*(N/C|O) 
At‘(O/C}O))S,/(1 


[arco 


24(N|C|O)+4?(N|C|N) 
+247(0|C|O) 


[asrCoe= ( 
at(O|C|0))S,/(1 


[:*De, = (A*(N|D|N) —2A*(N| D|O) 
tA(O| D|O))S"/(1 


[ @:*De, = ((O| D|O) —2A(N| D|O)+4*(O| DIO))S-/(1 
[,*D®, = (O|D|O)S 
[0° Db = (A*(N| D|N) ~24*(N| D|O) 

+A*(O| D|O))S~/(1— A*) 


{ @\*Db;- = (A(N|D|O) ~A*(N| D|N) 
4*(0| D|O)+A*(N|D O))S~/(1— A?) 


[,*D, = w=1,2and4. 


[ "De, = (—(N|D|N)+2a(N|D|O) 
A4*(O| D|O))S-/(1—A*) 


[ o*D%, = (A*(N|D|N) +4*(0|D]O) 
: - (4+%) (N|D|O))S~/(1—a2) 


A=}; C= Li Cisie, D= 2 Dise exp(2ig,). 


A die, 
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values: 
a= 84.4 Mc/sec, 


d=112.6 Mc/sec. 


The calculation of the matrix elements of the operators 
Ir A dis, >: Bisi, > CSis; and >: Disz- exp(2i¢,), 
which are defined in the formulas (14a), by means of the 
wave functions %,, &, ®;, and #, given by the formulas 
(4) to (7), was done, and the results are shown in 
Table I. In this table ®,~ is the wave function given by 
changing >», and WY» to d_» and ~_»’, respectively, and 
a to @ in the corresponding wave function #,. The 
matrix elements of >>; B,s; are not shown, since in this 
approximation, there being no contribution from the 
second term of B which contains 6(r,;), each matrix 
element of >>; B,s; is just proportional to the corre- 
sponding one of 5>;Cis;,. The relativistic term in B 
will be discussed in Sec. V. 

In Table I, (O| and (N| correspond to the atomic 
wave functions ¢; and y;. The integrals (N|A|N), 
(N|C|N), and (N|D|N) were calculated by Dousmanis® 
using the Hartree wave function and modifying the 
result. The other integrals are calculated here by the 
numerical integration using the Hartree wave func- 
tions. The results are shown in Table IT. 

If the wave function ® is given by the formula (9), we 
obtain the following numerical expression for the mag- 
netic hfs coupling constants: 


(4/2) gnBnB = 1.22x1?+-1.22x2?+-0.60x7 +45 01x? 
+ 1.30x1%2— 1.884444 1.8822%4, 
(¢/3) £nBnB= —18.98x"+-0.40x7+-0.692x3? +0.40%/ 
+0,782%%2—0.78x1%4—0.58x0%4, 
(d/3) gnB a8 =0.76x)?—0.10x2+-0.17%3?+-0.76x¢ 
— 1.28x1%2— 37.02% 4441.27 x0%4, 


b+c=—18.4 Mc/sec, 
Pm any 


It is seen that the italicized terms in the above 
formulas have by far the largest contribution to each 
quantity. Thus it may be better to neglect the other 
terms and thus simplify our calculation which is ex- 
pected to have an error of about 10% anyway. Under 
this approximation, we obtain 


se= 0.33, X1xX4= — 0.36, (19) 
that is, 
(20) 


%=0.62, x= —0.58. 


Using the formula (12) which is to hold in the S=4 
state, and the normalization formula with A= 0 (that is, 
xP +x + 437+ 47= 1), we obtain 


x= —0.51, (21a) 


(21b) 


X= —0.11, 
<43= —0.51. 


either 
or %*=-—0.11, 
If we use the relation 
3(a—d)=c¢, (22) 
* For the N atom, Brown, Bartlett, and Dunn, Phys. Rev. 44, 


297 (1933). For the O atom, D. R. Hartree and M. M. Black, 
Proc, Roy. Soc. (London) A139, 311 (1933). 
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which Dousmanis® used, we would get the value of 
(c/3)gn8n8 to be — 10.4 10" cm, but our formula (18) 
with the above parameters give —11.8X10* cm™. It 
should be noticed that the relation (22) does not hold in 
general, since, as we see from the formulas (16), a and c 
are diagonal matrix elements while d is a nondiagonal 
one. In fact, (22) is true only if x;=—2x4, and small 
terms of the order of A are neglected. 

From the experimental result shown in (17) and the 
above result, we obtain 


c=—99.4 Mc/sec, b=81.0 Mc/sec. (23) 


Combining these results, we obtain 


((169/3) gn8n86(r))=47.9 Mc/se (24) 


instead of Dousmanis’ value® of 39.9 Mc/sec. Our result 
gives the effective value of 5(r) to be 1.0210" cm™. 

It may be interesting to observe that Dousmanis’ 
model of the homopolar state, which takes into account 
only one odd electron, corresponds to a special case of 
x)= —2x4=1/V2, x2=x3=0 of our model. In this case, 
from Table I, one obtains 


fe Li Al, = (N{A | N)L,, 


fexicsuo=(NiclNys., (25) 


fe > Diss exp(2ig,)& = (N|D|N)S-, 


where we neglect nondiagonal terms. One notices that 
this is a very special case and there is no reason why 
such special values of the coefficients should be chosen. 
Besides, there are some difficulties in this model: First, 
the choice x)= —2,=1/V2, #.=x;=0 does not give a 
pure doublet state, as can be seen by comparing with 
the condition (12). Since the experiment shows that the 
ground state of this molecule is a nearly pure doublet 
state, the above choice is not acceptable. In the second 
place, his conclusion of 35%, ionic character seems to be 


Tase II, Numerical values of the integrals (in units of 10% cm™~*). 


(O|r-*|O) =0.60 (0.49*) 
(N|r-#|O) =0.90 
(N|r-4| N) = 22.5" 


(O} (3 cos*@—1)/r?|O) = 0.69 (0.74*) 
(N | (3 cos*¥@—1)/r?|O) = —0.15 
(N | (3 cos*9—1)/r?| N) = —9.0* 


(O| sin’6/r*|O) =0.17 (0.08*) 
(N | sin*9/r*|O) = 0.65 
(N | sin’6/r*| N) = 18.0 


A= (O|N) 0.203 


* Obtained by Dousmanis,* 
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TaBLe IIT. Observed and calculated values of the magnetic hfs 
coupling constants (in units of 10% cm~*). 


(a/2)gnBaB di gnBnof (4/3) gnBnB 
14.9 (~10.4)* 13. 
14.9 5.6 11 
14.9 11.8 13 


Observed 
Cale (Dousmanis) 
Calc (this paper) 


* Calculated by using the formula « 


too large if one observes that the experimental result for 
the dipole moment of this molecule is about 0.1 Debye 
unit. Since we could explain the data on the magnetic 
hfs without introducing any ionic structure, we may be 
able to say that the ionic character must be very small 
if any. Finally it will be shown in Sec. VI that the 
conventional model x)= —x%4=1/V2, x2=x3=0 does not 
give any anomalous electric quadrupole hfs eQq’. 

In Table ITI, our results and those of Dousmanis for 
the magnetic hfs coupling constants are compared with 
the experimental values. 


IV. SPIN-ORBIT COUPLING CONSTANT 


The spin-orbit coupling constant of the NO molecule 
is intimately related to its electronic structure, although 
there is no direct relation to the hfs itself. 

In the current theory the spin-orbit coupling is 
considered to be due to the relativistic correction term 


8= ; fsil, 


where 7 denotes the coordinates of the ith electron, and 


(26) 


C= (1/2m?c?)r dU /dr,, (27) 


with LU’ being the electromagnetic potential on the ith 
electron and r, being the distance from the center of the 
orbital to the electron." 

In the Russell-Saunders case, the effective spin-orbit 
coupling term is 


2Z8-L=Z{J(J+1)—S(S+1)—L(L+1)}, (28) 


and this coupling constant Z can be expressed by means 
of the average values of ¢,; in each atomic orbital, if the 
electronic configuration of that state is specified." 

In the case of the (2s)*(2p)', *P state of the oxygen 
atom, we obtain, by comparing the formula (28) with 
the experimental data,!* 


Z=715 cm", (29) 


Since, according to Condon and Shortley,"' 
Z=4(O\E\O) 


in this state, 


(O}f O)=150 em", (30) 


“FE. U. Condon and G. H, Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), p. 120 

' See pp. 198-199 of reference 10. 

2(C. FE. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. 5, Government Printing Office, 
Washington, D. C., 1949), 
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Tasie IV, Matrix elements of the spin-orbit coupling operator. 


[ :*30=((0 ¢/O)—24(N|¢/0)+4*(N|¢| N))AZ/(1—) 
{ 1" B= (2(N ¢|N) —(Ol¢|O) —2a(N{¢}0) 
A*(N|¢|N)+242(O|¢|0))Az/(1— 4%) 


[0° 30.=( 2(N|t¢|N) — (144%) (O/r/O) 
+4A4(N|¢|O)JAZ/(1— A?) 


[0° 30=((0 ¢|O) —24(N|¢|O)+47(N[¢|N))AZ/(1—A?) 


[o*30.= | -A*(N|¢|N)+24*(N|¢/O) 
O*(O}¢|O))AZ/(1— 4?) 
[%,*30,=0 n=1,2,and4 


[ "B= (24(N (|O)—A*(N|¢| N) 
A*(2— 4?) (O|¢|O))AZ/(1 — A?) 


[4° 3.= (A*(N ¢|N) ~24*(N/|¢|O)+4*(O/¢/0))Az/(1—A?) 


B= Zi foal. 


where (O| means the 29 orbital of the oxygen atom in its 
ground state. 

In the case of the nitrogen atom we have to adopt a 
more awkward procedure to obtain (N | ¢| N), because in 
the ground state configuration (2s)?(2p)* the coupling 
constant Z is zero according to the theory and is indeed 
very small. One way of estimating the above value is 
to extrapolate it from the values in (2s)*(2p)?(3s), 
(2s)?(2p)*(As), states. From the analysis of the 
experimental data, we obtain 

(NIf)N)=79 em" in (2s)*(2p)*(5s), ?P 
(2s)?(2p)?(4s), *P 
(2s)*(2p)?(3s), ?P. 


85cm" in 


92cm" in 
The extrapolation gives, for the ground state, 
(N{¢)N)=100 cm”. 


The matrix elements of the spin-orbit coupling operator 
>. tel, for the molecule can be obtained without 
much difficulty if we know the electronic wave functions. 
The results are shown in Table IV. 

Neglecting the overlap integral A again, we obtain 
from the wave function (9), the following expression for 
the molecular spin-orbit coupling constant D (which 
appears in the Hamiltonian as DA-S)’: 
D=2(N/|¢|N)(x2?— x") 

+ (O}¢|O) (xP — x2 —x9+2x,’). 
Inserting the values of (N|¢|N) and (O|¢|O) obtained 
in (30) and (32), we find that the sets of values of 
x,°*+x4 obtained in (22), (23a), and (23b) give 
D=112cm™" if 2=0.62, x.=—0.51, 
xX3> —O.11, 
—(0.11, 
z= — (0,58, 


(32) 


(33) 


xy=—0.58. (34a) 


' if xy = (0.62, Xe 
x= —0.51, 


12 cm 


(34b) 
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Since the experimental value of D is 124 cm™, we see 
that the former set (22) and (23a) gives good agreement 
between theoretical and experimental values, while the 
other set must be rejected. 

It is interesting to see that in this case also it is not 
necessary to take any ionic structure into consideration.” 


V. “s CHARACTER” IN THE MAGNETIC HFS 
OF THE NO MOLECULE 


It was found in the first paper of this series* that the 
ratio of the observed magnetic hfs constants a/b is 0.6, 
while if the orbital of the odd electron under considera- 
tion is a pure p orbital this ratio should be 0.5. The 
discrepancy is mainly due to the “s character” of the 
orbital, as Dousmanis pointed out. If the Fermi term 
> :(169/3)¢,8,86(r;)8;-1, which is contained in our 
operator B of formula (14a), has a finite contribution 
(which happens only when an s orbital is included in 
some way) of about 39.9 Mc/sec, the discrepancy will 
disappear. 

This so-called ‘‘s character,” however, must not be 
due to the simple hybridization of s and p orbitals since 
the pr orbital has an entirely different symmetry than s 
under the molecular field, which is cylindrically sym- 
metric, so that it is impossible to simply combine these 
two wave functions. The more plausible way to inter- 
pret this “s character” is through the configuration 
interaction of the (2s)*(2po)(2pmr)? state with the 
(2s)(3s)(2pa)(2pm)* state of the nitrogen atom. 

An effect of this kind was first calculated by Fermi 
and Segré' for the Tl atom, where the mixing of the 
(6s)(6p)(7s) state with the ground state (6s)?(6p) was 
found to be important. Recently Koster'® made the 
same kind of calculation for the Ga atom, considering 
the (4s) (5s) (4p) state with the (4s)?(4p) state. Abragam, 
Horowitz, and Pryce'® have also calculated the con- 
figuration interaction on the iron-group ions. Although 
the first two papers succeeded in explaining the experi- 
mental results, the last authors could obtain only about 
one tenth of the value required by the experiments. 

Our idea can be explained in the following simplified 
way: There are two possible states in the (2s)(3s) 
configuration, that is, (2sa)(3s8) and (2s8)(3sa). [The 
other states like (2sa)(3sa) cannot be combined with the 
ground state (2sa)(2s8).| Since the 2s and 3s orbitals 
have different values at the point of the nucleus, each of 
these states has a finite Fermi term, and the contribu- 
tion of the (2sa)(3s8) and (2s8)(3sa) states have the 
same magnitude but different sign. Thus, if the amount 
of mixing of these states to the ground state is the 


"Townes et al. calculated the spin-orbit coupling constant 
assuming a one-electron model with considerable amount of ionic 
structure: Townes, Dousmanis, White, and Schwarz, Discussions 
Faraday Soc. 19, 56 (1955). 

4 E. Fermi and E. Segré, Mem. reale. accad. Italia, Classe sci. 
fis., mat. e nat. 4, 131 (1933). 

1G. F. Koster, Phys. Rev. 86, 148 (1952). 

‘© Abragam, Horowitz, and Pryce, Proc. Roy. Soc. (London) 
230, 169 (1955). 
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same, the contribution to the Fermi term will cancel 
each other and again gives no “‘s-character.”’ However, if 
there is an odd spin in the pr-orbitals this is not the 
case, because the exchange energy between 3s, 2s and 
this odd-spin orbital should be different for these two 
possible states; in other words, the (2sa)(3s8) and 
(258) (3sa) states are not equivalent to each other in our 
case where there exist an unpaired spin in the pr- 
orbitals; thus there is the possibility that the Fermi 
term has a finite contribution.'” 

Corresponding to the four wave functions for the 
ground state, we obtain eight wave functions for the 
excited states we are considering. They are 


PD,’ = | hops, Soiad_ sop Py_sap_18 | /(7!)4, 


D2 = | ho cps.8b Bp_ rcp oe en _ 8 | 
P;' = | hr,a;,Bdiap— Py ep roy_8 
D4! = | hrc s.8b—1Bp— 10 ycap cap 8 | / 


” 
?, = | 
®,"= 
2 

” 
?; = 
” 
o,'= 


PrPpseah sap cap Py sonp_1f | 
| Pods ahi Sep_ronp cap anf 18 | 
PrBbscap iad PY cap yop 18 
| PrBhs cap 1Bb— cap yonp apf | 
where the effect of overlapping is neglected. 

If we define, in this section, that ), ---®, mean the 
Slater determinants of order seven, which include 
2, and ¢»,8 as well as the other five mw orbitals which 
appeared in the old definition given by the formulas (5) 
to (8), the real wave function can be expressed as 


(35b) 


(7!)4, 


P= xD, + Lot xghyt xt 11/9) + 2'h,' 
5B sy) xg By 01D" + 09", 
+ x9 Oy +4,'b,’. 
The average value of the Fermi term 
DY (1697/3) ¢n8.86(r,)8,°1 
will now be 
(32m/3) gnBuBL {x1 (21'’— 2x1’) +-202(x2" — x2’) 
+-x3(x5/’ — x9/) + 4( x4’ — x4') }h2,(0) bs, (0) 
(404! 09! 04/9 + 074!"? — "2— x" 
X (b2."(0) —o3.7(0)) |S- 1. 


—x3?— x,"”) 


Thus, if ®’-type states have a different contribution 
from that of %’’-type states, there will appear a finite 
“s character” in the magnetic hfs. 

It can be found that, if H is the Hamiltonian of our 
electron system 

17 The *Z, state, in which one of the px electrons is excited to the 
po orbital, can also contribute to this ‘“s-character” of the mag 
netic hfs. The extent of the mixture of this state to the ground 
state is calculated from the Zeeman effect,’ and the result shows 
that the contribution from this state is too small to explain our 
“s character.” 


OF 


NO MOLECULE 1267 


fevney = Ey - for 1)yi*( 2 1)d2,(2) Ti2, 


,*H®,'= Ey’ =~ f du.*(1) 1% 2)64(1)o04(2)/r 


fo otal Bs ~2 fdu(1)0*(2)on( 102) ria, (36) 


Ky’ foe 1)bi*(2)bi(1)bae(2)/rie 


fecne,” 


— f du.*(1vs*2Wa(1)oe(2) ri, 
n=2, 3, 4, 


fou (t)ou" 2)oa(1)6n02) r\o 
+3 fds" 1s" 2) (1) 6402) ri. 
bf #5.*(1)os*(2)60(t) (2) \2 


+ fort @ou(tv2) Th 


+ €ta:2ay 


Ey - 2 f dut(t)os* 2) 1 )ae(2)/ris 


foveney 
. foeQvnr Qn(dou(2) ‘Tio, 
‘fauna! 2 Ey" — J oss0(t)ou*(2)60(1)26(2) ‘Ti 


on (1) 64" 2)4u(1)bu(2)/r 


vas fose2(tyvs2(2)¥(1)6u(2)/r, 


n=2, 3,4, 


f ,'"*H4,"' = ky! —2 f bra (1)41*(2)1(1)b20(2)/ri2 


~ f ut(t)¥s® Qa(1)ou02)/r (37) 
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f ©,!*H®,! = By! f as (1)41*(2)1(1)202)/r12 
~ f ¢5.9(1)6:%(2)64(1)4u(2)/r 


et vat Qyva(1)bu(2)/r, 


n=2, 3,4, 


f 2."(1)[3."(2) —2,7(2) J/ris 

+ sf 62(Lou202) ~po."(2) |/rie 
bf 5.*(1)os*(2)61(1)ou(2), rie 

{ bf 65.°(1)6.*(2)o(1) 402) a 

t+ f ¥80) (4412) ~o02(2)}/r 
2 f 5.*(1)6s*(2)60(1) (2) r12 


foes Qva(t)ou(2) rio 


+ €3a ~~ €24- 


In Eo’ and Ey”, € is the interaction between the outer 
shell electron and the core which includes the nuclei, the 
1s-shell of the N atom, the 2po and 1s shell of the O 
atom. Since the 2po electron of the N atom can have 
either a or #8 spin, the terms which contain this electron 
are averaged over these two possible states. All the 
other matrix elements are small and can be neglected. 

Although it can be easily seen from these formulas 
that x’ and x” are not the same, the numerical calcula- 
tion of these coefficients is somewhat difficult. A rough 
estimation can be done in the following way. 

For @ we shall use Slater’s wave function; thus, 


Do. (6° 3m) re or 
P41 


: (38) 
(6°/2m)'e~*’r sinbe*'?, 


The value of 6, however, is different in the (2s)*(2p)* and 
(2s)(3s)(2p)* states; if we use Slater’s scheme, in the 
former case 6 is 1.95 while in the latter case it should be 
2.125. Since our calculation cannot be accurate anyway, 
it is better to use 6= 2.00 in all cases and avoid com- 
plication, Slater’s $s, is not orthogonal to the above ¢:,, 
and this is not desirable since nondiagonal matrix 
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elements are very important in our calculation. One can 
see that if one puts 
b3s= — 1.0514.’ +-0.32362,, (39) 
where @;,’ is the original Slater wave function, 
as! = (26"/45mr)'e*rr?, 5 =0.80, 
then 3, is orthogonal to the above ¢z,. 
With the above wave functions, we obtain 


0°) b"(2)a(1)bae(2)/r 
= "(1 6s*(2)os(1)4u(2)/rin=0.06, 
(40) 


forarerayeni )ba.(2)/ri2=0.02, 


€26:38> [ e-sbu(—5/r) = —0,.69 a.u. 


If we neglect those integrals which contain y, we obtain 


focus = —(),46, fone” = —(),50, 


fern.’ ferns.” —().48 a.u., 


n=2, 3, 4. 


The diagonal matrix elements (36) are all roughly 
estimated in the same way to be about 1.5 a.u. Using the 
perturbation theory, we obtain 


"= 0.32x2, 
n=2, 3, 4: 


xy'=0.30x;, x1''=0.33x;, %,_'=Xn 


(42) 


thus, from the formula (35), we obtain 


* >: 5(r,)8 = {0.0662,(O)b5.(0) 


+0.01[2.?(0) —o3.7(0) J}a’S. (43) 


The conventional formula'* 
¢?(0) = Z8?/mas?, (44) 
where dy is the Bohr radius and Z is the atomic number, 


gives, with Slater’s 6, 


and ¢3,"(0) = 14.4 10% cm™. 


(45) 


¢2,°(0) = 30K 10% cm 


'*H. Kopfermann, Kernmomenta (Akademische Verlagsgesell 
schaft, Leipzig, 1940), p. 20. 
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Thus, with the value of x; given in (22), we find 


f * Y, 5(r;)8@= (0.50K10% cm)S. (46) 


According to our result in Sec. III, the effective ¢?(0) 
required to explain the experimental data is 1.02 10" 
cm™, which is not far from the above theoretical value. 
Although our estimation is rough, this result shows that 
the above idea can explain at least the major part of the 
experimental result. 


VI. ELECTRIC QUADRUPOLE HFS 


The two coupling constants of the electric quadrupole 
his, eOg and eQq’, are obtained from the microwave 
spectra of the NO molecule.2* The former quantity, 
eQq, is the usual one, that is, the average value of 
eO > (3 cos*#;—1)/r?, where the definition of 6; and 7; 
is the same as before. The latter coupling constant, 
eQq’, is a new quantity which is defined as 


eou'= «0 f wet)" LX. Di’ exp(2igi)’ (My), (47) 


Dj =3e sin’0;/r?=eD/ 28,8, (47a) 


where, as defined before, @~ is the electronic wave 
function which is obtained from the corresponding ® by 
changing the sign of the components of all the orbital 
and spin angular momenta along the molecular axis, and 
D is given by (14a). 

The wave function ®(*I],) is obtained by just ex- 
changing a and £ in the wave function ®(7II,). It can be 


TABLE V. Matrix elements of the electric quadrupole hfs operator.* 


farD'e, = {(O| D’|\O) —24(N|D’|O)+42(N|D’|N)}/(1—42) 


[@:*D’4_- = (a(N|D’|N) ~2a*(N| D’\O) 
+ A*(O|D’|O)}/(1— 42) 
[oD =O 


fred = [o:*D'e, 


[order = (A(N|D’|O) (14+?) —A*{ (N|D’|N) 
; + (O|D’\O)}}/(1— a2) 
A?#(O| D’|O))}/(1— *)# 


{@:*D’@,-=(4(N|D'\0) 


‘fore = [%*D 


[o.*D’e, = {(O|D’|O)—A(N|D’|O))/(1— a)! 


[oD = ((N|D’|N)—24(N|D’|O) +4*(O| D’|O))/(1— 


=({—(N|D’|N)+4(N|D’|O))/(1—494 
D! = 2; Di! exp(2igs), Di’ =3e sin®;/r/. 


foeD'e 


* In these formulas, either @ is the wave function of *1y and @ is that of 
31ly, or vice versa. 
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seen that the coefficients x1: + +24 for the “IT, state are the 
same as those of the *II, state. 

The matrix elements of the electric quadrupole 
coupling operator g’, determined by means of the fore- 
going defined wave function, are given in Table V. From 
this table we see that our gq’ is given approximately by 


q’ = 2(x2— X3)x4(N by N), (48) 


where smaller terms are neglected. Using the numerical 
value of x’s and the matrix elements of D’ given by (19) 
and Table II, we obtain 


q’ = 12.2 10" cgs esu. (49) 


Comparing our result with the formula (25) of the 
second paper of this series,‘ we find the effective number 
of the odd electron to be 2(x%2— x )a4, which is 0.46. 

From this value of q’ and the observed value of [eQq’ 
Eq. (23) of the second paper*], we find 


QO=0.03K10™ cm’, (50) 


which lies between the value proposed by ‘Townes and 
Dailey” and that proposed by Sheridan and Gordy.” 
One can show theoretically that 

(51) 


eO(N D’'|\N)=3 (eVq per p electron). 


If we use the experimental value of eQq’ and the 
theoretical effective number of odd electrons obtained 
above, we thus find 


eQq per p-electron=16 Mc/sec. (52) 
This value lies between the two values proposed by 
Townes and Dailey’ which are 24 and 10 Mc/sec. 

It is interesting to observe here that the conventional 
model, which assumes x,=x;=0, gives a negligible 
theoretical value of g’ according to our formula (48). 

The normal electronic hfs coupling constant eQq is 


observed to bet 


eOqg= —1.7 Mc/sec. (53) 


In this case all the p electrons should be taken into 
account. Since we have two pm electons and one po 
electron in the N atom in our theory, the theoretical 
value of eOq would be zero if the po orbital of the N 
atom is not hybridized with the 2s orbital, and positive 
if it is hybridized with the 2s orbital. However, the 3s 
orbital should not be neglected, as is evident from the 
discussion in the Sec. V. The observed value —1.7 
Mc/sec will be explained if the o bond has about 10% 
3s-character. 


VII. A-TYPE DOUBLET 


According to the conventional theory, the A-type 
doubling comes from the perturbation term —2BJ-L, 


“C,H. Townes and B 
(1949). 
*” J. Sheridan and W. Gordy, Phys. Rev. 79, 513 (1950), 


P. Dailey, J. Chem. Phys. 17, 782 
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where B is the rotation constant.” The matrix element 


of this term in the c and d states of the doublet is given 
by 


J taal*]@s1(—285-1) 
i f (os @~|*|@,|?(—2BJ-L) 


} 2b [are,*)-10 , 
~28 f 0*0,*I-100, (54) 


where the upper sign is for the c state and the lower one 
for the d state, according to our definition in the first 
paper of this series.” The doublet separation is thus 


™ J. H. Van Vieck, Revs. Modern Phys. 23, 213 (1951); Phys 
Rev. 33, 467 (1929). 
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given by 


av=4B [ 0°0,*3-Le ©, 


= —0,010B f (?11,)*0,*3-L&-(?2,)0, 


=(),0070B(J+4), 


where we have used our formula (1). 
Since? 
B=5.0X10* Mc/sec, 
we have 
Av=350 Mc/sec for 
=700 Mc/sec for 


Ju} 
J=}. 


Thus in the J = 4—} transition the frequencies of the c 
and d bands, after subtracting the hfs effect, should 
differ by 350 Mc/sec. The experimental data gives 356 
Mc/sec for this difference. Thus we see that our theory 
explains the A-type doubling also. 
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870-kev Level in O'’t+ 


F. S. Mozer anv F. B. HaGEporNn 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received November 14, 1956) 


The O'(d,p)O""* reaction has been studied at an incident deuteron energy of 999.0 kev and a laboratory 
scattering angle of 135° to investigate the possible existence of a doublet level in O'’ near 870 kev. No 
evidence of such a doublet was observed. By accurate determination of target surface contaimination and 
instrument calibration constants, the 0 value for this reaction was measured to be 1049.04 2.2 kev. 


DETERMINATION of the Q value for O'*- 

(d,p)O'"* (870 kev) has been reported,’ in which 
the energy spectrum of protons produced at 135° in the 
laboratory system by 998-kev deuterons incident on 
the oxygen contamination surface layer of a nitrogen 
target exhibited a doublet structure with an energy 
separation of about 11 kev. To test whether this doublet 
structure actually represents two levels in O" (or a 
fluctuation of oxygen density in the surface layer of the 
nitrogen target) and to remeasure the Q value for 
('*(d,p)O'""*, a study of the protons resulting from 
deuteron bombardment of O'* has been made. 

A 1.7-kev (to 2-Mev deuterons) oxygen target was 
prepared by collecting 15-kev molecular oxygen (mass 
32) ions in a clean beryllium plate.? The momentum 

t Supported in part by the joint program of the Office of Naval 
Researc K and the U. §. Atomic Energy Commission. 

! Douglas, Broer, Chiba, Herring, and Silverstein, Phys. Rev 
104, 1059 (1956). We are grateful to Dr. Douglas for a pre- 
publication copy of this paper and for additional correspondence 
on this subject 


?F, B. Hagedorn, Phys. Rev. 100, 1793(A) (1955). 


profile of deuterons elastically scattered from this 
oxygen target (Fig. 1) indicates that the O'* density as 
a function of depth was roughly triangular, and that the 
depth beneath the target surface at which the first O'* 
atoms appeared was 1.1 kev (to 2-Mev deuterons). 
This thickness was made up of surface contamination 
layers and perhaps some surface beryllium in which 
there was no O'*, The O'*(d,d) momentum spectrum 
was run both before and after measuring the O'*(d,p)O'"* 
reaction in order to determine the amount of contamina- 
tion laid down during the experiment. 

The momentum analysis of protons produced at 
135° by 999.0-kev deuterons on the thin O'* target is 
illustrated in Fig. 2. By attempting to reproduce the 
observed momentum profile by superposition of two 
particle groups of different momenta, it is concluded 
that no second group of particles exists with intensity 
greater than 10% of the main group at a separation 
energy of more than 6 kev from the main group. If this 
separation energy is as much as 10 kev, the intensity 
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Fic. 1. Momentum profile of deuterons elastically scattered from 
O" at 6(lab) = 135° for 999.0-kev incident deuterons, 


of the second group must be less than 3% of that of the 
main group. 

The O"* target thickness, which is a required quantity 
in the Q value calculations, was determined from the 
half-widths of the O'%(d,d) and O'*(d,p) momentum 
groups and the assumption that the square of each half- 
width is the sum of the squares of the resolution width 
and the target thickness. This assumption also yielded 
a momentum resolution for the outgoing-particle mag- 
netic analyzer of P/AP= 428, in good agreement with 
that measured at other times by various other methods. 
The outgoing-particle magnetic spectrometer was cali- 
brated from the momentum of deuterons and protons 
elastically scattered by silicon. The incident particle 
electrostatic analyzer was calibrated at the 873-kev* 


3 The resonant energy 873.5 kev has been used in establishing 
an energy scale, in agreement with the work of Herb, Snowden, 
and Sala, Phys. Rev. 75, 246 (1949). Other measured values of 
this energy are: 872.54+1.8 kev, K. F. Famularo and G. C. 
Philips, Phys. Rev. 91, 1195 (1953); 871.24+0.4 kev, F. Bumiller 
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Fic, 2, Momentum profile of protons produced in the O'(d,p)O!"* 
reaction at @(lab) = 135° by 999.0-kev incident deuterons 


resonance in F'* (pry). From these apparatus calibra 
tions and measurements of target thickness, surface 
layer contamination, and the proton momentum spec- 
trum of Fig. 2, the Q value of O'*(d,p)O'™* was calcu- 
lated to be 1049,04-2.2 kev. This agrees with the value 
1048+2 kev assigned for one of the doublet levels 
reported in reference 1. The 2.2-kev uncertainty in 
Q arises mainly from the 1.4-kev uncertainty in the 
emergent particle energy that results from the assump- 
tions that the target thickness and momentum resolu- 
tion windows are Gaussian or triangular in shape. 
Further errors result from the one part in 1000 un- 
certainty in calibration constants as well as the 0.3-kev 
uncertainty in the thickness of the surface beryllium 
and contamination layers. 


and H. H. Staub, Helv. Phys. Acta 28, 355 (1955) ; 874.540.9 kev, 
S. E. Hunt and K. Firth, Phys. Rev. 99, 786 (1955) 
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Energy Levels in Ga*’ from the Decay of Ge**t 


Rupt H. Nusspaum® anp Sitar K. Surit 
Physics Department, Indiana University, Bloomington, Indiana 
(Received November 13, 1956) 


Using beta- and gamma-scintillation spectrometers for y-y and 6-y coincidence experiments, the decay of 
Ge® (40 hr) has been reinvestigated. The main positron branch (1.22 Mev; 93%) proceeds directly to the 
ground state of Ga®, Probably nine higher levels are mainly excited by electron capture transitions. From 
coincidence relations a tentative decay scheme is proposed. The half-life was found to be 40.4+0.3 hr. 


INTRODUCTION 


UDDLESTON and Smith! investigated the radia- 

tion of Ge® with a magnetic lens spectrometer. 
From their energy and intensity measurements of the 
rays and the analysis of the complex positron spectrum, 
they proposed a tentative decay scheme. The main 
feature of their scheme, which seemed to be supported 
by 8-y coincidence measurements, using Geiger counters, 
is that the hardest and most intense positron branch 
(1.22 Mev maximum energy) leads to a 1.12-Mev first 
excited level in Ga™. As pointed out by King,’ the 
resulting total disintegration energy of Ge™ deviates 1.1 
Mev from the value predicted from B-decay systematics. 
Moreover the absence of a positron transition between 
the ground states would be hard to interpret within the 
frame of the nuclear shell model. A reinvestigation of 
this decay was therefore desirable. 


EXPERIMENTAL TECHNIQUES 


Ge™ was obtained from bombardment of gallium 
oxide with the 11-Mev external deuteron beam in the 
Indiana University cyclotron. Germanium was chemi- 
cally separated from the target material.' The only 
other activity present in our sources was Ge” (11-day), 
which decays by electron capture only, and which did 
not interfere with our measurements. The half-life of 
our samples was always followed over six to seven 
periods with a Geiger counter, shielded with a thin lead 
absorber to cut out the x-rays from Ge”. We found a 
single half-life of 40.44-0.3 hr from six runs. 

Cylindrical Nal-crystals (1 in.X1 in.) mounted on 
DuMont 6292 photomultipliers were used for y detec- 
tors, while positrons could be measured by a 2X 2 2 cm 
anthracene crystal mounted on the same type of mullti- 
pliers. Two single-channel pulse-height analyzers were 
used in connection with a conventional fast-slow coinci- 
dence circuit (2r;=0.16 usec). For coincidence meas 
urements the crystals were always used under 90° and 
with antiscattering lead shielding between them. Rela- 


t Supported by the joint program of the Office of Naval Re 
search and the U.S. Atomic Energy Commission. 

* Present address; CERN Laboratory, Case postale 25, Genéve, 
Aéroport, Switzerland ee 

t Present address: Physics Department, University of Ken 
tucky, Lexington, Kentucky. 

1C. M. Huddleston and A, B. Smith, Phys. Rev. 84, 289 (1951). 

2 R. W. King, Revs. Modern Phys. 26, 327 (1954). 


tive photopeak efficiencies for y rays in the Nal crystals 
were determined experimentally by the method of 
Astrom, Wapstra, Thulin, and Bergstrém.’ 


SINGLE-CRYSTAL RESULTS 
A. y Spectrum 


A typical 7 spectrum is given in Fig. 1, curve a. The 
high-energy lines have been checked in the usual way 
and were found to be due to real y rays rather than 
summation peaks. In order to reduce the strong contri- 
bution of the annihilation radiation, the same spectrum 
was also measured with two lead collimators between 
source and crystal. In this experiment a relatively thin 
source was used, deposited on a Mylar film, in order to 
reduce annihilation at the source. The geometry in this 
run is shown in the insert of Fig. 1. Curve b of Fig. 1 
shows the results. A 0.576-Mev vy ray appears clearly 
and there is also an indication for a weak 0.32-Mev 
y ray. 

The energies and intensities of the y rays found in the 
single runs are given in the first and second column in 
Table I. The errors quoted in the energies are maximum 
errors taking into account the limited resolution (11 
13%, for the Cs"? 0.663-Mev line) and the erratic gain 
shifts in the photomultipliers during the runs. The 
relative intensities were determined from several runs 
by an analysis as shown in Fig. 1 for the collimated data. 
Standard single-line shapes of approximately the same 
energy were measured in the same geometry and were 


TABLE I. Gamma rays in the decay of Ge™. 


Singles Coincidences 


Energy (Mev) Intensity Energy (Mev) 
1.12+0.03 
0.90-4+-0.08 
0.884-0.05 
0.80+-0.08 
0.634+0.05 

0.57640.010 

0.323+0.010 
0.30+0.01 
0.24+0.02 
0.20+0.02 

0.190+-0.008 


2.00+0.05 1.0+0.5 
1.89+-0.05 1.0+0.5 
(1.73) <1 
1.5340.04 1.0+0.5 
1.34+0.02 10+2 
1.12+0.01 70+ 10 
0.88+0.02 3446 
(0.80) <10 
0.576+0.008 3745 
y* (0.511) 100 
0.32+0.01 ~§ 


+ Astrom, W apstra, Thulin, and Bergstrém, Arkiv Fysik 7, 247 
(1953). 
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Fic, 1. Gamma-ray spec- 
trum taken with a 1 in,x1 
in. Nal crystal scintillation 
spectrometer. Curve (a) is 
taken with the source 1.5 
cm above the crystal. Curve 
(b) is the same spectrum 
taken with the source 9 cm 
from the crystal and with 
an anti-annihilation radia 
tion collimator inserted (see 
inserted figure). 
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used to subtract the contribution of the Compton 
spectra. The errors quoted for the relative intensities in 
Table I reflect the uncertainties in this analysis which 
can partly be explained by the presence of additional 
weak and unresolved ¥ rays. 


B. 3 Spectrum 


The 8 spectrum was measured with a 2X22 cm 
anthracene crystal. We found a maximum energy of 
1.22+0.03 Mev (~95%) and a second branch of 
0.62+0.05 Mev (~5%) in good agreement with the 
magnetic lens spectrometer data.’ 


COINCIDENCE RESULTS 
A. Gamma-Gamma Coincidences 


Gamma-gamma coincidences were measured by using 
both single-channel pulse-height analyzers, one channel 
accepting all or part of the photopeak of a selected ¥ ray, 
while the other channel scanned the spectrum in 
coincidence with this line. Owing to the very low in- 


30 40 


PULSE HEIGHT 


tensity of most of the y rays, a rather wide window had 
to be employed in many experiments in order to obtain a 
significant counting rate. Therefore the absolute energy 
calibration for those coincident transitions which could 
not be resolved in the single y-ray spectrum was 
relatively poor. Small but reproducible energy shifts 
were found when certain y rays were measured in 
coincidence alternatively with different partners. It was 
concluded that some of the weak lines are double in the 
y-ray spectrum. Most probably they originate from 
transitions between different pairs of levels with ap- 
proximately equal energy distance. From the analysis 
of more than fifty different runs involving all of the y 
rays listed in Table I under various conditions of 
window settings and gain control, the information 
summarized in the decay scheme Fig. 4 could be ob- 
tained. The probability of the presence of a great 
number of double transitions in the spectrum does in 
many cases not allow an unambiguous interpretation as 
to the position of the weak lines in the level schemes. 
This uncertainty is reflected in the given tentative 
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Fic. 2(A). Gamma-gamma coincidences with the fixed channel 
set over 0.158-0.210 Mey region (crosses curve a), and similar 
with the fixed channel set over 0.086-0.135 Mev region (dashes). 
The dashed curve (6) represents the shape of the corresponding 
singles spectrum aed by the sliding channel. (B). The same 
with the fixed channel accepting the region 0.280-0.350 Mev 
(crosses, curve a) and the region 0.220-0.280 Mev (dashes). The 
shape of the singles spectrum is represented by the dashed curve 
(b). The intensity scale is arbitrary between the different data. 


scheme (Fig. 4) by dotted arrows. Coincidences which 
are felt to be well established are marked by dots, 
following the code adopted in the Nuclear Data card 
system, Every coincidence relation was checked at least 
twice in the following way: 

If some part of the spectrum appeared to be in 
coincidence with a selected y ray, the same energy 
region was also measured with the fixed channel moved 
off the photopeak of the selected y ray in order to 
determine the contribution from underlying Compton 
distributions of higher energy lines. Then each y ray, 
yielding true coincidences with the selected y ray after 
subtraction of the accidental and Compton-background 
coincidences, was now accepted in the fixed channel and 
the reverse coincidence relation with the previously 
selected y ray was checked in the sliding channel. In 
this way, taking relative intensities into account too, a 
consistent, though not unambiguous decay scheme 
could be constructed (Fig. 4). 

Two typical coincidence results are shown in Figs. 2 
and 3. In Fig. 2(A) the fixed channel accepted either the 
energy region 0.157-0.210 Mev (a) or the region from 
0.086-0.135 Mev (6), while the sliding channel scanned 
the region from 0,100-0.400 Mev. The crosses indicate 
the true coincidence rate with a 0.190-Mev y ray (a), 
while the dashes give the true coincidences in the off- 
peak position. The dashed curve (5) represents the 
corresponding shape of the singles spectrum. From the 
width of the resulting 0.324-Mev photopeak it was 
indicated that more than one pair of lines might 
contribute to the coincidences. This was checked in 
subsequent runs accepting different parts of the spec- 
trum. In Fig. 2(B) the fixed channel accepted either the 
energy interval 0.280-0.350 Mev (a) or the region 
0.220-0.280 Mev (6). The reverse relation, 0.324 Mev in 
coincidence with 0.190 Mev, is clearly demonstrated. 


AND S&S. K. SURI 

The notation is the same as in Fig. 2(A). The intensity 
scales are arbitrary in these curves so that only the 
shape of the curves, not their relative position, has any 
meaning. 

A similar typical curve for the 0.878-0.240 Mev y-ray 
cascade is shown in Fig. 3. In Fig. 3(a) the fixed channel 
accepted the 0.878-Mev 7 ray while in Fig. 3(b) it was 
placed over the 0.240-Mev line. In this case background 
coincidences were negligible. The dashed curves repre- 
sent again the shape of the singles spectra. 

For relative intensity determinations from coinci- 
dence relations an estimate has been made for the 
contribution of the selected y ray to the total number of 
counts in the fixed channel. This estimate NV; can be 
obtained from the analysis of the singles spectrum. 
With the known intrinsic photopeak efficiency (from 
calibrated relative efficiencies as a function of energy 
and the assumption of ~95% intrinsic efficiency for the 
Ba K x-ray from Cs"*’) the relative intensity of a y ray 
72 in coincidence with 7; can be computed from: 

Y2 N. 
v1 NuXwXer 


where y2/7:=fraction of y; in coincidence with yz (if y1 
occurs doubly or if it has a competing coincidence 
partner in addition to 72); N1.=counting rate in fixed 
channel due to y; only; N,=number of true coinci- 
dences, corrected for random and background contribu- 
tions; w=estimated solid angle for crystal on sliding 
channel side, and ¢€.=intrinsic photopeak efficiency 
for ¥2- 

Most of the upper limits on intensities in Fig. 4 were 
determined with the help of the above-mentioned rela- 
tion. Owing to the complex nature of the y-ray spec- 
trum, however, it is felt that for the weak lines in the 
spectrum the meaning of the quoted intensities is rather 
that of an order of magnitude. 











Fic. 3. Gamma-gamma coincidences with fixed channel set over 
the 0.878 Mev (crosses, a) and over the 0.240 Mev (crosses, b) 
photopeaks respectively. The dashes represent the off-peak back 
ground coincidences while the dashed curves give the shape of the 
singles spectrum. 
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B. Beta-Gamma Coincidences 


As mentioned in the introduction, one of the major 
problems to investigate in the decay scheme of Ge™ was 
the position of the main positron group (1.22 Mev). We 
searched carefully for real coincidences between the 
1.12-Mev y ray and positrons or annihilation radiation. 
The result of the y-y coincidences showed that the 1.12- 
Mev y transition is for about 1% of its intensity 
coincident with a y ray of approximately 0.250 Mev, but 
not in coincidence with annihilation radiation. A few 
coincidences were found when the sliding channel was 
placed to accept the 0.511-Mev photopeak. They were 
due to the Compton distribution of very weak coinci- 
dent y rays of ~0.60 Mev with a total relative intensity 
of less than 2%, of the 1.12-Mev y transition. These 
measurements definitely excluded the possibility of the 
main positron spectrum leading to the 1.12-Mev level as 
proposed in the decay scheme of Huddleston and 
Smith.' 

We then investigated the y spectrum in coincidence 
with the annihilation radiation. We found the 0.58-Mev 
y ray to be in coincidence with about 5% of the total 
positron decays, while the 0.88-Mev y radiation cannot 
be fed by more than 1% and the 0.32-Mev transition by 
not more than 2% of the total positron activity. These 
values are considered to be upper limits. 

The results have been checked by 8-y coincidences, 
counting the positrons directly in the anthracene 
counter. Again no coincidences were found with the y 
ray of 1.12 Mev. A coincident very weak positron 


Stable ,,Gos, 


spectrum was found with the y channel accepting the 
0.878-Mev y ray. Owing to bad statistics its maximum 
energy of about 0.30 Mev could only be determined 
with a large uncertainty. 

The 0.58-Mev y ray appeared to be in coincidence 
with a positron branch of 0.62+0.05 Mev in agreement 
with the results of the previous Kurie-analysis,' the 
present single crystal measurements with the anthracene 
counter, and the 0.58-Mev annihilation-radiation coin- 
cidence measurements. 

While attempting to measure positrons in coincidence 
with the lower energy y rays, viz., the 0.324-Mev line, 
much interference was experienced from true annihila- 
tion radiation-positron coincidences. This effect could 
not be sufficiently suppressed by shielding between the 
crystals. A very weak coincident positron spectrum was 
still found, showing the same complex shape as the 
total singles spectrum. From a comparison with the 
corresponding spectrum in Na” (after subtraction of the 
1.28-Mev y-ray true coincidence contribution) an upper 
limit of <2% could be set for a positron spectrum in 
coincidence with the 0.324-Mev y ray. This is in 
agreement with the results of the y-y experiments and 
with the straight Kurie plot in Huddleston and Smith’s' 
measurements of the positron spectrum. The portion 
between the maximum energy (1.22 Mev) and 0.50 Mev 
has also carefully been reinvestigated in a shaped-field 
magnetic spectrometer‘ using a very thin source of Ge®. 


* We are much indebted to Mr. H. Fischbeck for his assistance in 
this measurement 
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From the Kurie analysis an upper limit of less than 2% 
can be set for a 0.9-Mev positron branch to the first 
excited state in Ga™ (see discussion). No conversion 
electrons were found above background in the negatron 
spectrum measured with the shaped field spectrometer. 


DISCUSSION AND SUMMARY 


Taking all the information from our measurements 
into consideration an attempt has been made to con- 
struct a consistent decay scheme: 

(1) We definitely established that none of the y rays 
is in coincidence with the main positron spectrum. It 
therefore must lead directly into the ground state of 
Ga”. The resulting total disintegration energy of 2.24 
Mev now fits well into the 6-decay energy systematics.” 

(2) The 1.12-Mev line, being the most intense y 
transition, leads directly to the ground state and is 
mainly preceded by electron capture to the 1.12-Mev 
level. 

(3) From our coincidence results it is established 
that also the 0.878-Mev and the 0.576-Mev ¥ rays are 
ground state transitions, 

(4) The assignment of the two high-energy lines of 
1.92 and 2.04 Mev as ground state transitions is based 
on the consideration of their intensities and the available 
decay energy. The poor energy resolution in our singles 
y spectrum made their energy determination subject to 
some uncertainty (see Fig. 1). 

(5) The assumption of an 0.324-Mev first excited 
state is based on a combination of facts: 

Recently Fagg, Geer, and Wolicki® have found a 
(0).324-Mev y ray in Ga® (a,a’y) Coulomb excitation 
experiments which fitted very well the theoretical £2 
excitation curve, We find an ~5% (relative to total Bt 
intensity) y ray of the same energy in our single y-ray 
spectrum, This line shows coincidences with 0.190-Mev, 
0.24-Mev, ~0.58-Mev, and 0.80-Mev y rays. Except 
for the 0.324-0.190 Mev relation, this is consistent with 
levels at 0.32 Mev, 0.58 Mev, 0.88 Mev, and 1.12 Mev. 
In order to investigate whether the 0.190-Mev y ray 
could be a transition between a 0.51-Mev and a 0.32- 
Mev level, we searched very carefully for nuclear y rays 
of 0.51 Mev in coincidence with annihilation radiation. 
The energy region between 0.470 and 0.660 Mev was 
therefore scanned four times very carefully with a 
narrow window for true coincidences, while the fixed 
channel was set to accept adjacent energy intervals of 
0.050 Mev in the same region. No significant coinci- 
dences other than those due to annihilation radiation 
(calibrated with those from Na™) were found. Further 
evidence against the existence of an 0.51-Mev level was 
obtained from the absence of an 0.070-0.51 Mev y-ray 
cascade (to be expected as a transition between the 
().58-Mev and an 0.51-Mev level) as well as of any other 
cascade to be expected between the higher states via an 
().51-Mev level. From the investigation of the y spec- 


* Fagg, Geer, and Wolicki, Bull. Am. Phys. Soc. Ser, II, 1, 165 
(1956), and private communication. 
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trum in coincidence with the 0.190-Mev y¥ ray, it could 
also be excluded that either the 0.51-Mev level might 
only be de-excited via the 0.324-0.190 cascade or that 
the first excited state could be an 0.190-Mev level. The 
assumption is therefore made that the 0.32 Mev-0.19 
Mev cascade occurs between 2.04-Mev, 1.72-Mev, and 
1.53-Mev levels. The existence of y rays of the same 
energy, possibly ground state transitions, lends support 
to this assumption. This level structure is also con- 
sistent with the existence of an unresolved coincidence 
spectrum of very weak intensity of the 0.19-Mev 7 ray 
with lines between 0.18 and 0.24 Mev. The existence of a 
1.72-Mev level is moreover supported by weak 0.32 
Mev-0.62 Mev and 1.12-).62 Mev y-ray cascades, while 
the existence of a 1.53-Mev level is consistent with the 
found 0.65-0.32 Mev cascade if the latter occurs be- 
tween the 1.53-Mev, 0.88-Mev, and 0.58-Mev levels. 

(6) The assumption of a 1.34-Mev level is supported 
by a relatively strong y ray of this energy in the 
spectrum. However, ~10% of the 1.34-Mev 7 ray was 
found in coincidence with a 0.58-Mev line, leading to the 
assumption of another 1.34-Mev transition between the 
1.92-Mev and 0.58-Mev levels. The existence of a 0.22- 
Mev y¥ ray in coincidence with ~1%, of the 1.12-Mev 
transition can also be explained by a 1.34-Mev state. 

(7) The intensities in percentage of disintegrations 
quoted in Fig. 4 have been recalculated on the basis of 
intensity balance for each level from those determined 
in the singles y-ray spectrum relative to the total posi- 
tron emission, (by comparison with the annihilation 
radiation) from the relative intensities determined in 
the y-y coincidence experiments, and using theoretical 
capture to positron emission ratios for the 6+ branches. 
The positron branching ratio obtained in this way 
agrees with the previous data’ and with the present 
results from the singles in the anthracene counter and 
the B-y coincidence experiments. The log (/,+ fx)t 
values, calculated from these intensities, are given in 
Fig. 4 as underlined numbers. 

(8) It is not possible on the basis of our measurements, 
to assign spin values to the levels involved. From the 
log ft values, the measured ground state spin of Ga® 
(3/2~), and shell model considerations, negative parity 
is likely for most or all of the levels. Coulomb excitation 
results restrict the spin of the 0.324-Mev state between 
1/2~ and 7/2-. The absence of a positron transition in 
Ge® to this level might be explained by a spin of 1/2-, 
assuming 5/2~ for the ground state of Ge®. On the other 
hand, a 0.324-Mev y ray has so far not been found in the 
decay of the 1/2~ ground state of Zn™. However, it has 
to be kept in mind that @ transitions in this region of A 
are frequently found to be considerably slowed down. 

Finally, it may be remarked that Ga™ shows a similar 
kind of numerical regularity in its level spacing to that 
noted for other nuclei in this region by Wapstra.*’ As 


* Nussbaum, Wapstra, Bruil, Sterk, Nijgh, and Grobben, Phys. 
Rev. 101, 905 (1956). 
7A. H. Wapstra (private communication). 
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shown in Table II, the level energies follow quite 
closely a relation 


Ewn=nX Eo, 


where n is an integer and Ey a constant energy. Except 
for the 1.12-, 1.53-, 1.92-, and 2.04-Mev levels, Ey is 
0.036+0.001 Mev, with n=3, 4, 5, 6, and 7, while for 
the above-mentioned four levels Zo is 0.031+-0.001 Mev, 
with n=6, 7, and 8. The 1.92-2.04 Mev levels seem to be 
“double.” The same kind of regularity has been noted in 
the level structures of Fe®’, Ni®, Ni®™, Zn®’, and Zn®,’ 
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Low-Energy Activation Functions for Photofission of U*** and Th***} 
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Activation functions for symmetric and asymmetric photofission of U™* and Th** have been determined 
over the energy range 4.5 Mev to 10 Mey. For both elements, the fission yield varied exponentially with 
betatron energy over the lowest energies covered and the data show the difficulty in establishing experi 
mentally the existence of a threshold for photofission. The symmetric (Cd'’) photofission yield relative to 
the asymmetric (Ba!) yield in U™* showed a local maximum of 0.05% at 6-Mev betatron energy, while the 
corresponding symmetric yield in Th® rose steadily from <0,0003% at 6.5 Mev to 0.1% at 12-Mev betatron 


energy. 


I, INTRODUCTION 


HE liquid drop model has been used to calculate 

the photofission thresholds of heavy nuclei.’ 
Experimental determinations of the photofission thresh- 
olds®:* of several heavy nuclei have given values which 
in general were below the calculated ones and showed 
a less strong variation with Z?/A than that predicted 
by the model, The thresholds, obtained by use of fission 
ionization chambers, for Th’, U™, U%®, U8, and Pu™ 
in reference 6 were 5.40+0.22, 5.18+0.27, 5.31+0.25, 
5.08+0.15, and 5.31+0.27 Mev, respectively. Experi- 
mental values of the fission thresholds deduced from 
the behavior of the cross sections for neutron-induced 


¢ This work was supported by the Office of Naval Research. 

* Present address: General Atomic, San Diego, California. 

1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

? Arakatu, Uemura, Sonoda, Shimiyu, Kimura, and Muraoka, 
Proc. Phys. Math. Soc. Japan 23, 440 (1941). 

5S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947), 

4D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

5H. W. Koch, Ph.D. thesis, University of Illinois, 1944 
(unpublished), 

* Koch, McElhinney, and Gasteiger, Phys. Rev. 77, 329 (1950). 


fission of heavy nuclei show a similar disagreement 
with the calculated values (see Table I of reference 4). 

In the present work we have attempted to remeasure 
the photofission thresholds of U¥* and Th” with in 
creased sensitivity. This has been done by exposing 
samples in the circulating electron beam of the Uni- 
versity of Illinois 24-Mev betatron in order to increase 
the beam intensity and separating radiochemically 
selected fission products from quite massive targets in 
order to measure the number of fissions. This method 
of measurement had the distinct disadvantage that it 
utilized a thick target bremsstrahlung spectrum which 
precluded the possibility of calculating accurately the 
cross sections in the low-energy region. 

A second object of the present experiment has been 
to measure the difference in thresholds, if any, for 
asymmetric and symmetric fission. Previous research 
has shown’* that the photofission of uranium, like 


7R. A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954) 
* Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys, Rev. 
99, 98 (1955). 
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neutron-induced fission, becomes more symmetric as the 
excitation energy is increased. The data of Katz et al.* 
covered the energy region from 12 to 24 Mev for 
uranium. Recent data’ on the angular anisotropy of the 
fragment distribution from photofission at low energies 
suggested that a correlation of this effect with the 
symmetric and asymmetric fission probabilities near 
threshold might be informative. 


Il. EXPERIMENTAL PROCEDURE 
A. Probe and External Target Irradiations 


Metallic slugs of natural uranium and thorium,’ 
1/4 in. in diameter by 5/8 in. in length, were exposed"! 
in the circulating electron beam of the University of 
Illinois 24-Mev betatron. The electrons, entering the 
end of the slug, generated a thick target bremsstrahlung 
which sprayed the slug longitudinally in a rather broad 
cone, The escaping x-rays were monitored by an 
aluminum wall, air-filled ionization chamber placed two 
meters from the target. Irradiation times were usually 
twice the half-life of the isolated radioactive fission 
product, 

At higher energies, irradiations were made in the 
external bremsstrahlung beam generated by a thin 
electron target. Twenty-gram samples of analytical 
reagent grade uranyl nitrate, wrapped with 0.015-in. 
cadmium foil, or 1/4-in. diam by 5/8-in. long metallic 
thorium slugs were exposed in the beam. The distance 
from the electron target to the fissionable material was 
25 cm at 6.0 and 6.5 Mev and 99 cm at 8.0 Mev. The 
x-ray intensity was monitored by an aluminum wall 
ionization chamber calibrated against a 100-r Victoreen 
thimble in a Lucite cube 8 cm on an edge. The monitor 
was 100 cm from the electron target. 


B. Energy Calibration of the Betatron 


The energy of the electrons at the time of x-ray pro- 
duction was controlled by an integrator circuit which 
has been shown to be stable to approximately 30 kev 
over long periods of time.’ The integrator was cali- 
brated using the Cu™(y,2)Cu® threshold at 10.73 Mev" 
and the Be'(y,n)Be*® threshold at 1.66 Mev." The 
Cu®(y,n)Cu® threshold was measured repeatedly during 
this work as a check on the energy stability. It was 
assumed that the energy varied linearly with the 
integrator setting between these two calibration points. 


*Winhold, Demos, and Halpern, Phys. Rev. 85, 728 (1952); 
87, 1139 (1952); E. J. Winhold, Ph.D. thesis, Massachusetts 
Institute of Technology, 1953 (unpublished); Fairhall, Halpern, 
and Winhold, Phys. Rev. 94, 733 (1954). 

” These were supplied by the Argonne National Laboratory 
and with the cooperation of L. E. Glendenin and E. P. Steinberg. 

" R, A. Becker, Rev. Sci. Instr. 22, 773 (1951). 

#B. M. Spicer and A. S. Penfold, Rev. Sci. Instr. 26, 952 
(1955) 

4M. Birnbaum, Phys. Rev. 93, 146 (1954). 

“R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
(1950) ; Noyes, Van Hoomissen, Miller, and Waldman, Phys. Rev. 
95, 396 (1954), 


SCHMITT AND R. B. 


DUFFIELD 


The betatron was usually operated so that orbit 
expansion at these low energies occurred at 30° or less 
of the magnetic cycle. If the expander circuit failed to 
fire, electrons of energy much higher than that chosen 
could strike the target due to self-expansion of the orbit 
later than 30°. In order to prevent this, a “tilt” circuit 
was built (by R. D. Bentley of the betatron staff) 
which shut off the injector after one miss of the ex- 
pander. It was found, however, that the expander 
circuit was very reliable. 


C. Radiochemical Separations and Activity 
Determinations 


Uranium Probe Targets 


For the separation of the fission products, Ba™ and 
Cd"’, the metallic uranium slugs were dissolved after 
irradiation in 25 ml of 11N HCl. After dissolution, 5 ml 
of 15N HNO, was added to effect a clear solution, 
followed by the addition of 20 mg each of barium and 
cadmium carriers. Standard radiochemical analyses'® 
were performed, with slight modifications because of 
larger amounts of uranium. 

For the separation of the fission products, Br®™, 
together with Ba™, the uranium metal slugs were dis- 
solved after irradiation in a flask (with reflux condenser) 
that contained 25 ml of 11N HCl and 20 mg each of 
barium and bromide carriers. It was assumed that all 
of the bromide fission product was reduced to its lowest 
oxidation state by the metallic uranium. After dissolu- 
tion, 5 ml of 15N HNO, was slowly added to oxidize 
the bromide to the elemental state. A CCl, extraction 
removed the Br», after which standard radiochemical 
analyses'® followed. For validity of the threshold deter- 
minations, it is only necessary that the recovery of 
bromide fission product be reproducible, not that it be 
quantitative. Reproducibility to 10% was established 
by repeated test runs at 6.0 Mev. 

Urany] nitrate targets were dissolved in dilute HNO; 
containing 20 mg of barium carrier. Standard radio- 
chemical analyses were performed on the solution.’® 


Thorium Probe Targets 


When Sr® and Cd"? were isolated, the metallic 
thorium slugs were dissolved after irradiation in 25 ml 
of 11N HCl and 0.5 ml of 0.2N (NH,4)2SiFs. After dis- 
solution, 20 mg each of strontium and cadmium carriers 
were added. The customary radiochemical analyses'® 
followed. 

For the separation of I, the thorium slugs were 
dissolved after irradiation in 25 ml of 11N HCl, 0.5 ml 
of 0.2N (NH,4)2SiFs, and 20 mg of iodide carrier. After 
dissolution, the solution was diluted to less than 3N in 
HCl, and then the iodide was oxidized to its elemental 
state by KMnQ,. An extraction by CCl,, followed by 

© Radiochemical Studies: The Fission Products (McGraw-Hill 


Book Company, Inc., New York, 1951), National Nuclear Energy 
Series, Plutonium Project Record, Vol. 9, Div. IV. 
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the usual radiochemical procedures,'* was performed. 
It was shown that approximately the same fraction 
(if any) of iodine was lost in the dissolution process for 
all the iodine experiments. 

When Sr* and Br®.™ were isolated, the thorium slugs 
were dissolved after irradiation in a flask (with reflux 
condenser) that contained 25 ml of 11N HCl, 0.5 ml of 
0.2N (NH,)2SiFs, and 20 mg each of strontium and 
bromide carriers. After dissolution, the solution was 
diluted to less than 3N in HC]; excess KMnQ, was then 
added to oxidize the bromide to the bromate state. 
Standard radiochemical procedures'® followed this step. 


Radioactivity Determination 


The final precipitates of about 25 mg were filtered 
onto 1.8-cm diam filter paper disks, which were sub- 
sequently mounted on 1/16-in. aluminum plates. Cello- 
phane of about 2.5 mg/cm? covered the precipitates. 
The radioactive samples, all beta emitters, were counted 
for about three half-lives by end-window, methane flow 
proportional counters which were operated at 4200 to 
4500 v and encased in heavy cast iron shields. A low 
and stable background count of 10+0.5 per minute 
was observed. 

The symmetric photofission yields of uranium and 
thorium, defined as the percentage of the total fissions 
that give two nearly equal masses, are compiled as a 
function of maximum betatron energy in Fig. 4. Above 
7.5 Mev, a smooth curve which was derived from 
externally irradiated uranium samples has been drawn 
through the data. Below 7.5 Mev, the smooth uranium 
curve connects symmetric yields that are preponder- 
antly probe target yields. All of the thorium symmetric 
yields from 6.4 to 12 Mev are derived from probe target 
irradiations. Downward directed arrows indicate upper 
limits. 

The number of symmetric fissions produced in each 
irradiation was measured by isolating and counting 
Cd"7, Since the decay chain for mass number 117 is 
complex and not completely understood, it has not 
been possible to measure its fission yield directly. 
Therefore, it has been assumed that the yield in uranium 
fission of mass number 117 is 0.094% at a betatron 
energy of 12 Mev. This is the measured yield of Cd! 
at 12 Mev relative to Ba’ at 6.0%; if the Ba™ yield 
were 5.5%,"*'® a systematic error of only 10% would 
be introduced. The normalization factor, obtained 
above for the determination of Cd!’ in uranium fission, 
is also applicable to the determination of the Cd!"” 
yield in thorium fission. 

Uranium and thorium targets were irradiated for 
three hours and Cd"? was chemically isolated two 
hours after the end of the irradiation. This schedule was 
adhered to as rigidly as possible through all the irradi- 
ations, so that in general, no time corrections were 
necessary in order to normalize the individual runs. 


6 Gindler, Huizenga, and Schmitt, Phys. Rev. 104, 425 (1956). 
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Corrections to a few runs were made necessary by 
betatron scheduling or slight variations in the times 
required for chemical processing. These were small and 
were made by assuming that the genetic relation in the 
chain is: 2.95-hr Cd!'?—+1.95-hr In"’, After subtraction 
of the long-lived Cd''®—In' activities, the samples 
were always observed to decay with an apparent half- 
life of 4.00.2 hr over a 6-hr interval beginning approxi- 
mately one hour after the last cadmium-indium sepa- 
ration. 

It should be noted that the number of asymmetric 
fissions in Th**, represented by the fission product I, 
is actually due to Te™, the parent of I. It was 
assumed that the independent fission yield of I was 
constant over the energy region covered by this experi- 
ment. This is partially substantiated by the fact that 
the I™ fraction of the mass-134 chain yield is 0.12 and 
0.20 for thermal-neutron fission'’ of U™® and 48-Mev 
x-ray fission’ of U**, respectively. 


D. Measurement of Number of Neutron-Induced 
Fissions 


For the interpretation of some of the results presented 
below, it is necessary to know that the number of 
neutron-induced fissions is very small compared to the 
number of photofissions. This has always been a difficult 
point to establish conclusively in photonuclear reac- 
tions. At energies less than 7 Mev, neutrons can be 
generated only by the following processes : 


(1) U**(y,2)U*", threshold energy 6.0 Mev, with 
uranium target. 

(2) Th**(y,n)Th™, threshold energy 6.4 Mev, with 
thorium target. 

(3) Photofission, threshold energy less than 6 Mev, 
or neutron-induced fission in uranium or thorium, 

(4) Production of neutrons by (7,) reactions on the 
following nuclei contained in the betatron structure; 
H?, Be*, C™, and O'’, The amount of each of these in 
the beam is quite small; in particular, Be’ is probably 
completely absent. 


In order to estimate the number of neutron-produced 
fissions, we have done the following experiments. 

A uranium metal slug was irradiated in the circu- 
lating electron beam at a betatron energy of 8 Mev and 
analyzed to determine the number of fissions and the 
number of neutron captures in U** that had occurred 
in the slug.'* Neutron effects are expected to be rela 
tively more important at 8 Mev than at lower energies. 
The number of fissions was obtained from the number 
of Ba atoms produced; the number of neutron cap- 
tures was obtained from the number of Np” atoms 


17... E. Glendenin, Ph.D. thesis, Massachusetts Institute of 
Technology, Technical Report No. 35, July 29, 1949 (unpub 
lished); A. C. Pappas and C. D. Coryell, Phys. Rev. 81, 329 
(1951). 

'® We are indebted to Professor N. Sugarman of the University 
of Chicago for suggesting this experiment 
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produced, The number of neutron captures in U™* was 
found to be 1% of the number of photofissions which 
had occurred, If we assume that the capture reactions 
are produced predominantly by thermal neutrons, we 
can estimate the maximum number of thermal-neutron- 
induced fissions in the natural uranium target (of U***), 
The thermal-neutron capture cross section of U** is 
2.8 barns and the thermal-neutron fission cross section 
of natural uranium is 3.8 barns.’’ It follows that less 
than 1% of the observed fissions were produced by 
thermal neutrons. Since there are strong resonances in 
both the U* capture cross section and the U™* fission 
cross section in the epithermal energy region, this 
experiment probably showed that fissions produced by 
neutrons in this energy range were negligible compared 
to the photofissions. 

Probe irradiations of uranium were made in which a 
metal bar was struck by the circulating electron beam 
as usual but, in addition, a second uranium metal bar 
was held parallel to the primary one and at a distance 
of 1.7 cm outside the electron orbit. This second bar was 
irradiated by a very small fraction of the x-rays pro- 
duced in the primary target; however, both should 
have been exposed to approximately the same flux of 
thermal or epithermal neutrons. Also both bars should 
have been exposed to approximately the same flux of 
fast neutrons from the betatron structure. The number 
of fissions which occurred in both bars was determined 
in the usual way. At betatron energies of 4.9, 5.5, and 
8.0 Mev, the ratios of the number of fissions in the 
outer bar to the number in the primary target were 
< 0,002, 0.0026, and 0.0060, respectively. 

This experiment was repeated with the outer slug 
wrapped in 0.015-in, thick cadmium foil to shield out 
thermal neutrons. The number of fissions in the outer 
bar to the number in the primary bar was found to be 
0.0000 at 8.0 Mev. These experiments confirm that less 
than 1%, of the observed fissions in the primary target 
were induced by thermal neutrons or by fast neutrons 
that were produced in the betatron structure exclusive 
of the target itself. 

The number of neutrons produced per roentgen of 
x-rays per mole of element was measured for deuterium 
and for beryllium as a function of betatron energy up 
to 10 Mev. The yield of neutrons for these two elements 
was found to increase approximately as Zo, the betatron 
energy. The number of fissions per roentgen per mole of 
element for both uranium thorium increases 
exponentially with 2» between 4 and 6 Mev, This is 
taken as evidence that the neutrons generated in the 
betatron structure have a negligible effect on the 


and 


experimental results. 
An estimate of the number of fissions produced in the 
target by fast neutrons which are generated in the 


1). J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin 
tendent of Documents, U. S. Government Printing Office, Wash 
ington, D. C., 1955) 
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target itself by the (7,fission) and (y,m) reactions can 
be made from the geometry and the known neutron 
cross sections. It is necessary to make the following 
reasonable assumptions: (1) The neutron spectrum in 
the target is identical with that of fission neutrons. 
(2) Average neutron fission cross sections for fission 
spectrum neutrons in natural uranium and thorium are 
0.54 and 0.13 barns, respectively.” (3) The average 
neutron path in the metal slug is 0.5 cm. (4) Recent 
experimental work”! giving the total number of neutrons 
per uranium and thorium photofission is considered 
applicable. Using these assumptions, we calculate that 
the percentage of fissions which were due to fast neu- 
trons produced in the targets were as follows: for U*** 
at 6 and 8 Mev, a maximum of 5% and 8%, respec- 
tively; for Th** at 6 and 8 Mev, a maximum of 1% 


and 2%, respectively. 


Ill. EXPERIMENTAL RESULTS 
The activation functions obtained from these experi- 
ments are shown in Figs. 1 to 3. In these graphs, the 
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Fic. 1. Semilogarithmic plot of the asymmetric photofissions in 
natural uranium and natural thorium as a function of increasing 
betatron energy. @, Ba™ isolated from uranium probe target; 
A, Sr” and gg, I isolated from thorium probe target. Arrows 
indicate upper limits. Ordinates for Ba’, Sr”, and I™ are un- 
related. See footnote 22 for absolute values of the fission yields, 
obtained from thin-target bremsstrahlung spectrum. 


* A, Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951); 
Keller, Steinberg, and Glendenin, Phys. Rev. 94, 969 (1954). 

* Lazareva, Gavrilov, Valuev, Zatsepina, and Stavinsky, Con- 
ference of the Academy of Sciences of the U.S.S.R. on the Peaceful 
Uses of Atomic Energy, July 1-5, 1955, Session of the Division of 
Physical and Mathematical Sciences (Akademia Nauk, S.S.S.R., 
Moscow, 1955) [translation by Consultants Bureau, New York, 
1955], p. 217. 
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number of photofissions per mole of target element per 
unit of x-ray intensity has been plotted on a logarithmic 
ordinate versus the betatron energy.”* Data are shown 
for the asymmetric, very-asymmetric, and symmetric 
modes of fission. For the U™* target, these types of 
fission are represented by the fission products Ba™, 
Br®:*, and Cd""’, respectively; for Th** target, the 
corresponding fission products are Sr“ and I, Br®-™, 
and Cd"’, respectively. The over-all errors result from 
many independent parts of the experiment and are very 
difficult to determine quantitatively. It is felt that the 
over-all error is less than 10% for all of the points above 
8 Mev but increases below 8 Mev due to the very low 
intensity ; the over-all error may be as much as 50% for 
the lowest energy points on each curve. 

It can be seen from the graphs that the sensitivity of 
the method is such that the yields of the fission products 
could be followed through a change by many orders of 
magnitude. For example, the asymmetric photofission 
of U** was found to increase by a factor of about 10* as 
the betatron energy was increased from 4.8 to 6.0 Mev 
(Fig. 1). This sensitivity made it possible to follow the 
activation functions down to lower energies than had 
been possible in previous investigations.” 
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Fic, 2, Semilogarithmic plots of the very-asymmetric and 
asymmetric photofissions in natural uranium and natural thorium, 
respectively, as a function of increasing betatron energy. @, Br™ 
and @, Br® isolated from uranium probe target; A, Br™ and 
4, Br® isolated from thorium probe target. Arrows indicate 
upper limits. Uranium and thorium ordinates are unrelated. 


* The absolute numbers of photofissions per mole element per 
100 r of x-rays in uranium and thorium and at 8.0-Mev maximum 
thin target x-ray energy were 0.3410* and 0.29 10*, respec 
tively. 

% In a personal communication, we have learned that L. Katz 
and co-workers at the University of Saskatchewan have obtained 
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Fic, 3, Semilogarithmic plot of the symmetric photofissions in 
natural uranium and natural thorium as a function of increasing 
betatron energy. @, Cd" isolated from uranium probe target; 
4, Cd"? isolated from thorium probe target. Arrows indicate 
upper limits. 


In Fig. 4 the symmetric photofission yields of uranium 
and thorium have been plotted in order to emphasize 
the change in probability of symmetric fission as a 
function of increasing betatron energy from 5.4 to 24 
Mev. The ordinate is the logarithm of the percentage 
of the total number of fissions which produce the fission 
products Cd''® or Cd"? and the abscissa is the betatron 
energy (see previous section for a discussion of normal 
ization of these two yields). The points, represented by 
crosses, from 12 to 24 Mev are for the photofission of 
U™* and are taken from the paper of Katz et al.* 

From this figure it can be seen that: (1) the proba 
bility of symmetric fission in Th is vanishingly small 
at low betatron energies; (2) the probability of sym- 
metric fission in U** is higher than in Th? at energies 
below 10 Mev; and (3) the probability of symmetri« 
fission in U*** has a local maximum at 6 Mev. These 
observations are discussed below. 


IV. DISCUSSION 


A. Observations of the Low-Energy 
Activation Functions 


One of the reasons for initiating the series of experi- 
ments reported in this paper was to establish the photo- 
fission thresholds of U*** and ‘Th’ by using as sensitive 
a detection method as possible. However, the data 
posaes activation functions which resemble those reported 


1ere quite closely, The fissions were detected by means of a fission 
ionization chamber. 
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Fic. 4. Symmetric photofission yields of uranium and thorium 
relative to the 6.0% yields of the asymmetric mode of fission. 
*, uranium external samples, Cd"* and Ba™ were separated by 
Katz et al, (relerence 8); @, uranium external samples, Cd"? and 
Ba were separated; a, uranium probe targets, Cd!’ and Ba! 
were separated; and @, thorium probe targets, Cd"? and Sr” 
were separated, All Cd"" yields have a normalization factor which 
was calculated by assuming that the Cd!® yield equals the Cd!’ 
yield for the 12-Mev x-ray fission of uranium. Downward directed 
arrows indicate absence of detectable activity and are the calcu 
lated upper limits. The 6.9-Mev thorium value of 0.00073 4-0.00008 
is the mean of two irradiations, 


represented in Figs. 1 to 3 seem to show that this is 


not possible. The photofission cross sections for U** 


and Th*® become very small below 5 Mev but the 
experiments do not indicate that they become equal to 
zero, On the contrary, within the lower energy region 
covered by the present experiments, it appears that the 
photofission yields continue to decrease exponentially 
as the maximum x-ray energy is decreased, Conse- 
quently, one may anticipate photofission at considerably 
lower energies than are reported here if a large increase 
in electron beam intensity were possible. It would seem 
worthwhile to pursue this question when higher current 
accelerators become available. 

The activation functions shown in Figs. 1 to 2 have 
similar shapes. There appears to be a low-energy region 
in which the slope is very steep, then a fairly sharp 
turnover which is followed by a long region in which 
the yield increases very slowly with betatron energy. 
The yield appears to increase approximately by a factor 
of 10 in an interval of 0.3-0.4 Mev in the low-energy 
region and by a factor of 10 in an interval of 10 Mev 
in the high-energy region. The break comes at approxi- 
mately the (y,#) threshold in each case, i.e., 6.0 Mev" 


™ Huizenga, Magnusson, Fields, Studier, and Duffield, Phys. 
Rev, 82, 561 (1951). 
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for U** and 6.4 Mev” for Th**. One possible explana- 
tion for the occurrence of the breaks is that they are 
produced by the onset of competition between photo- 
fission and the (y,n) reaction. It has been established 
by previous work'*!.6 that the absorption of a photon 
of energy between 8 and 11 Mev in U™* is followed by 
the (y,m) reaction or photofission in the ratio of approxi- 
mately 4 to 1 in favor of the former. In Th, the ratio 
appears to be 5 to 1. Consequently, if the total photon 
absorption cross section varies smoothly with energy, 
it is to be expected that the onset of the (y,m) reaction 
should produce the observed effect. 

Because of the thick-target bremsstrahlung spectrum 
used in these experiments at the lowest energies, it is 
very difficult to extract accurate cross sections from 
the activation functions. It would be desirable to 
repeat these observations with a thin-target spectrum 
from a high-intensity machine. We have attempted to 
calculate rough photofission cross sections at the low 
energies ; the results are given in the following section. 

The shapes of the activation functions for symmetric 
fission are less well established experimentally and 
appear to be more complicated (Fig. 3). For Th**, the 
break appears to be more ambiguous than for U**, 
From Fig. 4 it is apparent that for both Th and U™* 
the symmetric yields fall more sharply at very low 
energies than do the asymmetric yields. 

Since these experiments do not establish a true 
threshold for the photofission process, they obviously 
do not give a difference between the thresholds for 
identical photofission modes in U* and Th* or for 
asymmetric versus symmetric photofission of either 
nucleus. Hill and Wheeler‘ have suggested that penetra- 
tion of the fission potential energy barrier should be 
observed and that the probability, P, of barrier penetra- 
tion should be given by the following expression : 


P=1/(1+exp(2nb) }. 


The variable } is the energy deficit relative to the top 
of the barrier, divided by a characteristic quantum 
energy, Eoury, Which is fixed by the curvature of the top 
of the barrier and by the effective mass associated with 
the fission mode of deformation. The photofission 
yields of U** and Th increase exponentially with 
betatron energy over an energy interval of a few 
hundred kev at the lowest energies reached, as shown 
in Fig. 1. This is the behavior predicted by the above 
formula of Hill and Wheeler if the fissions observed at 
the lowest energies do occur by penetration of the fission 
potential energy barrier. According to this formulation, 
raising the betatron energy up to and beyond the 
barrier is expected to produce only a gentle break in the 
excitation function as the barrier is surmounted. The 
turnover of the activation functions in Fig. 1 may be 


** Magnusson, Huizenga, Fields, Studier, and Duffield, Phys. 
Rev. 84, 166 (1951). 

*R. B. Duffield and J. R. Huizenga, Phys. Rev. 89, 1042 
(1953). 
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partially due to this effect as well as competition from 
the (y,m) reaction. 

Several points can be made about the probability of 
symmetric fission as a function of betatron energy as 
shown in Fig. 4. 


(1) The percentage of symmetric fissions in Th” is 
very small at excitation energies below 7 Mev. The 
yield of Cd"? at a betatron energy of 6.5 Mev is less 
than 0.0003%. This is considerably lower than the 
yield, 0.01%, from thermal-neutron-induced fission of 
U™®, It is also lower than the upper limit of 0.01% from 
the spontaneous fission?’ of Cm?*, 

(2) The probability of symmetric fission in U"** at 
betatron energies from 5.4 to 8 Mev is considerably 
higher than in Th, This observation may be corre- 
lated with the experiments of Winhold and Halpern’”* 
on the angular distribution of the fragments from photo- 
fission of U** and Th’. The angular distribution was 
found to be of the form a+) sin’6, and the value of b/a 
was larger for Th*’ than for U**, They also found 
that the anisotropy in Th? and U™* appears for 
photons whose energies are within a few Mev of the 
photofission thresholds. Moreover, the magnitudes of 
the ratio, b/a, for the asymmetric and symmetric modes 
in Th at i6-Mev maximum electron accelerator 
energy were 0.4 and 0.0, respectively. The present 
experiments reinforce the observation that mass asym- 
metry and angular anisotropy are related phenomena. 

(3) The peak in the probability for symmetric fission 
of U** at 6 Mev (Fig. 4) has not been predicted by any 
fission model. The possibility that it might be due to a 
spurious effect such as neutron-induced fission was 
realized and eliminated by the experiments reported 
above (see IID). The number of neutron-produced 
fissions is a few percent of the total and, therefore, 
cannot produce the effect. In addition, if the peak in 
the symmetric fission probability in U** were due to 
fast neutrons, it is expected that it would appear also 
in Th*?, since the fast-neutron fission cross sections are 
comparable,” 


It may or may not be significant that the peak occurs 
approximately at the (y,n) threshold in U%*. Possibly 
the general tendency toward a higher probability for 
symmetric fission as the excitation energy increases is 
interrupted above 6 Mev by competition from the (y,n) 
reaction. This competition may occur more strongly 
with symmetric fission for reasons which are not now 
clear. 

A model for the fission process has been proposed by 
Aage Bohr.”* This model has been very successful in 


27, P. Steinberg and L. E. Glendenin, Phys. Rev. 95, 431 
(1954). 

% E. J. Winhold and I. Halpern, Phys. Rev. 103, 990 (1956) 

” Aage Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, August 8-20, 1955 
(United Nations, New York, 1956), Vol. 2, Physics: Research 
Reactors, p. 151. We are grateful to Professor A. Bohr for corre 
spondence on this subject and discussion of the present work. 
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Fic. 5. Ratio of the total photofissions (internal probe target) 
per mole element per x-ray intensity to the total photofissions 
(external target) per mole element per 100 r as a function of 
betatron energy. @, Ba™ isolated from uranium. Ratios are 
normalized to unity at 8.0 Mev. 


explaining the angular distribution of fission fragments 
from photofission and from neutron-induced fission. It 
proposes that the fissioning nucleus, passing over the 
potential barrier, has rotational levels which resemble 
quite closely those of the undistorted nucleus near its 
ground state. For an even-even nucleus, these levels are 
0+, 2+, 4+, etc., and also odd-parity states of 1—, 
3—, etc. All levels are assumed to favor asymmetric 
fission from energy considerations, but because of the 
odd parity, the 1— and 3— levels lead only to asym 
metric fission. Pure £1 photon absorption at low excita- 
tion energy in an even-even nucleus would then lead 
only to asymmetric fission, This presumably is the 
situation in Th, In order to explain the increase in 
the probability of symmetric fission in U* from 8 Mev 
down to 6 Mev as shown in Fig. 4, it is necessary to 
assume that £2 photon absorption becomes relatively 
more important. But it then becomes difficult to 


explain the observed decreasing probability of sym- 


metric fission below 6 Mev. 


B. Possible Existence of a Bump in Photofission 
Cross Sections at Low Excitation Energy 


It has been stated earlier in this paper that the use 
of the thick-target bremsstrahlung spectrum for these 
experiments precludes the extraction of accurate cross 
sections from the observed activation functions because 
the shape of the spectrum is not known, We have 
attempted to use a crude approximation method in 
order to arrive at the general shape of the cross-section 
curves. The number of photofissions produced per mole 
of target per unit x-ray intensity was measured for 
betatron energies from 6 Mev to 16 Mev using both the 
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lic, 6. Asymmetric photofission cross sections, expressed in 
millibarns, of natural uranium and natural thorium. Ba™ was 
isolated in uranium fission and Sr" and I were isolated in thorium 
fission. The relative low-energy cross sections, obtained in this 
work, were normalized to the absolute photofission cross sections 
(reference 16) at 10 Mev 





thin-target bremsstrahlung spectrum and thick-target 
spectrum of the probe target. The ratio of these two 
numbers is shown in Fig. 5 as a function of betatron 
energy. The measurements could not be made below 
6 Mev with the thin-target spectrum. The ratio has 
been extrapolated along the smooth broken curve shown 
in the figure to 4.5 Mev and applied as a correction 
factor to the data of Fig. 1 in order to obtain a thin- 
target activation function. This thin-target activation 
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function was treated by the photon difference method™ 
in order to calculate the corresponding cross-section 
curve for asymmetric fission, shown in Fig. 6. Since 
the percentage yield of mass 139 in the photofission of 
uranium is known,’* it was possible to obtain absolute 
values for the cross section by normalizing this curve 
to that of reference 16 at 10 Mev. The asymmetric 
photofission cross section for Th”? was found in a 
similar manner. These cross-section curves show a local 
maximum at approximately 6 Mev, and then a rise 
to the maximum of the giant resonance. These curves 
are very similar in form to those found for the photo- 
fission of U** and Th* by Winhold and Halpern.”* The 
shapes of the asymmetric cross-section curves in 
uranium and thorium are clearly due to the sharp 
change in slope of the activation functions near 6-Mev 
betatron energy. The exact shapes of the cross-section 
curves obtained here may not be correct because of the 
crude spectrum correction procedure that was used, 
However, it seems certain that the bumps at 6 Mev are 
really present in the curves because they can be removed 
only by making very drastic changes in the shapes of 
the experimental yield curves. 

Cross-section curves for the fission products Cd!"7 
and Br®™ from U™* and Br®™ from Th have been 
calculated by a similar approximation procedure. Each 
of these shows a similar bump in the cross section near 
6 Mev. The symmetric (Cd"’) photofission data of Th?” 
are not available over a wide enough energy range and 
the existence of a maximum in the cross section at low 
energies cannot be established. 
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New Neutron-Deficient Isotopes of Rhenium* 
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Three new activities have been observed in rhenium obtained by bombardment of rhenium and of tungsten 
with protons of energies from 40 to 240 Mev and of enriched W'™ with 10-Mev protons. Positron-emitting 
Re!’ of 17-minute half-life was identified through its daughter, the known 2.2-hr W'”’. Evidence is presented 
for the assignment of Re!”* to a 15-min, 3.1-Mev positron activity and of Re! to a (20+1)-hour, 1.9-Mev 
positron activity. A previously reported unknown Re activity of approximately 1-hr half-life, which may 


possibly be an isomer of Re'**, was also observed. 


INTRODUCTION 


SEARCH has been made for new neutron- 

deficient isotopes of rhenium by bombarding 
both rhenium and tungsten with protons in the Uni- 
versity of Rochester 130-in. synchrocyclotron. In 
addition to previously reported rhenium activities, 
three new activities were observed. 


EXPERIMENTAL 


Tungsten as metal and oxide and rhenium as 
powdered metal were bombarded with protons of 
energies from 40 to 240 Mev. One bombardment with 
10-Mev protons was made' on a sample of tungstic 
oxide enriched in W'®, This sample? had a reported 
isotopic analysis of 180-6.95%, 182-42.16%, 183 
14.15%, 184-22.22%, and 186-14.52%. 

Tungsten targets were dissolved, in the presence of 
potassium perrhenate as carrier, by heating with 
sodium hydroxide solution and hydrogen peroxide 
under constant stirring. Rhenium targets were dissolved 
in the minimum quantity of concentrated nitric acid, 
after which the solution was treated under constant 
stirring with an excess of sodium hydroxide solution 
and hydrogen peroxide. Tungsten carrier (20 mg) as 
sodium tungstate was then added. The two types of 
solutions thus prepared were scavenged with zirconium 
and lanthanum hydroxides and then made 4N in 
NaOH. The resulting solution was equilibrated*® once 
with an equal volume of pyridine previously shaken 
with 4N NaOH. The pyridine layer, which contained 
the rhenium, was washed with an equal volume of 
4N NaOH solution, followed by scavenging with 
Fe(OH)3;. The solution was acidified with concentrated 
hydrochloric acid, heated to boiling, and saturated 
with hydrogen sulfide. The precipitated rhenium 
sulfide (Re2S;) was separated, washed with water, 
and dissolved in sodium hydroxide plus hydrogen 


* This work was supported by the U. S. Atomic Energy 
Commission. 
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3W. Goishi and W. F. Libby, J. Am. Chem. Soc. 74, 6109 


(1952). 


peroxide, The resulting solution was heated, diluted, 
and scavenged with zirconium and lanthanum hy- 
droxides. After neutralizing the solution with hydro- 
chloric acid and cooling in ice water, tetraphenyl- 
arsonium chloride was added to precipitate tetra- 
phenylarsonium perrhenate. The precipitate was 
separated, washed twice with ice-cold water, and 
mounted for counting. 

In a few experiments rhenium was subjected to 
further purification by precipitating Re,S; from 
concentrated hydrochloric acid solution several times. 
The solution obtained by dissolving the precipitate 
was evaporated with concentrated nitric acid and the 
residue was evaporated twice with concentrated 
hydrochloric acid. This HNO;— HCI evaporation cycle 
was repeated. Finally rhenium was precipitated as 
tetraphenylarsonium perrhenate. In some cases rhenium 
was counted as nitron perrhenate. Counting of the 
rhenium samples which were subjected to the additional 
purification steps was begun about three hours after 
the end of the bombardment and thus no activity with 
a half-life of 15 min or less could be seen with these 
samples. 

In the milking experiments, 20 mg of tungsten as 
sodium tungstate were added to the hydrochloric 
acid solution of purified rhenium and the precipitated 
tungstic acid was digested for 15 min. Tungstic acid 
separated only slowly from the solution and required 
at least 10 min for completion, Thus the tungsten 
exchange may not be all heterogeneous and the slow 
separation of the solid should be favorable for exchange. 
Furthermore, even if were incomplete, 
identical conditions should yield the same proportion 
of exchange in each milking. At 17 min from the time 
of the previous separation of tungstic acid, the pre- 
cipitate was separated by centrifuging and removed. 
Tungstic acid was separated from rhenium in this way 
at six 17-min intervals. The precipitate of tungstic 
acid was purified as follows. It was washed with 6N 
nitric acid and dissolved in 4N NaOH solution. Inactive 
rhenium carrier (10 mg) was added to the solution 
which was then extracted with an equal volume of 
pyridine previously shaken with 4N NaOH solution. 
Rhenium carrier was again added to the aqueous 
layer and the extraction repeated. The aqueous solution 


exchange 
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was scavenged with niobium hydroxide and then 
acidified with concentrated nitric acid. The tungstic 
acid precipitate was digested for a few minutes, sepa- 
rated, washed with 6N nitric acid, and dissolved in 
6N ammonium hydroxide, Any residue left was removed 
by centrifugation. Rhenium hold-back carrier was 
added to the solution and tungstic acid was reprecipi- 
tated by addition of concentrated hydrochloric acid 
and heating. The precipitate was washed twice with 
water and mounted for counting. 

The rhenium samples thus prepared from tungsten 
and rhenium targets by bombardment with protons 
of energies of 80 to 240 Mev and counted with beta- 
proportional and scintillation counters showed new 
activities of half-lives about 18 min, one hour, and 20 
hours, besides the previously reported‘ activities of 
rhenium of mass number 186 or less, The 18-min 
activity actually turned out to result from a mixture 
of 17-min and 15-min positron emitters, which could 
not of course be separated from a gross decay curve. 


RHENIUM-177 


Rhenium samples separated from tungsten targets 
bombarded with protons at energies of 120, 160, 200, 
and 240 Mev and from rhenium targets at 120 and 160 
Mev showed activity decaying with a half-life of 
15-20 min when measured with beta-proportional and 
scintillation counters, The positron spectrum, as 


determined with a survey §-ray spectrometer, was 
complex, On setting the magnetic field of the spec- 


trometer at an energy corresponding to 0.4-Mev 
positrons and following the positron decay, the half-life 
was 17 min, accompanied by a long half-life tail for 
which correction was made, Correction at 0.4 Mev for 
the 15-min, 3.1-Mev positron activity (next section) 
could not be made but its contribution at 0.4 Mev 
should be small, 

The identity of this 17-min half-life was determined 
from parent-daughter isolation experiments, On milking 
tungsten daughters from rhenium at 17-min intervals 
it was found that the activity associated with tungsten 
decayed with half-lives of 2.2 hr, 2.2 days, and 21 days. 
The yields of the 2.2-hr half-life tungsten obtained 
from six milkings decreased with a 17-min_ half-life. 
Milking experiments were also performed at 15- and 
20-min intervals but the yields of the 2.2-hr activity 
fitted best with the 17-min interval. Since the 2.2-hr 
tungsten activity is assigned to mass number 177, the 
17-min positron activity observed in rhenium at a 
spectrometer setting of 0.4 Mev must be associated 
with Re'”’, The 2,2-day activity observed with the 
tungsten samples obtained from the milkings arose 
from Ta'” formed by the decay of 2.2-hr W'”’. 

The maximum positron energies to be expected 
from the decay of various neutron deficient isotopes of 

* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 


469 (1953). K. Way et al., Nuclear Data Cards (National Research 
Council, Washington, D. C., 1955). 
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TasBie I. Maximum energy of positrons from rhenium isotopes 
calculated by Coryell 8-decay systematics. 


Energy 
(Mev) 


Energy 


Mass No. (Mev) Mass No. 


177 2.03 181 E.C 
178 3.14 182 1.1 

179 1.22 183 E.C. 
180 1,93 184 0.37 


rhenium have been calculated by the 6-decay system- 
atics of Coryell’ and are given in Table I. According 
to the tablet of nuclides, Re!**, Re'™, and Re'™ undergo 
electron capture. Recently, an isomer, Re!” of 2.42- 
min half-life and emitting 1.1-Mev positrons not in 
sequence with 0.88- and 0.11-Mev y rays has been 
reported.® While the maximum energy of the 17-min 
positron activity could not be determined because of 
the presence of at least two other positron decays, the 
calculated maximum positron energy of 2 Mev for 
mass 177 is in agreement with the mass assignment. 


RHENIUM-178 


As already stated, the positron spectrum from 
rhenium samples was complex. The maximum energy 
observed with the 6-ray spectrometer was 3.1 Mev. 
When positron activities were followed at magnet 
currents corresponding to energies of 2.1 and 1.7 Mev, 
rather than 0.4 Mev as in the preceding section, they 
were found to decay with a half-life of 15 min. At a 
setting of 1.7 Mev, but not at 2.1 Mev, the 15-min 
activity was accompanied by a weak tail of about one 
day (Re'™, next section). From Table I, any contri- 
bution of 17-min Re'” to the 15-min positron activity 
at 2.1 Mev should be negligible. Thus the 15-min 
activity appears to be associated with positrons of 
3.1. Mev maximum energy and is assigned to mass 178, 
the only isotope of rhenium of mass >177 that may be 
expected to emit such energetic positrons. 

Re'”* should yield daughter W'”* of 21 day half-life. 
As mentioned in the preceding section, a 21-day 
daughter was observed in the tungsten milkings from 
rhenium. After two 17-min spaced milkings this 
activity was so low that the critical experiment of 
determining the decrease in yields of the 21-day 
daughter through several half-lives could not be done. 
However, if the 21-day tungsten activity observed 
is the daughter of the 15-min, 3.1-Mev positron emitting 
rhenium isotope, then tungsten milkings from rhenium 
performed one to ten days after the initial six 17-min 
milkings should show no activity, whereas if the 21-day 
tungsten activity is the daughter of the 20-hr rhenium 
positron emitter, the only other unknown rhenium 
activity present, such later milkings should show 
activity. The later milkings showed no activity, in 


°C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305. 
*V. K. Fischer, Phys. Rev. 99, 764 (1955). 
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agreement with the assignment of mass 178 to the 
15-min rhenium decay. 

Rhenium activities with half-lives of 18+2 min, 
about 1 hr, 12.5 hr, 21+2 hr, 2.1 days, and 3.9 days 
were produced by bombarding tungsten enriched? in 
mass number 182 (180-0.017%, 182-92.33, 183-3.62, 
184-2.71, 186-1.31) with 120-Mev protons. It was not 
always possible to separate 50-, 64-, and 91-hour 
activities but no trouble was experienced with the 
remainder. With 200-Mev protons only 18-min, 12-hr, 
22.5-hr, and 2.83-day activities were observed. Alumi- 
num absorption measurements on the latter set of 
activities were made with a beta-proportional counter 
1.5 hr from the end of the bombardment. The absorp 
tion curve indicated the presence of short-lived betas 
of maximum energy 3.05 Mev, in agreement with 
beta-ray spectrometer measurements on this sample 
and on samples from bombardment of natural tungsten. 


RHENIUM-180 


Natural tungsten bombarded with protons of energies 
from 160 to 240 Mev in six experiments gave in the 
rhenium fraction an activity of half-life 18-20 hr in a 
beta proportional counter and 20-24 hr in a scintillation 
counter. Three experiments in which rhenium was 
bombarded with protons of 60-160 Mev gave half-lives 
of 19 to 22 hr with a beta-proportional counter and 
22 hr with a scintillation counter. Similar bombard- 
ments of rhenium at 40 and 50 Mev showed no approxi- 
mately 20-hr activity. Beta-ray spectrometer measure- 
ments made on rhenium fractions 3.5 hr after the end of 
bombardment of rhenium at 60 and 160 Mev, by 
which time the short-lived positron emitting Re!”’ and 
Re'”* had completely decayed, showed the presence 
of positrons of maximum energy 1.8 to 2.0 Mev. In 
the beta-ray spectrometer these positrons decayed 
with a half-life of the order of hours and were associated 
with the 20-hr activity. 

The rhenium fraction obtained from bombardment 
of enriched W'® by 200-Mev protons also showed the 
presence of the 20-hr half-life and, by beta-ray spec- 
trometer measurements, positrons of 1.9-Mev maximum 
energy. Reference to Table I shows that aside from 
17-min Re’? and 15-min Re!”* the only rhenium 
isotope which, by Coryell’s 6-decay systematics, would 
be expected to emit positrons of 1.9-Mev energy is 
Re'™, The 20-hr half-life is thus assigned to this 
isotope. 

Additional evidence for this assignment was obtained 
from the bombardment of WO, enriched in W'” 
(6.95%, natural 0.135%) with 10-Mev protons.' Two 
samples of rhenium separated from the same target 
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showed activities of half-lives 19.5 to 20.5 hr and 
100 to 104 hr (Re'**) with a beta-proportional counter 
and 12 hr (Re'**), 19.5 hr and 6.6 days with a scintil- 
lation counter. Aluminum absorption measurements 
made 27 hr after the end of the bombardment yielded 
only three points of low intensity. If all three points 
are taken, a 6 energy of 1.3 Mev results, while the two 
points of higher intensity yield 1.8-1.9 Mev, in agree- 
ment with the spectrometer measurements. The 
absorption measurements also showed the presence of 
approximately 0.8-Mev betas due to Re'*, 

The intensities, calculated to saturation yields, of 
the 20-hr and 100-hr (Re'**) activities in the two 
samples compared favorably with the ratio of the 
relative abundances of W!” (6.95%) and W!"* (14.52%) 
in the target, thus confirming the assignment by a 
(p,m) reaction of mass 180 to the 20-hr half-life. Also 
in agreement with this assignment is the failure to 
obtain the 20-hr activity by bombarding rhenium with 
protons of energy less than 60 Mev, 


RHENIUM 1-HR ACTIVITY 


When rhenium was bombarded with 40- and 50-Mev 
protons and WO, with 170-Mev protons, the rhenium 
fraction showed a growth of activity for a few hours 
after bombardment, followed by a decay of approxi- 
mately 1-hr half-life. The appearance or nonappearance 
of the growth depended on the relative proportions of 
the various activities at different proton bombarding 
energies. Tungsten metal bombarded with 200- and 
240-Mev protons as well as rhenium with 120- and 
160-Mev protons also showed an 0.8-1.2-hr activity in 
the rhenium fraction, This 1-hr activity was observed 
in beta proportional, scintillation, and x-ray counters, 
Chu’ has also reported a 1-hr activity in rhenium 
prepared from osmium by bombardment with 19-Mev 
deuterons and has suggested that an Os(d,a) product 
may be responsible. In view of these methods of prepara- 
tion from rhenium, tungsten, and osmium, the 1-hr 
rhenium activity would appear to be associated with 
mass number 184 to 186. Since there appear to be 
isomers for each of Re-180,-182, and -184, possibly the 
1-hr activity is an isomer of Re'™, analogous to the 
isomeric states in odd-mass-numbered tellurium isotopes 
from 119 to 133. 
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Resolved Neutrons from the Be(a,n) Reaction* 


J. R. Risser, J. E. Price,t ann C. M. Crass 
The Rice Institute, Houston, Texas 
(Received November 7, 1956) 


Angular distributions and 0° excitation curves have been taken of resolved ground-state and first excited 
state neutron groups from the reactions Be*(a,n)C" (Q=5,71 Mev) and Be*(a,n)C%* (0=1.28 Mev). 
For the ground-state neutron group, angular distributions were taken at bombarding energies from 2 to 
5 Mev, and a 0° excitation curve from 1.7 to 4.8 Mev. For the neutron group to the first excited state of C”, 
angular distributions were taken in the range 4 to 5 Mev, and a 0° excitation curve from 3.1 to 4.8 Mev. 
Attempts were made to fit the ground-state neutron angular distributions above 4 Mev using compound- 


nucleus theory 


INTRODUCTION 


YONSIDERABLE information has accumulated 

4 about the Be(a,n) reaction for a-particle energies 
below 5 Mev.' Until recently, little work has been done 
with complete energy resolution of the neutron groups. 
James, Jones, and Wilkinson have reported angular 
distributions and excitation curves of resolved neutron 
groups to the ground and first excited states of C’ for 
a-particle energies from 0.3 to 1.3 Mev.? We have 
endeavored to obtain this type of information in the 
energy range 1.5 to 5 Mev. We have succeeded in 
obtaining 0° excitation curves for the ground-state 
neutron group from 1.7 to 4.8 Mev, and for the first- 
excited-state neutron group from 3.1 to 4.8 Mev. 
Angular distributions for the ground-state neutrons 
have been obtained at a number of energies from 2 to 
5 Mev and for the first-excited-state neutron group 
from 4 to 5 Mev. 

Since the Be(a,n) reaction is much used as a neutron 
source, it is useful to know the differential cross section 
as a function of angle and energy. In addition, since the 
spin of the @ particle and ground state of C" are both 
zero, angular distributions of the ground-state neutrons 
might be expected to give unambiguous information 
about states of the compound nucleus. There is addi- 
tional interest in the reaction because of a direct- 
interaction theory proposed for it by Madansky and 
Owen.* 

For the neutrons to the ground state of C, @) is equal 
to 5.71 Mev; for the neutrons to the first excited state, 
Q is equal to 1.28 Mev.‘ The ground state of the target 
nucleus Be® has angular momentum 3/2 and odd parity. 
The ground state of C” has angular momentum zero 
and even parity; the first excited state has spin two 
and even parity. 

* Supported in part by the U.S, Atomic Energy Commission. 

t Now at Lamar Technological College, Beaumont, Texas. 

' See references in F, Ajzenberg and T. Lauritsen, Revs. Modern 
Phys. 27, 77 (1955), and preceding review articles; Bonner, Kraus, 
Marion, and Schiffer, Phys. Rev. 102, 1348 (1950). 

* James, Jones, and Wilkinson, Phil. Mag. (8) 1, 949 (1956) 

‘L. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955) 


‘ For justification of the Q values, spin, and parity assignments 
of this paragraph, see F, Ajzenberg and T. Lauritsen, reference 1. 


EXPERIMENTAL METHOD 


The a particles were singly charged helium ions from 
the Rice Institute 5-Mev Van de Graaff positive-ion 
accelerator. The zero-degree excitation curve for the 
ground-state neutron group. was taken with an 8-mm 
diameter spherical plastic scintillator.’ Check points on 
the ground-state excitation curve, all of the excitation 
curve of the neutrons to the first excited state, and all 
the angular distributions, were taken with a neutron 
spectrometer consisting of a polyethylene radiator and 
scintillation crystal, separated by a space containing a 
gas proportional counter in coincidence with the 
scintillator. 

It was possible to use the 8-mm spherical plastic 
scintillator for the ground-state excitation curve be- 
cause of the separation in energy of the neutron groups 
to the ground state and 4.43-Mev first excited state 
of C™. For the range of bombarding energies from 2.0 
to 5.0 Mev, at zero degrees the ground-state neutrons 
vary in energy from 7.7 to 10.6 Mev and the first- 
excited-state neutrons from 3.2 to 5.9 Mev. A 20- 
channel analyzer was used to obtain the pulse-height 
distribution from proton recoils in the plastic scintillator 
at each point. From a plot of the data, the pulse height 
at the high-energy edge of the distribution was deter- 
mined. All pulses higher than 70% of this value were 
included in the sum which was taken to be a measure 
of the ground-state neutron flux. The fraction of inci- 
dent neutrons producing counts was then about 10-* 
times the neutron-proton scattering cross section in 
barns. Since. for densely ionizing tracks the light 
emission of the plastic scintillator is proportional to 
the track length, pulse heights are linear in the range 
rather than the energy of the recoil protons. Correction 
can be made by reference to range-energy relations for 
protons. It was found feasible to use a pulse-height 
scale during reduction of the experimental data and to 
apply a correction to the final result, along with correc- 
tions for the finite size of the scintillator and the energy 
dependence of the neutron-proton scattering cross 
section. 

The neutron spectrometer used to obtain the re- 
mainder of the data had an energy resolution of 10% 


® McCrary, Taylor, and Bonner, Phys. Rev. 94, 808 (1954). 
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Fic. 1, Schematic diagram of portion of neutron spectrometer 
consisting of polyethylene radiator, crystal scintillator, and gas 
proportional counter. 


or more depending on the radiator thickness. The 
spectrometer is similar in principle but different in 
detail from several others developed simultaneously.° 
A schematic diagram of the arrangement is shown in 
Fig. 1. Several thicknesses of polyethylene and a blank 
holder were available through use of a radiator carriage 
which could be rotated and positioned from the outside. 
The crystal scintillator was located 10 cm from the 
radiator to detect forward recoil protons. Thin Nal 
and CsI thallium-activated scintillators were used, both 
with and without a light pipe. Ten- and twenty-channel 
pulse-height analyzers were used to obtain pulse spectra 
from the crystal scintillator. A scintillator pulse was 
processed in the analyzer only when it was in coinci- 
dence with a pulse in the gas proportional counter, 
which occupied the space between radiator and scintil- 
lator. It was the purpose of the gas proportional counter 
to eliminate y-ray background by distinguishing be 
tween the specific ionization of electrons and protons 
of the same energy. 

The gas counter contained argon plus 5% COs, at 
pressures roughly proportional to ne utron energies 
(1/3 atmosphere at 3-5 Mev; one atmosphere at 10 
Mev and above). The principal aim in designing the 
gas counter was to avoid scattering from solid surfaces 
by removing them as far as possible from the path of 
the recoil protons. The consequent sacrifice in pulse 
shape was not found detrimental. Because of the low 
counting efficiency of the spectrometer, constancy of 
gas gain over long time intervals was found important. 
A tight envelope with Teflon gasket seals and careful 
gas filling achieved constancy over periods of several 
months. 

One-microsecond coincidence resolving time 
chosen because the effective rise time of the gas-counter 
Small pulses were 


was 


pulses was about a microsecond. 
rejected by using the discriminators on the commercial 


*F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954); 
C. H. Johnson and C. C. Trail, Rev. Sci. Instr. 27, 468 (1956) 
For basic ideas of this spectrometer, one of us (J.R.R.) is indebted 
to conversations with J. L. Fowler, Oak Ridge National Labora 
tory, in the summer of 1952, 
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lic, 2. Pulse-height spectra obtained with the neutron spec 
trometer: above, neutrons from low-energy deuterons on tritium; 
below, typical channel histograms taken in the course of the 
present experiments. Above, background has been subtracted; 
below, shaded background histograms are superimposed on the 
histograms taken with radiator 


amplifier chasses. One-microsecond flat topped pulses 


differentiation of the outputs 
into a 6BN6 
pulse from the 


obtained by delay-line 
of the discriminator circuits were fed 
circuit.” While a positive 
coincidence circuit was sometimes used to trigger the 
internal gate of a 20-channel analyzer, it 
generally more feasible to use a separate gate circuit 
linearly at high level to any 
In spite of the long 


coincidence 


was found 


designed to pass pulses 
available pulse-height analyzer. 
resolving times, low accidental backgrounds were ob 
tained by choosing gas gains inversely proportional to 
the proton specific ionization. At high neutron energies 
where the singles rate from the crystal scintillator was 
low, the gas counter singles rate was necessarily high 
because the total ionization along a proton track was 
less than that of numerous slow electron tracks. At low 
neutron energies, where the scintillator singles rates 
were high, the 
drop suffic tently. so that the accidental rate 
ligible. Background appeared due to protons resulting 
from neutron reactions in the metal envelope of the gas 
This background was determined by counting 


gas singles rate was always found to 


was neg 


counter, 
with a blank holder on the radiator carriage 

Figure 2 several pulse-height distributions 
obtained with the neutron spectrometer. The upper 
curve 
tritium. 
than 1% 
show the effect of the increasing bac 
The lower curves are 


shows 


was obtained with low-energy deuterons on 
Background has been subtracted. It 


The statistical errors 


was less 
above 35 v pulse height. 
kground at lower 
energies (up to 80 counts at 11 v). 


7B. Smaller and E. Avery, Rev. Sci. Instr. 22, 341 (1951) 
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Fic. 3. The 0° excitation curve of the ground-state neutron group. The closed circles represent data taken with the 8-mm 
oe plastic scintillator; the crosses are data taken with the neutron spectrometer. Errors are shown when not smaller 
than the points. Abscissas are energies midway through the target; they are estimated to be correct to +25 kev. 


typical channel histograms of Be*(a,n)C” neutrons 
taken in the course of the experiments, one for the group 
to the ground state and one for the group to the first 
excited state. The unshaded histograms represent data 
taken with radiator. The superimposed shaded histo- 
grams were taken immediately afterwards with the 
radiator replaced by a blank. Measurements on the two 
neutron groups were always made under different condi- 
tions of gas counter voltage and amplifier gains, but 
with the same coincidence discriminator biases and 
delay-cabling. Backgrounds for the high-energy group 
averaged about 5°, and of the lower energy group 15% 
in the experiments. 

The only energy-dependent factor in the counter 
efficiency was the neutron-proton scattering cross sec- 
tion, which determined the number of proton recoils 
from the radiator. The fraction of recoil protons de- 
tected by the crystal scintillator was a geometrical 
factor independent of energy, since neutron energies 
were in the range of spherical scattering in the neutron- 
proton ¢.m, system. Radiators were one inch in diam- 
eter, and crystals were approximately this size. The 
fraction of neutrons incident on the radiator which were 
converted to recoil protons was 9X10~*° times the 
neutron-proton scattering cross section in barns per 
mg/cm? of polyethylene, Of the recoil protons, approxi- 
mately 1.4% reached the crystal scintillator 10 cm from 
the radiator. Counting efficiency for 10-Mev neutrons 
using a 15-mg/cm? radiator was approximately 2 10~° 
counts per neutron incident on the radiator. 

Evaporated targets from 20 kev to 120 kev thick at 
4 Mev were used. Most were on heavy tantalum or 
silver backing, but several weighed standard targets 
were on 2-mil aluminum. Counting methods were used 
to determine target thickness in terms of the weighed 
standards, Energy losses in the target were calculated 


from the weights by using the experimental results of 
Warshaw for the stopping power of beryllium for 
protons.* 

To determine the energy of the a particles incident on 
the front face of the target, use was made of the mag- 
netic field of the analyzing magnet as indicated by a 
Li’-moment detector. The Li’(a,n) threshold, which was 
calculated from mass values to occur at 4.385 Mev, 
was used for calibration at the higher energies, and the 
Li’(p,m) threshold for the molecular hydrogen beam at 
lower energies. Except for the few points above 4.5 
Mev, which must be considered as having up to 30% 
greater error, energies on the front face of the target 
are believed accurate to +15 kev. Carbon deposits 
which varied with time and conditions of bombard- 
ment are believed to be the principal source of error in 
assigning energies in the target. Shifts in the 3.98-Mev 
resonance as high as 20 kev were found with the heavier 
deposits. In the following discussion of experimental 
results, all a-particle energy values refer to points 
midway through the beryllium layer on the target. The 
abscissas for the ground-state-neutron excitation curve 
are believed good to +25 kev below 4.5 Mev. Energy 
positions of the angular distributions are believed good 
to +40 kev. 

Errors in the differential cross-section values are 
indicated when not smaller than the points. Contribu- 
tions from estimated channel errors are included. These 
estimated channel errors usually consisted in the popu- 
lation of a boundary channel, where division between 
several neutron groups in the analyzer channels had to 
be made. This estimated error was added quadratically 
to the statistical errors from gross count and back- 
ground. 


°S. D. Warshaw, Phys. Rev. 76, 1759 (1949). 





RESOLVED NEUTRONS 


EXPERIMENTAL RESULTS FOR GROUND-STATE 
NEUTRONS 


The 0° excitation curve for the ground-state neutrons 
is shown in Fig. 3. The closed circles were taken with the 
8-mm-diameter spherical plastic scintillator. A target 
40 kev thick at 4-Mev bombarding energy was used for 
all the points except the ones between 3.9 and 4.1 Mev, 
where the data are shown for a 20-kev target.{ The 
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Fic. 4. Angular distri 
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state neutron groups, 
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Fic. 5. The 0° excitation curve obtained for the neutron group 
to the first excited state of C™. Abscissas are energies midway 
through the target ; they are estimated to be correct to +40 kev, 


errors are everywhere smaller than the points. From 
1.9 to 2.7 Mev errors were about 3%; from 3.9 to 
4.5 Mev, about 2%; from 3.1 to 3.5 Mev, about 5 to 
10%. The combined corrections for nonlinearity of 
pulse height with recoil-proton energy and for finite 
volume of the scintillator were found to be less than 2°; 
between extremes of the curve and were omitted. 

The crosses are points taken with the neutron spec 
trometer. The target for these points was 110 kev 
thick at 4 Mev. Since the detection efficiency of the 
spectrometer could be calculated in terms of fairly 
simple geometry and the neutron-proton scattering 
cross section, these points were used to determine the 
differential cross section. A normalization factor be 
tween the two sets of data was determined by least 
squares. In calculating the cross section, a correction 
was made by numerical methods for the fact that 
neutrons from the target were not all incident normally 
on the radiator and that recoil protons reaching the 
crystal made different angles with the neutron path 
depending on the position in the radiator at which the 
scattering collision occurred. 

The angular distributions of the ground-state neu- 
trons are shown in Fig. 4. These were taken with targets 
100 to 140 kev thick at 4 Mev. It was not found possible 
without long delay in publication to obtain a least- 
squares fit in terms of angular functions. Consequently 
the curves are shown through the experimental points. 
It is our hope to fill gaps in the data with additional 
angular distributions and to obtain least-squares fits to 
these and existing distributions for publication at a 
later date. 


EXPERIMENTAL RESULTS FOR EXCITED-STATE 
NEUTRONS 


The 0° excitation curve for the neutron group to the 
first excited state of C” is shown in Fig. 5. The target 
was 110 kev thick at 4 Mev. The shape of the curve from 
3.9 to 4.1 Mev was drawn similar to a y-ray curve taken 
with the same target. Within the experimental error the 
excited-state neutron group follows the y-ray resonance 
curve. This is in contrast to the ground-state neutron 
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Fic. 6. Angular distri 
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group to the first excited 
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group in the same energy interval. It is therefore un- 
doubtedly the excited-state neutron group mainly re- 
sponsible for the sharp 3.98-Mev resonance,’ in the 
total-neutron excitation curve. 

Several angular distributions taken with 140-kev 
targets at a-particle energies of 4 Mev and above are 
shown in Fig. 6. As in the case of the ground-state dis- 
tributions, the curves are drawn through the experi- 
mental points. A neutron energy of about 3 Mev was 
the lower limit for which data could be considered 
reliable with the radiators and gas pressure used in this 
experiment, Several points at backward angles in the 
angular distributions come close to this limit, and they 
are shown with larger errors. It is hoped to take data 
to lower energies in the future. 


ANGULAR DISTRIBUTIONS AND THEORY 


A considerable effort was made to apply compound- 
nucleus theory" to fit the angular distributions for the 
ground-state neutrons, Unique fits are to be expected 
for the ground-state neutron distributions because, with 
zero spin for the ground state of C"’, specification of a 
single J, combination for the compound nucleus 
restricts the angular momentum of the outgoing neutron 
to a single value. With spin 3/2 for Be’, two angular 
momentum values for the incident a-particle are 
allowed, The same simplicity does not obtain for the 
outgoing neutron in the transition to the 2* first 
excited state of C'. For this reason, fits of the excited- 
state-neutron angular distribution were not attempted. 

All the ground state distributions taken in the range 
3.9 to 4.6 Mev have approximately the same character, 


* Bonner, Kraus, Marion, and Schiffer, reference 1 
J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 
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Fic. 7. Comparison of calculated angular distributions for the 
ground-state neutrons for a mixture of the two compound-nucleus 
states, 5/2* with /=1 and 3/2* with /=3: (a) midway between 
resonances of equal amplitude and width crossing at half- 
maximum amplitude; (b) on one of the two resonances. The 
experimental points at 4.18 Mev are shown. Normalization is to 
unity at 0°. 


a rather distinctive W shape. Most of the effort was 
applied to fitting these distributions. The fact that the 
harmonic content of the distributions is approximately 
constant over a wide range of energies might be taken 
as evidence that a single broad level of the compound 
nucleus is involved. However, no theoretical distribu- 
tion characterized by a single J, combination fitted 
even approximately. This is in agreement with the 
findings for quite similar angular distributions at low 
a-particle energy.” Attempts were then made to fit the 
distributions by the assumption of two overlapping 
levels. Since the character of the distributions indicates 
large amplitudes for the even-order Legendre poly- 
nomials, especially the polynomial of order four which 
has low amplitudes in the single-level theoretical dis- 
tributions, interference is required between levels of 
like parity. The best fit was found from the combination 
of a 3/2+ level made by /=3 a-particles and a 5/2+* 
level made by /=1 a-particles. Figure 7 shows the result 
for two resonances of equal amplitude which cross 
midway between them at half-maximum amplitude, 
using Breit-Wigner single-level amplitude formulas. 
Curve (a), calculated midway between the resonances, 
and curve (b) calculated at the maximum amplitude 
of one resonance, are shown with the 4.18-Mev experi- 
mental points. A combination of 1/2~ and 7/2> levels,’ 
both formed with /=2 a@ particles, can be made to fit 
equally well at one energy, but, with the coefficient of 
the polynomial of order two due entirely to the 7/2 
state, fitting the energy trend appears slightly less 
promising. The amplitude of the fourth-order poly- 
nomial in both cases is mainly from an interference term. 
The requirement that an interference term have a 
large amplitude over the 3.9- to 4.6-Mev energy range, 
which probably includes the resonance energies, raises 
the question whether the level spacing is sufficiently 
greater than the level widths to justify application of 
the Breit-Wigner single-level formula. Where to place 
the levels is not clear. There is the puzzling evidence 
that the resonance at 3.98 Mev, strong for y rays and 
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excited state neutrons, is only 60-kev wide.’ This width 
does not appear sufficient to explain the interference 
term at 4.6 Mev. It appears possible that the 3.98-Mev 
resonance is weak enough for the ground-state neutrons 
to contribute to the slope rather than to the W shape of 
the distributions. The presence of slope requires the 
postulate of a third level with parity opposite to 
the parity of the levels producing the even-order inter- 
ference term. 
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With a probable minimum of three levels involved, 
it seems unlikely that a satisfactory quantitative fit in 
‘both angle and energy can be made at an early date. 
Eventual success appears to lie in the direction of more 
detailed experimental information about the energy 
trend of the coefficients of the Legendre polynomials. 
There seems to be no evidence that special assumptions 
other than compound-nucleus theory are needed to 
explain the distributions. 


NUMBER 4 FEBRUARY 15, 1957 


Angular Correlation Measurements in the Decay of Hg'*’} 
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Measurements of the ex, e,~, and ey 


—y, CL4uN =~ 


ex” and e,~, and y-y angular correlation coefficients 


in sources of different chemical compositions in the 13/2(M4)5/2(£2)1/2 cascade of 24-hour Hg"’ have 
been carried out in a study of the effects of extranuclear fields on angular correlation measurements. Meas 
urement of the y-y correlation in dilute mercuric nitrate solutions yields A;=0.214+0.037 in agreement 
with the theoretical value for this cascade. Solid H,(NO;)2 sources show an attenuation of the y-y coeffi 
cient, g2=0.51+0.16. The ex~ —+ coefficients are attenuated relative to the theoretical coefficients by the 
factor g:=0.47+-0.03. The role of the effects of internal conversion on the attenuation of correlation co 
efficients is examined in terms of these measurements and those of other authors on Hg’, Hg™, and Ta. 


I, INTRODUCTION 


HE study of the effects of extranuclear fields on 

angular correlation measurements is of import- 
ance in nuclear spectroscopy in two main ways. If the 
spins and multipole assignments of the excited states 
and emitted radiations of a nucleus are well known the 
interaction with extranuclear fields may be employed 
to study the electric or magnetic moments of short- 
lived excited states.’ On the other hand, where angular 
correlation experiments are oriented towards studying 
spins and multipole orders of radiations, the presence 
of extranuclear fields complicates the interpretation of 
the experiments. There are various ways of removing the 
uncertainties produced by these fields, allowing for 
unambiguous use of angular correlation measurements 
to study radioactive nuclei. Comparison of y—e~ and 


f Supported in part by the Office of Ordnance Research, U. S. 
Army. 

* Now with the Physics Department, New Mexico College of 
Agriculture and Mechanic Arts, State College, New Mexico. 
Part of the subject matter of this paper is a portion of the dis 
sertation presented to the University of Pennsylvania in partial 
fulfillment of the requirements for the Ph.D. degree by H. Coburn, 
June, 1955. 

t Now with Brookhaven National Laboratory, Upton, New 
York. Part of the subject matter of this paper is a portion of the 
dissertation presented to the University of Pennsylvania in partial 
fulfillment of the requirements for the Ph.D. degree by J. V. Kane, 
June, 1956. 

For complete reviews of the status of angular correlation 
measurements the reader is referred to: H. Frauenfelder, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1953), 
Vol. 2, p. 129; R. M. Steffen, Phil. Mag. 4, 293 (1954). 


y—vy correlations in the same source, if the second 
transition is a mixture, often allows measurement of the 
G factors which describe the attenuation of angular 
correlation coefficients as the result of perturbing 
fields? Alternately, measurements in low-viscosity 
liquid sources, where the interaction of the nuclear 
moment and the perturbing field is removed because of 
thermal collisions, serve as an experimental method for 
obtaining the unperturbed correlation.® 

The extranuclear fields are usually the static fields 
that exist in the neighborhood of a nucleus in a solid. 
They may also be the quasistatic or time-dependent 
fields arising from the atomic de-excitation that ensues 
if the first cascade is a conversion electron or if the 
cascade proceeds immediately on electron capture from 
the parent nucleus. The creation of the electron hole 
initiates the atomic cascade and the time-dependent 
fields so created may interact with the nuclear moments. 
This cascade may also lead to atomic states sufficiently 
long-lived to produce static perturbing fields at the 
nucleus. 

This paper is concerned with aftereffects of atomic 
hole formation on angular correlation measurements. 
Our main method is to compare y~~y and conversion 
electron-y correlation coefficients in a nucleus having 
the following properties, (1) The nucleus is an isomer, 
so that the atomic electrons before the cascade are in 
their ground state. (2) The spin assignments and 


2N. Goldberg and S. Frankel, Phys. Rev. 100, 1350 (1955) 
3M. Deutsch (private communication, 1952) 





1294 COBURN, KANE, 
multipolarities of the emitted radiations are known 
from independent experiments. With these requirements 
the correlation coefficients for an unperturbed nucleus 
can be computed from existing theory.‘ Comparison of 
the observed coefficients for y—y and e~—y measure- 
ments in sources possessing the same physical en- 
vironment will then allow determination of the im- 
portance of the hole effect. 

The second section of this paper deals with K, L, 
and M conversion electron-gamma angular correlations. 
Preliminary measurements of these correlations have 
been reported at the 1955 Washington Meeting of the 
American Physical Society. The third section is con- 
cerned with electron-electron measurements, the fourth 
with y—y measurements. The fifth section deals with 
an analysis of all the measurements, while the sixth 
section provides a discussion of the hole effect by 
examination of the existing data on Hg’, Hg™, and 
Tal, 

The decay of Hg" is shown in Fig. 1. The order and 
spin assignments are those of Mihelich and de-Shalit.® 
The multipolarities of the transitions are based on the 
investigations of numerous workers.’~° We are con- 
cerned primarily with the cascade 13/2(165 kev) 
§/2(134 kev)1/2. 


Il. ELECTRON-GAMMA MEASUREMENTS 
A. Source Preparation 


Because of the low energy of the conversion electrons 
it was essential to prepare extremely thin spectrometer 
sources to eliminate the reduction of the angular corre- 
lation as the result of electron scattering." A one percent 
attenuation of the correlation coefficient for the K- 
conversion electrons of the 165-kev gamma-ray transi- 
tion [which we shall denote as ex~(165)] in mercury 
requires a source thickness of approximately 6 ug/cm’. 
For the e,~ (165) electron the corresponding thickness 
is 17 ug/cm*.” 

One of the technical problems in our experiments was 
to prepare sources of Hg’ having different chemical 
environments so that the effect of different static fields 
on the angular correlation coefficients could be ascer- 
tained. We attempted to prepare Hg compounds that 
were essentially carrier-free so that scattering free 
sources could be prepared without resorting to vacuum 
evaporations. For all our chemical compounds the 


‘L. C, Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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7 Joly, Brunner, Halter, and Huber, Hlely. Phys. Acta 28, 403 
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Acta 24, 127 (1951). 

*M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 
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starting point was the same. Hg'”’ was obtained by the 
(d,2n) reaction on Au’. The irradiated gold was sealed 
into an evacuated Pyrex tube and heated to expel the 
carrier-free Hg which condensed on the cool portions 
of the tube. To remove the Hg atoms sticking to the 
walls, a drop of HNOs, adhering to the tip of a finely 
drawn dropper, was worked back and forth over the 
walls to collect the active Hg as Hg(NOs)2. The result- 
ing HNOs solution was heated to dryness to expel 
excess HNO; and water was added to dissolve the 

The aim of our chemistry was to precipitate insoluble 
compounds of Hg wherever possible by the addition of 
volatile precipitating agents so that the weight of the 
active material would not be seriously increased.Where 
this was not possible, small amounts of precipitating 
agents were added in amounts never exceeding 14 
ug/cm? for any source. The source was prepared by 
placing a drop of active Hg(NOs)2 solution on a thin 
formvar film (<50 ug/cm*). To this drop was added a 
drop of the precipitating reagent. The source was 
allowed to dry slowly. Details for each type of source 
are given below. 


(a) Hg(NOs)2: These sources were carrier free and 
were usually invisible; occasionally the edges of the 
source could be faintly seen. 

(b) Hg: These sources were prepared by electro- 
deposition of Hg from an aqueous solution of Hg(NOs)2 
which was in the form of a drop placed on a platinum 
(<260 yg/cm*) backing. A platinum backing was used 
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since mercury wets but does not dissolve platinum. 
After the electrolysis period the remaining liquid was 
drawn off, since it contained Hg(NOs)2, and the source 
was washed with distilled water. 

(c) HgS: In order to insure precipitation of HgS, 
(although its solubility product is 3X 10~™) 1 wg of Hg 
in the form of Hg(NOs)2 solution was added to the 
active solution before the addition of a drop of freshly 
prepared HS solution. The source was invisible al- 
though its average density was as high as 1.4 ug/cm’. 

(d) OHg:(NH.2)NO;: This nitrate salt of Millon’s 
base has the structural representation 

Hg 


\ 
\ 


NH2— NOs. 


act 
Hg 


The precipitating agent was in this case a drop of freshly 
prepared NH; solution. The source was not invisible 
but had a whitish cast. The average thickness of the 
source should have been 1.4 ug/cm? but may have been 
larger. 

(e) HgO: No volatile precipitating agent was avail- 
able. A drop of a solution containing 0.17 ug of lithium 
hydroxide was added to a drop of Hg(NOs)2 containing 
0.06 wg carrier. The average thickness of this source 
was 14 ug/cm?. 

(f) HgCO;-*H,O: Lithium carbonate was the pre- 
cipitating agent. The average thickness should have 
been less than 10 ug/cm’. 

(The names given to these compounds, especially 
for those sources prepared from carrier-free Hg(NOs)>, 
are mainly for the purpose of identification. We do not 
wish to imply that the properties of these sources are 
those of the bulk compound, but merely that the Hg 
nuclei in these different sources possess different chemi- 
cal environments.) 


B. Apparatus 


A lens spectrometer set at 2.5% resolution was used 
to detect the conversion electrons. A 14 in. X14 in. Nal 
crystal was used for y detection and was biased below 
the 134-kev photopeak. A four-channel coincidence 
circuit with resolving times set at 0.2 ywsec was em- 
ployed for the e~—y measurements. This apparatus has 
been previously described in greater detail.” 


C. Measurements 


Our main interest was in the ex~(165)—y(134) 
correlations since theoretical e,~(165)—~7y(134) and 
ew (165)—~7(134) coefficients are still not available. 
However, the e,~ (165) —7(134) and ey~(165)— (134) 
correlations can be used as a tool to study the relative 
effects of different chemical environments on the cor- 
relation coefficients. For this reason, and because of 
the higher intensity of the Z line, most of the chemical 


Hg'?*? 








Counting Rate x10" /sec 








+ 


-+ 


ds oh "Sh cb tb tM 


Spectrometer Current(amps ) 








Fic. 2. Typical conversion electron spectrum of Hg". 


effects were investigated using the L line. The normal 
procedure in our work was to measure the ex~(165) 
—~7(134) correlation when the source was relatively 
new. Figure 2 shows the electron spectrum of the 
ex (165) line 21 hours after irradiation in the Uni- 
versity of Pittsburgh cyclotron. As time elapses, the 
24-hour ex~(165) line falls relative to the 65-hour 
em (77) line in Au’ following K capture from the 
Hg’ ground state. These lines are shown at 21 and 81 
hours after bombardment in Fig. 3. Counting the 
em (77), when we are focused on the ex~(165) peak, 
adds to the chance rate and introduces ey~ (77) — (191) 
Au’ coincidences. No ex~(165)—7(134) data were 
accumulated after the peak to valley ratio for the 
ex (165) line was less than 1.5. After the e«~(165) 
—7(134) data were obtained, the spectrometer was 
focussed on the e,~(165) line which is unaffected by 
the decays to Au'®’, 

The theoretical ex~ — y angular correlation coefficients 
for the cascade 13/2(M4)5/2(E2)1/2 are* Ay=bed, 
=(),236; A4=bya4=0.010. Because of the small contri- 
bution of the A, term it was not considered possible to 
measure its value to any significant precision, and 
coincidence measurements at 180° and 90° only were 
carried out. The measured anisotropies were converted 
to A» neglecting the small A, contribution and cor- 
rected for the finite resolution of the spectrometer and 
gamma detectors and the finite size of the source. 
These corrected values of A, are displayed in Table I. 
Analysis of our data indicated the presence of non- 
statistical fluctuations. For example, in a set of eight 
determinations of the Hg(NOs), correlations the aver- 
age deviation was 0.008, whereas the standard devia- 
tion was 0,004. Since many of our measurements were 
performed on different sources prepared at widely 
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different times, we report the more significant average 
deviations in Table I. Below each value in parentheses 
appears the total number of coincidences in thousands 
for each type of source. 


Ill. ELECTRON-ELECTRON MEASUREMENTS 
A. Apparatus 


In these experiments the gamma detector was re- 
placed by an electron scintillation detector consisting 
of a 1 in. diameter by 1 mm organic scintillator (Pilot 
Chemical Company—Scintillator B) mounted on a 
6292 DuMont photomultiplier. The scintillator assem- 
bly was mounted in a large vacuum-tight black Lucite 
box attached to the source end of the spectrometer. 
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The experimental apparatus was otherwise identical 
with that in Sec. I. 


B. Measurements 


The spectrometer was focused on the ex~(134) line 
whereas the scintillation detector was biased above the 
ey (77) and ex~(165) lines. The e,~(165) and e4~(165) 
and the e,;~(134) and ey~(134) lines were not well 
resolved in the scintillator, but the necessary energy 
selection was accomplished by the spectrometer. Thus 
this experiment measured the ¢z4.~(165)—ex~(134) 
correlation. The experiment was run with a fresh source 
until the lens spectrum indicated that the higher energy 
spectra contributed 1% to the counts at the peak of 
the ex~(134) line. Because of the smaller counting 
rates and the need to use a fresh source, only 34 000 
coincidences were obtained with this experiment. The 
spectrometer was also focused on the e,~(134) line to 
obtain the e447 (165) —e,~ (134) correlation. 


C. Electron Scattering 


In an e~—e~ angular correlation experiment it is 
necessary that the electrons from one of the transitions 
pass through the source backing. In our experiment the 
higher energy e;~ (165) were allowed to pass through 
the backings which had a thickness of 50 yg/cm? of 
Formvar. The plane of the source was vertical and 
oriented at 45° to the spectrometer axis. At the 180° 
and 90° detector positions the ez,4~(165) passed 
through the Formvar backing whereas they passed 
through no backing when detected at the 270° position. 
No significant difference was detected in the ratios of 
the coincidences 270°/180° and 90°/180°. A difference 
of less than 1% was to be expected for the e747 (165) 
—ex~ (134) correlation as the result of the multiple 
electron scattering in the Formvar. The coefficients of 
P,(cos@) were obtained from the measured anisotropies 
and corrected for the finite size of detectors and sources. 
They are Aofez4m~(165)—ex™~ (134) ]= +0.188+0.011 
and Aol ery. (165) —e,~ (134) ]= +0.138+0.012. 


Tasie I. Experimental electron-gamma angular correlation coefficients. Below each coefficient is listed the number of 
coincidences in thousands collected during the experiment; values tabulated are A, in the expansion 1+ A 2P» cos#. 


Type of correlation 


Chemical form ex” (165) —y(134) ei” (165) 


0.108 +0.008 
(224) 
0.107 +0.012 
(130) 


Mercuric nitrate 
Mercury 


Mercuric sulfide 


0.109+0.007 
(204) 

0.100+-0.009 
(107) 

0.094+-0.004 





Estimated 
average 
thickness 
ue/cm* 


Source 
backing 


Formvar 


(134) em (165) —y (134) 


0.109+-0.007 
(69) 

0.100+-0.012 
(103) 


Carrier free 


Platinum Carrier free 


Formvar 1.4 


(177) 


Mercuric oxide 


0.083 +-0.009 


14.0 


Formvar 


(116) 


OHg:(NH,) NO, 


0.100+0.009 


Formvar 1.4 


(119) 


Basic mercuric carbonate 


0.11 +0.02 
(9) 


Formvar 10 
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IV. GAMMA-GAMMA MEASUREMENTS 
A. Apparatus 


The high conversion of the 7(165) makes it impos- 
sible to measure 7(165)— (134) coincidences with re- 
solving times of the order of tenths of microseconds. 
The apparatus used for these experiments was a con- 
ventional fast-slow coincidence system. The outputs of 
the two 6342 photomultipliers were amplified by two 
Hewlett-Packard amplifiers, limited in 404A pentodes, 
clipped with shorted delay lines, and fast coincidences 
were obtained by diode addition. The outputs were also 
amplified with Chase-Higinbotham amplifiers and 
pulse-height-analyzed with analyzers similar to the 
Atomic Instrument pulse-height analyzer, but modified 
to reduce output jitter. The outputs of the analyzers 
were placed in slow coincidence (0.7 usec) and these in 
turn in slow coincidence (2 psec) with the fast coinci- 
dences. The over-all fast-slow resolving time was 
usually set at 8 millimicroseconds. 


B. Measurement Technique 


The difficulties in the y—vy correlation experiment 
are mainly due to the low intensity of the y(165) in 
Hg’. A y spectrum of Hg'®’ is shown in Fig. 4. It is 
clear that the y(165) is buried in the high-energy tail 
of the 134-kev y ray so that y(134)—~7(134) chance 
coincidences are large and determine the maximum 
source strength permissible in the coincidence experi- 
ments. Resolving times less than 8 musec cannot be 
used effectively to reduce the chance rate because the 
lifetime of the 134-kev state is 8 mysec. In addition 
there are two major difficulties with this experiment 
that are introduced by the cascades in Au’. The pulse- 
height analyzer set at 134 kev detects the 130-kev y in 
the Au'’ cascade, whereas the pulse-height analyzer 
set at 165 kev detects the Compton distribution of the 
279-kev y ray. In addition, 279-kev gamma rays, 
Compton-scattered from one of the detectors, can 
enter the other detector. When the detectors are at 
180° the scattered 279 gamma ray cannot produce 
spurious coincidences, whereas at 90° it is possible 
under favorable conditions to record Compton-scattered 
coincidences. These two sources of spurious coincidences 
are prompt. To reduce their importance our coincidence 
measurements were carried out with the 134 detector 
delayed 13 mysec. The second and main difficulty is 
introduced by the 77-kev gamma rays in Au'*’. These 
gamma rays are extremely intense. It is possible for 
165 K x-rays to add to the 77-kev gamma rays in the 
scintillator, the sum of their energies sufficient for the 
pileup pulse to enter the pulse-height analyzer channel 
set at 165 kev. These coincidences cannot be removed 
by delay. To lessen the 77-kev gamma pileup effect, 
Sn and Mo absorbers were used to attenuate the 77-kev 
Au” gammas and the Hg" K x-rays. The effect of 
these absorbers on the pulse-height resolution is shown 
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Fic. 4. Gamma scintillation spectrum of Hg’, The upper 
curve shows the spectrum obtained with a 14 in. 14 in, Nal 
scintillator. The lower curve shows the effect on the pile-up and 
resolution and the reduction of the intensity of the (77) and 
Hg x-rays by the use of absorbers (0.039 in. Sn plus 0,003 in, Mo) 
on the front face of the crystal. 


in the singles spectra of Fig. 4. The thickness of ab 
sorber was chosen so that the 134-kev and 165-kev 
gamma rays would not themselves be seriously attenu 
ated. To further minimize the pileup coincidences the 
angular correlation data were taken with fresh sources 
where the 65-hour Hg state had not grown in appreci- 
ably with respect to the 24-hour Hg state. 


C. Measurements 


Before measuring the angular correlation it was 
necessary to obtain the pulse-height coincidence spec- 
trum of the y(165)—~7(134) coincidences. Figure 5 
shows representative coincidence spectra taken with 
sources having different relative amouts of 65-hour 
and 24-hour Hg. Curve A1 shows the singles spectrum 
and reveals the y(134) and (191) peaks. Below it 
Curve B1 shows the raw coincidence data before sub- 
tracting the y(134)— (134) chance coincidences. Curve 
C1 shows the coincidence spectra after chance sub- 
traction and reveals the 7(165) coincidences, The shape 
of this coincidence line is consistent with the shape of 
the 134-kev singles line shown in Al, Curves C2 and 
C3 were taken 45 and 63 hours after the data of C1 
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Fic, 5. Gamma-gamma coincidence spectra. Curve A gives the 
position of the 134 kev peak by the singles spectra. Curve B 
shows coincidences with the y(134) before chance subtraction. 
Curve C shows the coincidences after chance subtraction. Curves 
1, 2, and 3 show the changes in shape and position of the coinci- 
dence peaks as the 65-hour Hg" radiations grow into the 24-hour 
Hg" spectrum 


were obtained. Because of the growth of the 65-hour 
Hg and hence the growth of 77-kev y+65-kev K 
x-rays pileups, the coincidence spectrum broadens 
until in C3 the broad coincidence spectrum contains 
(165) —7(134) and [(77)4+x(65) ]—7(134) coinci- 
dences. The removal of the [(77)+x(65) ]—y(134) 
coincidences was accomplished in our angular correla- 
tion experiments by accepting data from fresh sources 
only when the conditions of C1 were obtainable. 

As a further check on the y(165)—~7(134) coinci- 
dences, a delayed-coincidence curve was run. Because 
of the small coincidence rates, this experiment was 
not intended as a precision determination of the life- 
time of the 134-kev state but rather its purpose was 
to further verify that y(165)—~7(134) coincidences, 
which should show the 8-my second delay, were indeed 
being observed. The delay curve is shown in Fig. 6. 
The prompt curve was obtained by setting one pulse- 
height analyzer on the y(279) peak and represents the 
prompt (130)—7(279) coincidences. The (165) 
— (134) coincidences show clearly the broadening of 
the delay curve and show the delayed coincidences 
with the proper half-life. 
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In our experiments the delay employed was not 
sufficient to eliminate the y(130)—~7(279) coincidences 
entirely. Figure 7 shows a coincidence curve obtained 
at 13-my seconds delay, demonstrating the relative 
amounts of »(130)—~7(279) and 7(165)—~7(134) co- 
incidences. In Fig. 5 it is observed that below 20 base 
line divisions the true to chance rate is large because of 
the y(134) — (134) chance coincidences. For this reason 
the channel was set slightly to the right of the 165-kev 
peak during the correlation runs. At this setting the 
contribution of »(130)—~7(279) coincidences was not 
more than a few percent. 

The above remarks are concerned with the reliability 
of the absolute determination of the angular correlation 
coefficients. In actuality our main interest was in the 
ratio of the correlation coefficient for liquid and dry 
Hg(NOs;)» sources. The liquid and solid sources were 
interchanged during the measurements of coincidences 
both at 90° and 180° to insure that any undetected 
systematic errors would enter into the data for both 
the liquid and solid sources. The true-to-chance rate 
varied from 3:1 to 1:1 over the period in which the 
data were taken. The resolving time was periodically 
checked using two sources of Hg'*”’ to obtain the proper 
number of chance coincidences. We obtained the anisot- 
ropies 0.229+-0.043 (liquid) and 0.1132-0.031 (solid). 
After correcting for the solid angles of the detectors and 
the finite size of the sources (0.8 cmX0.15 cm diameter) 
we obtain the values, A» (liquid) =0.214+0.037; A» 
(solid) =0.109+0.029, The ratio, which is independent 
of these corrections, is Gz=0.51+0.16. 

From the absolute number of y(165)—~7(134) co- 
incidences it is possible to determine the total conver- 
sion coefficient of the 165 kev transition. Because of the 
rather involved corrections for the fraction of coinci- 
dences detected at our resolving time and delay a 
precise value of a7(165) was not obtained and is 
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Fic. 6. Delayed y-y coincidence curves for the 7(165)—7(134) 
and 7(130) —y(279) cascades. 
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reflected by the uncertainties of the measured value 
ar (165) = 350+ 90. 


V. ANALYSIS OF MEASUREMENTS 


Before examining the angular correlation results, it is 
necessary to establish the purity of the M4 and E2 
multipoles in the 13/2(M4)5/2(£2)1/2 cascade so that 
the theoretical ex~—y and y—y coefficients can be 
computed. The most sensitive measurement of the 
134-kev E2 transition is the conversion coefficient. 
The experimental value of Huber ef al.* is ax=0.5 
which is to be compared with the theoretical values 
ax (E2)=0.36 and ax(M3)=41.5. A 1% M3 mixture 
would yield the values ax=0.77. The theoretical 
ex —v coefficient is b.A,=0.236 for a pure M4-E2. 
With a 1% M3 mixture this coefficient would be re- 
duced at most to 0.215. The most sensitive determina- 
tion of the possible Z5 mixture in the M4 transition is 
obtained from the 1;/Ly/Lin and K/L ratios. The 
experimental 11/Li1/Lin ratios,® and the theoretical 
ratios for M4 and E5 transitions are, respectively, 
(1/0.1/1.5), (1/0.15/1.2), and (1/36.5/15.6). The ex- 
perimental and the theoretical M4 and E5 K/L ratios 
are, respectively, 0.44,* 0.39, and 0.005. None of these 
data permit a mixture of £5 radiation. The ar(165) 
measured in our work can be corrected for the known 
K/L/M ratios to obtain ax,,= 276470. This may be 
compared with the theoretical M4 and E5 ax,, of 250 
and 1050. This measurement does not allow a sensitive 
mixture determination but is consistent with the pure 
M4 assignment required by the Ly/Lu/Lin and K/L 
measurements. We remark that from known M3 life- 
times and £2 lifetime systematics we would not expect 
more than 10~* M3 in the £2 transition. Few E5 life- 
times are available and the single-particle estimates 
strongly forbid £5-M4 mixtures at these energies. On 
the other hand, Pound and Wertheim" report a 0.8% 
mixture of £5 in M4 in the similar cascade in Hg™. 
This value was based on comparison of the y—y¥ 
correlation in liquid Hg sources with the theoretical 
angular correlation, and the authors point out that 
their slightly reduced correlation may be the result of 
undetected systematic errors. If there was as much as 
1% ES in the M4 transition, the correlation coefficient 
would be reduced at most from 0.236 to 0.198. If the 
phases in both M4-E5 and £2-M3 mixtures were such 
as to reduce the correlation, the smallest value would 
be 0.181. 

From the equality of the experimental e,~—y and 
eu —vy coefficients it is possible to compare the 
écr4m) (165) —ex~ (134) correlation coefficient with 
theory. The ratio of this coefficient to the experimental 
€cz4m) (165) —7(134) coefficient is just by*(134). The 
theoretical values are b,“(E2)=1.70, bo*(M3)=1.13. 
The experimental value, using 0.109-+0.012 for the 
weighted average of the e,~—y and ey —¥ coefficients, 


4 R. V. Pound and G. K. Wertheim, Phys. Rev. 102, 396 (1956). 
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is 1.73+0.23, which is consistent with the £2 assign 
ment of the 134-kev transition. Comparison of the 
éeci+my (165) —ex«7 (134) and ecz4ay~ (165) —e,7 (134) 
coefficients yields the value b,“(134,E») = 1.32+0.19. 

Since theoretical b.” and bo” coefficients are not 
available, we can use the experimental ex~—, ¢.” 7, 
and ey —vy coefficients to obtain their values for the 
165-kev transition. From the average of the Hg and 
Hg(NOs)2 results we obtain bo’=1.03+0.13 and db.” 
= 1.03+4-0.13. The theoretical b,* is 1.07. It is interest- 
ing to note that the measured value b,*/by” for the 
88-kev M4 transition, obtained from ex” —y and ee, —¥ 
angular correlation measurements in Te,’ is 1.10.1. 
Thus if the b,” coefficients are essentially Z- and E- 
independent for M4 transitions, as is true for the b,* 
coefficients,‘ the by” determination in Hg!’ and Te!” 
are in good agreement. (This analysis tacitly assumes 
that if attenuation of the Hg'”’ correlation resulting 
from the conversion process is present, the K and L 
hole effects are equal. This would be expected in view 
of the extremely short lifetime of the L hole.) 


VI. DISCUSSION 


As seen in Table I, the ex~—y results for Hg and 
Hg(NO;)2 sources show an attenuation when compared 
with the theoretical value 0.236. The e,~—~vy correla 
tions as well as the ex~—y and ey~—vy correlations 
appear to be insensitive to the chemical environment 
of the Hg" nuclei. For a variety of different chemical 
sources (Hg amalgams on Au and Ag, Hg on mica and 


SiO, backings, and Hg-Au and Hg-Ag double stream 
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evaporated sources) Gimmi, Heer, and Scherrer" find 
no statistical differences among the e,~ (165) —e,,~ (134) 
angular correlations. The average of their values of A, 
for these sources is Ay=0.135, Our value for this cor- 
relation in Hg(NOs), sources is 0.1384-0.012 in ex- 
cellent agreement with their results as well as with the 
first e,°—e,~ measurement of Walter ef al.’® A,» 

(0.154-0.02). 

This insensitivity to chemical environment appears 
surprising in view of the fact that the minimum correla- 
tion to be expected from strong electron quadrupole 
interactions in solid sources, A»(ex~— vy) = 0.047, is well 
below the observed coefficients. In our early measure- 
ments on the e~—vy cascade it was attractive to postu- 
late’ that the independence of the correlation coeffi- 
cients on chemical environment suggested that the 
source of the attenuation lay in the atomic excitation 
following electron conversion rather than in the field 
gradients in the various solid sources. It was however 
difficult to understand why static quadrupole effects 
should be unimportant for Hg'” when they are gen- 
erally observed for other nuclei having similar inter- 
mediate-state lifetimes. To resolve this question, the 
y~vy correlation measurements were undertaken. The 
experimental y—vy coefficient for a dilute Hg(NOs), 
solution is A,=0.214+0.037 in agreement with the 
theoretical value (0.2207) for a pure M4 and E2 
transition in this cascade. The ratio of the y—y co- 
efficient in solid Hg(NO 4) sources to that obtained 
for the solution is however g2.=0.51+0.16. We note 
that the ratio of the ex~—vy coefficient for the Hg and 
Hg(NOv,)o sources to the theoretical coefficient is ge 

0.47+0.03. It appears therefore that there are strong 
attenuations in the solid sources which cannot be 
attributed to the results of the conversion process and 
that our original hypothesis is untenable. 

Recent measurements by Pound and Wertheim” on 
Hg’, which has the same spin sequence as Hg"*’, bears 
some relation to the problem of perturbations of the 
intermediate state in Hg". These authors obtain 
attenuation factors g.=0.38 and g2=0.25 respectively 
from their y~y angular correlation measurements in 
solid Hg and HgCl, sources. Thus in Hg™ strong static 
quadrupole perturbations are present. Assuming that 
the collective £2 transition in Hg™ is of rotational 


4 Gimmi, Heer, and Scherrer, Helv. Phys. Acta 29, 147 (1956). 
“ Walter, Huber, and Zunti, Helv. Phys. Acta 23, 697 (1950). 
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nature, Pound and Wertheim determined the quadru- 
pole moment of the intermediate 5/2 state from the 
partial y lifetime. If the same procedure is employed in 
Hg", we find that the product of the quadrupole 
moment and total lifetime for this state in Hg” is 
somewhat larger than that for Hg™. Thus the Hg’” 
correlations would be expected to show attenuations 
larger than those for Hg™ nuclei in the same chemical 
environment. While it is unfortunate that measure- 
mets for both isomers in identical environments are 
not available, the large attenuations in Hg™ lend 
support to the expectation that they should not be 
absent in Hg’, 

In the study of the decay of Ta, Snyder and 
Frankel'* have compared the ex~—y and y—y correla- 
tions in the 1/2(#2)5/2(M1+2)7/2 cascade. They 
obtain for the ratio of these coefficients b.*(E2) 
=2.1+0.4 in agreement with the theoretical value 
1.81. These results, which are in disagreement with 
similar measurements reported by Gimmi, Heer, and 
Scherrer, again show no evidence for strong attenua- 
tions following upon conversion electron emission. 

There still remains the problem of understanding the 
apparent independence of the e~—y and e~—e~ co- 
efficients on the chemical environment. If we were to 
assume that the static perturbations in the thin surface 
sources used for these measurements were very strong, 
and that the hard core value was indeed being realized, 
the various measurements would be internally con- 
sistent. This however would require that the box co- 
efficients (Z=80, E=165 kev, M4) calculated by 
Biedenharn and Rose‘ on the assumption of a point 
nucleus were smaller by a factor of two than the true 
values. 


ACKNOWLEDGMENTS 


We are especially indebted to Dr. A. J. Allen and the 
crew of the University of Pittsburgh cyclotron for the 
numerous irradiations necessary for our work, and to 
Dr. C. Baker of Brookhaven National Laboratory for 
the special irradiations undertaken on our behalf. We 
also wish to record our gratitude to Mr. B. Deutch who 
assisted in the y—y measurements and to Mr. H. Mohr 
and the entire shop crew who constructed much of the 
apparatus used in these measurements. 


‘6 FE. Snyder and S. Frankel (to be published). 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 4 FEBRUARY 15 1957 


Comparison of Energy Levels of Li’ from Various Reactions* 


C. P. Brownet anv C. K. Bocxetmant 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received November 7, 1956) 


The nuclear energy levels of Li® of excitations less than 5 Mev were studied by using inelastic scattering 
of deuterons and protons and the Be®(p,a)Li*® reaction. An electrostatic accelerator and a broad-range mag 
netic spectrograph gave high precision and resolution. Levels were observed at 2,188+0,006 Mev and at 
3.560+0.006 Mev, the former with all three reactions and the latter with all but deuteron scattering which 
is forbidden by the isotopic-spin selection rule. No other levels were observed. A study of the peak shapes 
yields 24 kev for the half-width of the 2.188-Mev level, in agreement with previous measurements on the 


compound nucleus. 


I. INTRODUCTION 


HE Li® nucleus, partly because it is so light, has 

been the subject of a large number of experiments 

by many investigators. In spite of this, several un- 

certainties remain in the number, position, and widths 
of the levels below 5-Mev excitation. 

The first level, known to be at 2.19-Mev excitation, 
has been observed by scattering of deuterons from 
helium,'? inelastic scattering of protons,’* and deu- 
terons‘ from Li®, the Be*(p,a)Li® reaction,’ and the 
Li? (He*,a)Li®, Li? (d,t)Li®, and Li?(p,d)Li® reactions.*.** 

The experiments of high precision, namely, the 
deuteron scattering from helium and the (p,a) reaction, 
give an excitation of 2.186 Mev and agree within 2 kev 
of each other. Agreement concerning the width of the 
level is not so good, however, as the two scattering 
experiments give a width of 23 kev in the center-of-mass 
system, while the (p,a) reaction was stated to give less 
than 8 kev.® This figure, which was obtained by ex- 
amination of the shape of the energy distribution of 
alpha particles from a thick target, is a limit on the 
spread in energy of the particles rather than a limit on 
the width of the level. The corresponding limit on the 
level width is 17 kev. After re-examination of this and 
other data on peak shapes, H. T. Richards concludes 
that the limit should have been set somewhat higher, 
as was mentioned in reference 1. Since the state can 
decay to He‘ plus a deuteron, an appreciable width 
would be expected. This decay, as well as the appear- 
ance of the state in inelastic deuteron scattering, 
indicates an isotopic spin of zero. 

A second state of Li® has been observed with the 

* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 
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*W. Franzen and J. Likely, Phys. Rev. 87, 667 (1952). 

‘ Browne, Bockelman, Buechner, and Sperduto, Phys. Rev. 90, 
390(A) (1953). 

’ Browne, Williamson, Craig, and Donahue, Phys. Rev. 83, 179 
(1951). 

* Allen, Almqvist, and Bigham, Phys. Rev. 99, 631(A) (1955). 

7 Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955). 

* J. Reynolds and K. Standing, Phys. Rev. 101, 158 (1956). 


Li’ (He’,a)Li® reaction,® the Li’(p,d)Li® reaction,’ and 
through the gamma ray to the ground state following 
the Be*(p,a)Li™ reaction.’ The gamma-ray energy 
reported as 3.572+0.012 Mev furnishes the only precise 
location of this state. The fact that gamma emission 
occurs in successful competition with particle emission 
suggests that this state has a small width, a conclusion 
corroborated by the observation of Li® recoils excited 
to this level in the Li’ (He*,a) reaction.® 

Previous work at this laboratory‘ failed to find 
inelastic déuteron scattering from Li® leading to the 
second excited state, supporting the assumption, based 
on location, that this state has isotopic spin 1, The 
gamma emission, in preference to the breakup into 
He*+-d, and the fact that this state is not observed in 
the deuteron on helium scattering also indicate 7'= 1, 

The scattering of deuterons from helium? indicates 
a very broad level at 4.52 Mev, and the Li’(He',a) 
reaction® gives a suggestion of a level near 4.3 Mev. 
No other levels have been found below 5 Mev. 

The present work uses the inelastic scattering of 
protons and deuterons and the Be*(p,a)Li® reaction to 
survey the levels in Li® up to 5-Mev excitation, seeking 
to measure positions, widths, and isotopic spins with 
particular interest in comparing the results from the 
different reactions. Of more general interest is the 
comparison of a level width observed in a residual 
nucleus with the width derived from measurements on 
the compound nucleus. The theory of the energy dis- 
tribution of particles emitted to a state in the final 
nucleus has not been worked out in the general case. 
It appears that the technique may often provide a 
useful tool for the determination of the total widths of 
levels. 

Il. EQUIPMENT AND PROCEDURE 


Most of the techniques used in this experiment are 
those in routine use by the MIT-ONR generator group. 
Targets were prepared by vacuum evaporation of 
metallic lithium, enriched to 95% in the mass-6 
isotope, or metallic beryllium onto thin Formvar 
backings. (The enriched lithium was obtained from the 
Stable Isotopes Division, Oak Ridge National Labora 
tory.) The lithium targets were reinforced by a thin 


*R. Mackin, Phys. Rev. 94, 648 (1954). 
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iG. 1, Magnetic analysis of protons emitted from a Li target under proton bombardment. The number 
of proton tracks in a 4-mm strip across the exposed zone of the nuclear emulsions is plotted against distance 
along the emulsion for exposures at two magnetic fields. Polonium alpha particles were used to obtain the 
calibration of plate distance in terms of trajectory radius. Both abscissa scales apply to both plots. The 
diagonal line in the upper graph may be used to obtain the Li® excitation energy, read on the right-hand 
scale, corresponding to any plate distance on that plot. 


layer of gold evaporated onto the back of the Formvar. 
The MIT-ONR electrostatic generator furnished pro- 
tons and deuterons at bombarding energies ranging 
from 7.0 to 7.5 Mev, and the MIT broad-range specto- 
graph” recorded the reaction products at angles 
ranging from 30 to 90 degrees. A survey of target 
materials and possible contaminations was made by 
observing protons elastically scattered from the target. 
In addition to particle groups from the target materials, 
groups were found from gold, oxygen, carbon, hydrogen, 
and a small amount of sulfur normally present in 
Formvar. 

Analysis of the observed peak shapes to give level 
widths was based on the calculations and measurements 
of the spectrograph focal properties carried out by 
Zimmerman." 

Ill. SPECTRA 


The spectrum of protons elastically and inelastically 
scattered from lithium targets was recorded at several 
angles with different bombarding energies. At 90 
degrees with an incident energy of 7.03 Mev, the 
spectrum covered proton energies from 5.0 to 1.4 Mev, 
corresponding to excitations in Li® from zero to 4.1 
Mev. At 60 degrees, a bombarding energy of 7.44 Mev 
was used, and the range of excitation covered was 3.5 
to 5.2 Mev; at 30 degrees and 7.44 Mev, the range was 


”(C, P, Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 


(1956). 
“S. F, Zimmerman, Jr., M.S. thesis, Massachusetts Institute 


of Technology, August, 1955 (unpublished). 


zero to 5.4 Mev. The latter spectrum is shown in Fig. 1, 
where the two graphs are plots of the particle tracks on 
nuclear emulsions exposed at the two spectrograph 
fields needed to cover the 5.8-Mev range of proton 
energies, allowing some overlap. Particle groups are 
shown that arise from elastic scattering from Li’, Li®, 
and hydrogen, and from inelastic scattering from S*®, 
C®, Li’, and Li®. The Li® groups are numerically labeled, 
starting with zero for the ground state. 

The variation of dispersion with position on the plate 
is seen in the difference of spacing between the lithium 
second excited-state group and the S® group appearing 
on both the upper and lower plots. The group at a 
radius of about 41 cm on the top plot is produced by 
the elastic scattering of protons from the gold target 
backing. These protons originate from the molecular 
beam of half-energy which momentarily passes through 
the deflecting magnet as the generator energy falls after 
a spark or at the end of a run. 

It is seen that the first state gives a broad intense 
group, the second state gives a weak narrow group, 
and no higher levels are observed. In examining the 
peak widths, it should be recalled that the spectrograph 
dispersion increases markedly for the larger trajectory 
radii. The apparent energy width of the elastic group 
from hydrogen is caused by the rapid change in energy 
over the }-degree range of acceptance angle of the 
spectrograph. The background observed comes from 
slit-edge scattering in the input-beam slit system. 

Deuteron spectra were recorded at 7.01 Mev and 
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Fic. 2, Magnetic analysis of deuterons emitted from a Li$ target under deuteron bombardment. The arrow marked (2) in the 
upper graph indicates the position calculated for a group of deuterons corresponding to the second excited state of Li’, 


90 degrees and 7.49 and 60 degrees and covered ex- 
citations from zero to 3.4 Mev and 1.7 to 4.6 Mev, 
respectively. Parts of the spectra are shown in Fig. 2. 
The only groups seen are those from the elastic scat- 
tering from Li® and the inelastic scattering from the 
first excited states in Li® and in C”. The position at 
which the second excited-state group would appear is 
marked by an arrow near the C” inelastic group. As in 
the case of the protons, the width of the first excited- 
state group is caused by the natural level width, while 
the width and asymmetry of the C” inelastic group is 
caused by straggling in the target backing. Again, the 
background arises from slit-edge scattering. A triton 
group, not shown in Fig. 2, was also found. It cor- 
responded to the Li’(d,t) reaction proceeding to the 
first excited state of Li®. The identification was con- 
firmed by a bombardment of a natural lithium target. 
No attempt was made to observe the triton group 
leading to the ground state. A group leading to the 
second excited state would have been obscured by an 
intense alpha-particle group from the O!*(d,a)N"™ 
reaction. 

Alpha-particle spectra recorded at 30 degrees with 
7.31-Mev protons incident and at 60 degrees with 
7.25-Mev bombardment are shown in Fig. 3. In addi- 
tion, runs were made at 30 degrees and 7.32 and 7.48 
Mev. Two sets of beryllium targets were used, neither 
of which was entirely satisfactory. The first had a 
thin, reasonably uniform, layer of beryllium, but con- 
tained a considerable amount of impurity in the back- 
ings. The second set was relatively free of impurity 
but had a small amount of beryllium on the reverse 


side of the backing, giving a double peak for each 
particle group, as may be noted in the upper portion 
of Fig. 3. 

Three groups of alpha particles are seen, correspond- 
ing to the ground and first two excited states of Li®. A 
background of alpha particles from the three-particle 
reaction giving a deuteron and two alphas rises with 
decreasing momentum from its threshold, which is 
marked by an arrow to the right of the first excited- 
state group in the upper spectrum. A group of triply 
charged Li® recoil nuclei from the reaction leading to 
the ground state is seen at the left of the spectra. The 
recoil nuclei have a range very close to that of alpha 
particles at this momentum and were not distinguished 
from them in counting the plate. Of course, the shift 
of the peak with energy and angle confirms the identi- 
fication. Again, groups corresponding to only two 
excited levels are seen. 


IV. FIRST EXCITED STATE 


Several determinations of the half-width of this 
level were made using each of the reactions at various 
bombarding energies, angles of observation, and with 
different input and spectrograph slit settings. The best 
results are those from proton and deuteron scattering, 
because here energy loss in the target was negligible. 
the level width 
tributing to the observed peak widths are a spread in 


Factors other than natural con- 
energy of the incoming beam, variation in energy loss 
in the target, finite size of the target spot, and aber- 


ration of the spectrograph. The relative effect of each 
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Fic. 3. Magnetic analysis of alpha-particles from a beryllium target bombarded by protons of energy 7.309 
Mev (upper graph) and 7.249 Mev (lower graph). The solid curve at a radius of 49 to 50 cm on the upper graph 
is the alpha-particle count from a longer exposure showing that the observed background approaches the calcu- 
lated three-particle threshold as the exposure is increased, 


of these depends, among other things, on the dispersion 
and magnification of the spectrograph. In order to 
check the estimate for the magnitude of each factor, 
two runs were made with a narrow (}-mm) 7.03-Mev 
proton beam spot, a small spectrograph acceptance 
angle, and narrow beam analyzing magnet slits. The 
spectrograph was set at 90 degrees, and the field was 
adjusted to place first the elastic group and then the 
inelastic group at a given position along the plate. The 
position chosen was near the upper end of the focal 
surface where the dispersion is high. These results are 
shown on the lower portion of Fig. 4. At these two 
settings, an inelastic peak corresponding to the first 
excited state and one from the narrow second excited 
state also appeared at a point near the bottom end of 
the focal surface where the dispersion is lower. The 


Tasie I. Widths of the first excited state. 


Angle of 
observation 
(degrees) 


Bombarding 
energy 
(Mev) 


7.03 90 
7.03 90 
90 
90 
3 


Source 
size (mm) 


Reaction AO (kev) 


(p,p’) 


| 


90 
60 


—— eee | 


» 
30 
o— 


ecw ee 


00 


latter two peaks are shown in the upper part of Fig. 4. 
In these plots, equal distance intervals correspond to 
equal energy intervals to within 5%, and the abscissa 
may be taken as essentially linear in energy. 

From the known aberration and magnification, it 
may be calculated that aberration and source size 
contribute a very small amount to the observed peak 
widths. The major factors that determine the shape of 
these peaks are the input energy spread, the variation 
of energy loss in the target, and the distribution in 
energy ascribed to the natural width of the level. For 
a level as narrow as the first excited state here, the true 
shape should be given by the resonance formula, in 
which the variation of the partial widths across the 
level may be neglected. Within the statistical error of 
the present measurement, the resonance shape is 
indistinguishable from a Gaussian curve. Since the 
natural width is large compared to either of the spreads 
from the remaining instrumental factors, it is considered 
a good approximation to assume that the observed 
width is the square root of the sum of the squares of 
the natural width and the instrumental energy spread. 

The combined effects of the instrumental factors are 
exemplified in Fig. 4 by the narrow peaks, which are 
associated with levels presumed to have zero natural 
width. These measurements are not accurate enough 
to separate the effect of input energy spread from the 
effect of target thickness. Since the former should 
contribute equal energy increments to both peaks, the 
increase in stopping power as energy decreases should 
render the lower energy peak wider. However, the 
opposite is observed. Nevertheless, an upper limit for 





COMPARISON OF 
the variation of energy loss in the target is set by the 
observed width of the second excited-state group by 
assuming all the energy spread to come from this effect. 
Then, using the ratio of stopping powers for the energies 
of this group and the elastic group, it is found that 
target thickness contributes a negligible amount to the 
observed width of the elastic peak. If this is the case, 
the width of the elastic peak must be ascribed wholly 
to energy spread in the beam. The figure obtained is 
higher than the estimate obtained from the slit settings 
of the beam-analyzing magnet, so that it must be as- 
sumed that, for the run giving the elastic peak, there 
was a slight drift of the magnetic field. By using the 
observed width of the elastic peak and assuming the 
variations to be caused entirely by beam energy spread, 
the contribution to energy width of the first excited- 
state group was calculated. This was then subtracted 
as the square root of the sum of the squares from the 
observed width to find the spread in energy caused by 
the level width. The result is 19 kev. This is quite 
insensitive to the assumptions regarding the origin of 
the observed width of the peak from elastic scattering, 
because the total width of this peak is only about one- 
third the width of the peak from inelastic scattering. 

From the inelastic peak at the position of lower 
dispersion and the peak from the second excited state, 
similar calculations give an energy spread of 23 kev. 

Estimates of the level width were made in a similar 
way from all the peaks observed with the three re- 
actions. The results are tabulated in Table I in the 
column marked AQ. For the (p,a) and (d,t) reactions, 
the target thickness was a larger factor, and the results 
are considered less accurate. The fact that there is good 
agreement between the runs taken under different 
conditions gives confidence that the number obtained 
actually represents the level width. 

The determine the position to be used in calculating 
the energy of a group having a natural width, a pro- 
cedure must be used that is somewhat different than 
that used for a narrow group. Normally, the observed 
peak shape arises from target and instrumental effects 
only, and the point on the peak whose position is least 
sensitive to those, namely the point at one-third 
maximum, is chosen to represent the peak position on 
the plate distance scale. This point is obviously un- 
suitable for the present case, where the observed width 
arises mainly from natural level width. The procedure 
used was to determine the position of the center of the 
peak and to add to this the distance from the center to 
the third-height point for the polonium alpha-particle 
peaks used to calibrate the spectrograph. 

As the energy equivalent of the half-width of the 
calibration peaks is of the order of 2 kev, the error 
involved in this transformation of calibration from 
third-height position to peak position should be less 
than this. There is an uncertainty in determining the 
center of the observed inelastic group because of the 
slight asymmetry of the peak ; however, it may be seen 


ENERGY 


LEVELS OF Li*® 


To «1.96 Mev 
6705.5 kev 


2.0mm 
es 4 


To = 3.13 Mev 
4 Tos 24kev 





+-692-40 2p” 
24 35 ) 
DISTANCE ON PLATE-CM 


To= 5.01 Mev 


Elastic 
4 To«70 kev 


2.4mm 


Se 





= 313 Mev 
Bt 6 saline: 


218 Level 
rad hoe 10,2 mm 
rs ¢ 
LL 30° i, } 
On a 76 77 
DISTANCE ON PLATE -CM 
Fic. 4. Sharp and broad proton groups from Li* examined at 
two positions on the spectrograph focal surface in order to display 
the width of the first excited state. The observed energies (7°) 


of the groups and their full widths at half-maximum (47>) are 
given. 


from Fig. 4 that, for the proton scattering, this error 
is small, and the midpoint of the half-height of the peaks 
lies on the center of the Gaussian that gives the best 
fit to the points. In the case of the Be*(p,a)Li® reaction, 
the ground-state Q-value determined from the same 
exposure was used with the excited-state Q value to 
give the excitation energy. These values are somewhat 
less accurate because of the greater stopping for alphas 


TABLE IT. Q values and excitation for first excited state. 


Angle of 
observation Q-value Excitation 
(degrees) (Mev) (Mev) 


~ 2.186 2.186 
2.189 2.189 
~2.189 2.189 
2.187 2.187 


Bombarding 
energy 


Reaction (Mev) 


(p,p’) 


7028 © 
7.028 #” 
7.031 0 
7.031 90 
7.012 90 2.186 2.186 
7.318 30 
7.485 30 
7,249 


0.079 2.190 
-0,058 2,191 
0.069 2.194 
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Bombarding 
energy 
Reaction (Mev) 


Angle of 
observation 
(degrees) 


BROWNE 


Q-value 
(Mev) 





(p,p’) ~ 7.028 
7.031 
(7.447) 


7,318 
7 48S 
7.249 


(py) 


a") 
00 
0 


30 
30 
00 


—3.559 
— 3,559 


(—3.561) 


— 1,453 
— 1,442 
— 1,428 


Taste IIL. Energy of the second excited state. 


Excitation 
(Mev) 


3.559 
3.559 
(3.561) 


3.564 
3,566 
3.553 


AND 


and also because the incident protons passed through 
the targets. 

Table II lists the excitations found for this level, 
The agreement with previous values is remarkable, 
particularly for a broad level. 

The strong inelastic deuteron scattering to this level 
confirms the expectation that 7'=0. 

In summary, the present experiment gives the ex- 
citation energy of the first excited state of Li® as 
2.188+-0.006 Mev, with a width of 24 kev and isotopic 
spin of 0. The deuteron on helium scattering experi- 
ments'* show this level to have spin 3 and even parity 
and the “pickup” reactions’* give results consistent 
with these values. 


V. 3.56-MEV LEVEL 


Data for the position of this level are given in Table 
ILI. The weighted average of 3.560+-0.006 Mev agrees 
within the errors with the gamma-ray energy of 3.572 
+0.012 previously determined.’ Since the gamma-ray 
energy was uncorrected for any Doppler shift, the 
agreement in position shows that the state is relatively 
long-lived. The sharp peaks obtained with the proton 
scattering indicate that the width of this level cannot 
be more than a few kilovolts. 

The assumption of 7=1 is confirmed by the lack of 
inelastic deuteron scattering to this level. At 7.49 Mev 
and 60-degree observation angle, an upper limit of 
0.9% of the first excited-state intensity is found. 

In summary, this experiment shows the second level 
in Li® to be at 3.560+-0.006 Mev with a width less than 
5 kev and with 7=1. Other experiments’: are 
consistent with a O* assignment or a 7'= 1 assignment 
or both. 

VI. OTHER LEVELS 


No other levels below 5-Mev excitation are seen with 
any of the three reactions studied. Intensity limits for 
a state less than about 100 kev in width are listed in 
Table IV. 

The upper limit is given as a percentage of the 


™R. Day and R. Walker, Phys. Rev. 85, 582 (1952). 
4 R. Malm and D. Inglis, Phys. Rev. 95, 993 (1954). 
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TABLE IV. Upper limit of intensity for a nonobserved 
sharp state. 


Intensity limit 
Percent of Percent of 


first second 
excited state excited state 
<50 


<3 
<3 <50 


Bombarding 
energy 
(Mev) 


7,45 
7.45 


Angle of 
observation 
(degrees) 


30 
00 
00 <1 
30 <5 


Reaction 


(pp) 





7.49 
7.30 


(d,d’) 
(pa) 


intensity of the first and second excited-state groups. 
In the case of the proton scattering, the high ratio to 
the second state reflects the very low intensity of that 
group. 

A level with a width of the order of 1 Mev would be 
much more difficult to observe, because the reaction 
products would be spread out over most of the nuclear 
plate and would be indistinguishable from instrumental 
background. 

For the proton scattering at 7.45 Mev and 30 degrees, 
a total number of tracks greater than three times the 
number of tracks in the first excited-state group would 
have been seen, provided that they were spread out 
over about 1-Mev excitation energy. The narrower the 
group, the lower this limit would be, down to that 
listed for a sharp state. For the proton run at 7.45 Mev 
and 60 degrees, there is‘a very slight indication of an 
apparent rise and fall of the “background” from a 
point below the second excited-state group down to a 
point corresponding to around 5-Mev excitation. From 
the deuteron scattering, it is felt that a group 1 Mev 
wide, with a total intensity greater than twice that of 
the first state group would have been seen. The spec- 
trum from the (p,a) reaction shows only a smooth rise 
of the number of alpha particles from the three-particle 
reaction. 

The level at 4.524-0.08 Mev seen in the deuteron on 
helium scattering’ is evidently at least 1 Mev wide, so 
that reaction products from this state are probably 
indistinguishable from the background in the present 
experiment. This wide level may be the one reported 
at 4,340.02 Mev with uncertain width from the 
Li’ (He’,a)Li*® reaction.® If this is the case, all recent 
experiments are in complete agreement, and the 
characteristics of the levels of Li® up to 5-Mev excitation 
are now well known. 

The authors wish to express their appreciation to 
Professor Gregory Breit for a helpful discussion on the 
problem of level widths and to Professor W. W. 
Buechner and Professor H. T. Richards for their 
advice. The nuclear-track plates were carefully scanned 
by W. A. Tripp, Sylvia G. Darrow, and Estelle 
Freedman. 
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Paramagnetic resonance absorption in single crystals of UC1, diluted with LaCl, has been investigated. 
The values of the parameters in the appropriate Hamiltonian are given. The values of the nuclear spin, 
magnetic dipole moment, and electric quadrupole moment obtained from these studies are discussed. 
The ratios of the moments of U** and U™, which can be obtained with much higher accuracy than the 


individual moments, are given. 


INTRODUCTION 


ARAMAGNETIC resonance absorption in single 
crystals of UCI, diluted with LaCl, and containing 
U** in its normal abundance has been examined 
recently by Hutchison, Llewellyn, Wong, and Dorain.' 
Crystals of LaCl,; containing UCI; enriched in U™* have 
also been investigated by Bleaney, Hutchison, Llewellyn, 
and Pope,? and this has permitted a study of the 
Am=+1, +2 transitions as well as of the Am=0 
hyperfine lines. In the present paper we report similar 
results obtained for U™ in the same system, and also 
the ratios of the values of the nuclear dipole and 
quadrupole moments for the two isotopes which can be 
determined with more certainty than can the individual 
values. 


EXPERIMENTAL PROCEDURE 


U™Cl, was prepared in a single quartz microflask of 
about 2 cm* volume from the hydrated nitrate. Either 
the nitrate or UO; prepared from it reacted with 
hexachloropropene’ to form UCI, and the liquid reaction 
products and excess hexachloropropene were removed. 
Then Zn metal was added and after evacuation the 
flask was sealed and heated; reduction to UCI; took 
place and excess reagents and reaction products, apart 
from the UCI, sublimed to a cool portion of the neck 
of the flask.‘ The portion of the flask containing the 
pure UCI, was sealed and removed to a dry box where 
it was added to LaCl,; prepared by the method described 
by Anderson and Hutchison.® Crystals were prepared 
as described previously.' 

The resonance experiments were performed at a 
frequency of 2.3210" cy sec and at 4.2°K. The 


t This work was supported by the Office of Naval Research 
and the U. S, Atomic Energy Commission. 

* Fellow of the John Simon Guggenheim Memorial Foundation, 
1955-1956. 

' Hutchison, Llewellyn, Wong, and Dorain, Phys. Rev. 102, 
292 (1956). 

2 Bleaney, Hutchison, Llewellyn, and Pope, Proc. Phys. Soc. 
(London) (to be published). 

‘J. J. Katz and E. Rabinovitch, The Chemistry of Uranium 
(McGraw-Hill Book Company, Inc., New York, 1951), Chap. 14, 
pp. 468-470. 

4 See reference 3, pp. 450-452. 

5 J. H. Anderson and C. A. Hutchison, Jr., Phys. Rev. 97, 76 
(1955). 


crystals contained approximately 0.01 mole percent 
U* in La. 


EXPERIMENTAL RESULTS 


The magnetic resonance spectrum in the position in 
which the c-axis of the crystal is parallel to H consists 
of six nearly equally spaced lines and the spin of U™ 
is clearly 5/2. This is in agreement with the results of 
optical studies.® 

The nature of the ground state of U** in the LaCl, 
structure has been discussed previously.’ Taking S= 1/2 
and J=5/2 the spectrum has been analyzed using the 
spin Hamiltonian 


H=B(g,HS.t+¢,(HoS2t+H,S,)} +hcASi1, 
+hcB(S.1e+Syl,)+heP(1— (I+1)} 
— gvBvH ‘ I, (1) 


with g,,= 4.153 and g,= 1.520 as given previously.' 

The theory of this Hamiltonian with special reference 
to nuclear effects has been given by Bleaney.’? When the 
c axis of the crystal is parallel to H only the 2/+1 
transitions for Am=0 are observed (m is the nuclear 
quantum number). As the crystal is rotated the transi- 
tions for Am=+1 appear, two lines between each 
hyperfine pair as shown in Fig. 1. In the orientation in 
which the ¢ axis is perpendicular to H, the intensity of 
the Am=-+1 lines has fallen to zero and only the 
Am= +2 lines, which appear near this angle, remain in 
addition to the Am=0 lines. This situation is shown in 
Fig, 2. 

In the analysis of the present data, we have treated 
the off-diagonal elements of AS,/,4+ B(S,J,+S,l,) by 
perturbation theory and have inserted the calculated 
second-order hyperfine energies as diagonal terms in 
the matrix of the quadrupole interaction. Then to the 
approximation of second-order perturbation theory and 
omitting terms of order higher than /*/B*, we find that 
in the perpendicular orientation the following relations 
are valid. 


* Kiess, Humphreys, and Laun, J. Research Natl. Bur. Stand 
ards 37, 57 (1946); K. L. van der Sluis and J. R. McNally, J. 
Opt. Soc. Am. 44, 87 (1954); N. I. Kaliteevskii and M. P. Chaika, 
Doklady Akad. Nauk. (S.S.S.R.) 103, 1, 49 (1955). 

7B. Bleaney, Phil. Mag. 42, 441 (1951). 
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Fic, 1, Recorder chart showing derivative of absorption versus magnetic field strength. The angle between the c axis and H is 91.9°. 
(Field strength increasing to the right. The Am = +2 transitions are not labeled although they appear in the photograph.) The recorder 
curves were inked for reproduction purposes with a line whose width was equal to the noise height. 


(i) The magnitude of the separation between the 
outermost peaks of the spectrum (Am=0 for these) is 


| 107"°B 
|SB-+———_. 
BoP 
(ii) The magnitude of the separation between the 
next two outermost peaks is 


18P"B | 
BP) 


3B+ 


(iii) The magnitude of the mean of the two intervals 
(a) between the line (+1/2, +5/2)-+(—1/2, +1/2) 
and the line (+1/2, +1/2)«+(—1/2, +5/2) and (b) 
between the line (+1/2, —5/2)«+(—1/2, —1/2) and 
the line (4-1/2, —1/2)«+(—1/2, —5/2) is 

30P* oP 
6P- -————|, 
BP-9P B— P| 


(iv) The magnitude of the similar mean involving 
the m= +3/2 and m= 1/2 levels is 


15P* | 
BP BOP!) 


| 19P3 
\2P— 


(v) At other angles the formulas of Bleaney’ give 
for the magnitude of the mean of the two intervals 
(a) between the line (+ 1/2, +5/2)++(—1/2, +3/2) 
and the line (+1/2, +3/2)«+(—1/2, +5/2) and (b) 
between the line (+1/2, —5/2)«+(—1/2, —3/2) and 
the line (+1/2, —3/2)++(—1/2, —5/2) the value 

| 3A%,? 
we (ov) 
K*g* 


where K*g’= A*g,,? cos’?+ B’g,’ sin’? and terms of the 
order P*/B? are omitted. 

When one uses these formulas, the best values 
obtained for the parameters in (1) are 


I=5/2, 
|A| = (378.6+1.2)X10~ cm™, 
| B| = (123.6-1.0)X10~ cm™, 
| P| = (9,941.0) 10 cm, 
The value of |A| was obtained by use of the relation 
|A| =| AH | 5o/SHo, 


where |AH| is the interval in the parallel orientation 
between the transitions (4-1/2, +5/2)«+(—1/2, +5/2) 
and (+1/2, —5/2)++(—1/2, —5/2), i is the wave 
number corresponding to the microwave frequency, 
and H, is the quantity appearing in the expression 


he 
Ho———-Am—a{I(I+1)—m’) 
£uB 


for the field at which the Am=0 transitions occur in the 
parallel orientation at fixed frequency.’ The constant, 
H», was evaluated empirically from the hyperfine peak 
positions. | P| was calculated by using the formulas of 
(iii), (iv), and (v), the last at two angles, 100° and 98°, 
between the ¢ axis and H. The values 10.30, 13.0, 8.93, 
and 10,60X10~* cm™, respectively, were obtained. The 
value 13.0 was discarded because of large uncertainty 
in this case, the lines for one of the intervals being 
unresolved. In the calculation of P by the formulas of 
(iii) and (iv), the value obtained is not sensitive to 
the value taken for |B| and 1/5 the total spread of 
the spectrum in the perpendicular orientation was used. 
The better value of |B| was then obtained from the 
formulas of (i) and (ii). 


Fic. 2. Recorder chart 
showing derivative of ab- 
sorption versus magnetic 
field strength. The angle 
between the ¢ axis and H 
is 90.0°. The recorder curves 
were inked for reproduction 
purposes with a line whose 
width was equal to the 
noise height. 
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When Hp for the parallel orientation (calculated 
as described above) and Hp» for the perpendicular 
orientation (calculated using the extension of Bleaney’s 
relations’ which was described above) are used to 
calculate g’s, one obtains 


£u= 4.149, g,= 1.520, 


the values previously given' on the basis of measure- 
ments on U™® being 


= 4.1534+0.005, g,=1.520-+0.002. 


The origin of the unlabeled lines in the spectrum of 
Fig. 2 is unknown. 
DISCUSSION 


Using the values of the parameters given above, one 
obtains 
(gA )/(g,B) = 1.12, 


in close agreement with the value 1.10 which is obtained 
using the parameters for U™® given in the previous 
paper.’ The significance of this value has been discussed.' 


The relation 
( |A| ) ( | A| ) 
/ : = 1,019 
| B| 235 | B\ 233 


is found to hold. This ratio must theoretically be unity 
to a very high degree of approximation and the largest 
uncertainty in its experimental value arises from the 
determination of |B}. 
The nuclear magnetic dipole moment may be calcu- 
lated by employing the formula 
I (JI|Al| J) 
un =—— —~- {hc|A\/gu,he|B\/gs} (2) 
2BBw{r*) (J||N||J) 


given by Elliott and Stevens* and the values of the 
multiplicative factors obtained from their tables. The 
large uncertainty in this calculation lies in the value 
used for (r~*). Taking the value 50 A~* obtained as 
described in the previous papers'? one finds the values 
of the moment given in Table I. The ratio of the 
moments for the two isotopes may be given with much 
greater accuracy since the large uncertainty in (r~*) is 
not involved. One finds the values given in Table I. 
The value in the left-hand column was calculated from 
the expression 


| 98] /| ey | Ys 


where the definition of AH for U™® is the same as that 
previously given for U™ except that 7/2 is substituted 


| AH™*| /| AH™|, 


8 R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, 553 (1953). 


Uts#Cl, 


TABLE I. Numerical values. 


Value calculated from 
1Bl, es 


Value calculated from 
[Al eu 
0.54 nm 0.48 nm 
3.5 X10°% cm? 3.3 k10°% em? 
1.52 £0.15) X10® nm em~* 1.44 40.15) X10 nm cm" 


| wn] 
}Q™s| 
| wns! /| 298) 
0.35 nm 
4.1 X10°™ em? 
(0.85 +0,08) K10® nm cm~* 


0.32 nm 
3.9 xX10°% em? 
(0.82 40.08) X10" nm em? 


| ons} 
| Q%38| 
| n 2s! | Cm] 


| y 246 | fun 
| 2} |O™s| 


0.651 40,002 0,663 40.012 


1.174020 


for 5/2. The value in the right-hand column is just the 
ratio of the uy’s calculated from the formula (2). 
The electric quadrupole moment may be calculated 
from the formula, 
4he| P| 1(2T—1) 
1Q| 


ie 


~9er-*\I|lal| I+ |T2— +1) | 4)" 


given by Elliott and Stevens* and the multiplicative 
constant obtained from their tables. The value of the 
matrix element is somewhat different depending upon 
whether the coefficients of +7/2 and 5/2 in the 
ground state are computed from g, or from g,. The 
values using (r~*)= 50 A~ are given in Table I. 

The ratio of the magnetic moment to the electric 
moment of the same isotope may be given with much 
less uncertainty than either individual moment because 
they both depend in the same way on (r~*), the uncertain 
quantity in these calculations. There still remains an 
uncertainty of some 10% arising from mixing with J 
values other than those mentioned above which renders 
the formulas used inaccurate to that extent. One finds 
the values given in Table I. 

The ratio of the quadrupole moments may likewise 
be found with relatively high accuracy, from the data 
of this and the preceding paper,’ and are given in Table 
I. This ratio was calculated from the expression 


| / | ‘Cae (21 ‘10) | ps! ps ’ 


The value of (r*) used in this paper probably repre 
sents something close to the upper limit for this quantity 
and it would not be too unlikely for it to be smaller by 
a factor of two. The values given here for |ww| and |Q| 
are therefore probably close to their lower limits. 
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The yield ratio, Br™(y7,n)Br®/Br™(7,n)Br™™, was determined at several energies between 15 Mev and 
70 Mev, using bremsstrahlung produced by the Iowa State 70-Mev synchrotron. It was concluded that 
the yield ratio does not change significantly above 25 Mev, and, consequently, that the corresponding 


cross section ratio is also constant. 


ATZ, Pease, and Moody, using bremsstrahlung 

produced by the University of Saskatchewan 
betatron, have found that as the x-ray energy is 
increased the yield ratio, Br® (y,n)Br®/Br® (y,n) Br®™, 
at first decreases rapidly past threshold, and then more 
gradually, tending toward a value of about 2.2 at 25 
Mev.' The corresponding cross-section ratio levels out 
at a value very close to two near 18 Mev, remaining 
practically constant up to 25 Mev. 

Bremsstrahlung from the Iowa State College 70-Mev 
synchrotron was used to determine the yield ratio at 
higher energies. Samples of 1,2-dibromoethane, con- 
tained in glass vials and surrounded with boric acid 
bricks, were placed behind a thick lead collimator. The 
thermal neutron flux at the sample site during irradi- 
ations at 70 Mev was estimated by a method of induced 
activity using indium foils, and was found to be 
negligible. Therefore, contributions from the reactions 
Br” (n,y) Br® and Br” (n,y) Br” were disregarded. 

The possibility of a difference in the behavior of the 
metastable and ground states in the recoil enrichment 
process has been considered. Published evidence'* indi- 
cates strongly that the two states behave identically, 
and the particular times involved in these experiments 
minimize the effect of any slight difference in behavior. 
The probability is quite low that such an effect would 
change the yield ratio by more than a few per cent. 

Plane sources, prepared from aqueous extracts of 
the irradiated samples, were counted with a Geiger- 


Mueller counter. Counting data were resolved into 
4.4-hr Br®™™, 17-min Br®™, and, above 25 Mev, 17.2-hr 
Br’* components. The counting rates of Br® and Br®™ 
at the end of the irradiation, C,° and C,°, respectively, 
and the decay constant, A; and A», were calculated by 
the method of least squares. These data, together with 
the irradiation time, 7, were substituted into the 


equation, 
Rz 1-—¢™" 
(EG) 
R, \1—e "7 \C,° 
to calculate the yield ratio. A summary of results is 
presented in Table I. 

The results indicate that the yield ratio remains 
relatively constant from 25 Mev to 70 Mev. The 
average value for experiments at 68 Mev and 70 Mev 
is 2.42+-0.08, which is at least 4.5% higher than the 
value determined at 25 Mev by Katz et al.' However, 
there are several reasons for rejecting the possibility 
that this discrepancy represents a true increase in the 
yield ratio and in the corresponding cross-section ratio. 

Increasing photon energies should favor formation of 
the isomer with higher spin, as has been demonstrated 
in several cases.’~* The spins of Br®” and Br® are 5 
and 2, respectively. High-energy quanta would not be 
expected to contribute noticeably to either (y,m) cross 
section.** For example, several investigations have 
verified the absence of a high-energy tail on the 
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TABLE I. Relative yields of Br® and Br® from the photoneutron reaction in Br®. 


Maximum 
bremastrahlung 
energy cy Cy 


15.741 4046+ 16 881904 2000 
25 +5 100+ 4 3927+ 183 
25 +5 124+11 42864 18 
27441 2574 2 4206+ 501 
68.041 1687418 410464 944 
70 +1 1000+ 10 291704 605 
70 +1 5+ 6 98854 300 


Paper 


ment 6 
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4 a) 

isomeric ground 

state (hr) state (min) 
4.394-0.03 16.26+-0.86 
4.38+4-0.02 17.60+0.03 
4.36+0.12 16.65+0.81 
4.38+0.03 17.40+0.80 
4.3740.05 16.79+0.37 
4.39+4-0.05 


17.56+0.10 
4.36+0.07 16.72+0.17 


Ro/R: 


3.46+0.82 
2,48+0.12 
2.3840.21 
2.31+0.31 
2,.50+0.08 
2.51+0.17 
2.3640.07 


* Contribution No, 490. Work performed in the Ames Laboratory of the U, S. Atomic Energy Commission. 


' Katz, Pease, and Moody, Can. J. Phys. 30, 476 (1952). 

'® Chien and Willard, J. Am. Chem. Soc. 77, 3441 (1955). 

* Katz, Baker, and Montalbetti, Can. J. Phys. 31, 250 (1953), 
§ J. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953). 

‘K. Strauch, Phys. Rev. 81, 973 (1951). 


* Koch, McElhinney, and Cunningham, Phys. Rev. 81, 318 (1951). 


* J. L. Lawson and M, L. Perlman, Phys. Rev. 74, 1190 (1948). 
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NUCLEAR ISOMERS OF Br? 


Cu®(y,n)Cu® cross-section curve.’“" Sagane has shown 
that the yield ratio, Mo”(y,n)Mo"/Mo"(y,n)Mo™™, 
remains constant from about 15 Mev to 67 Mev." 
Perlman and Friedlander“ measured relative yields of 
sixteen (y,m) reactions at 50 Mev and 100 Mev, and 
found that results at both energies agreed within 
experimental error. 


In view of these facts, it seems doubtful that the 


yield ratio for the Br® isomers should significantly 


7B. C. Diven and D, M. Almy, Phys. Rev. 80, 407 (1950). 

*L. L. Newkirk, Phys. Rev. 86, 2491 (1952). 

*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 

 R. Sagane, Phys. Rev. 83, 174 ‘(1951). 

4 A, I, Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 

2 R. Sagane, Phys. Rev. 85, 926 (1952). 

4M. L. Perlman and G. Friedlander, Phys. Rev. 72, 1272 
(1947) ; 74, 442 (1948). 
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PRODUCED BY (y,"”) 1311 
change, especially increase, at higher energies. More 
likely, the slightly higher value obtained at Iowa State 
reflects a difference in experimental conditions ; namely, 
the authors used a less attenuated beam which was 
relatively richer in low-energy quanta than the beam 
used by Katz and his co-workers. It seems, then, that 
the cross-section ratio for the Br® isomers remains 
constant at higher energies. Both cross sections may 
fall to zero in the neighborhood of 30 Mev, or decrease 


to small values. 
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Differential Cross Sections for the Scattering of Medium Energy Protons on Carbon* 


Ropert W. Peevret 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received August 31, 1956) 


Extensive experimental results are presented showing the 
variation with energy of the absolute angular distributions for the 
elastic and inelastic scattering of medium energy protons on 
carbon. For the scattering with Q=0 and Q= —4.4 Mev, angular 
distributions between 20 deg and 170 deg were obtained for 
eleven incident proton energies spaced between 14.0 Mev and 
19.4 Mev. Distributions for scattering leading to the excitation of 
the 7.7-Mev and 9.6-Mev states of C* were measured at energies 
of 16.7, 17.8, and 18.9 Mev. The experimental results are dis- 
cussed qualitatively in their relation to the predictions of the 
theories of nuclear reactions. The elastic scattering cross sections 
are roughly what one might expect from the complex potential 


1, INTRODUCTION 


HE present work is a study of the variation with 

incident beam energy of the differential cross 
sections for the scattering of medium energy protons 
on carbon. Since this work was begun, some relevant 
experimental data'~* have become available for the 
scattering of protons from carbon, beryllium, oxygen, 
and neon. 


* This work was supported by the U. S. Atomic Energy Com 
mission and by the Higgins Scientific Trust Fund. 

f Present address: Oak Ridge National Laboratory, Post 
Office Box P, Oak Ridge, Tennessee. 

1B. T. Wright, Phys. Rev. 82, 451 (1951). 

2H. E. Gove and H. F. Stoddard, Phys. Rev. 86, 572 (1952). 

*W. E. Burcham eft al., Phys. Rev. 92, 1266 (1953). 

‘B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 

5G. E. Fischer, Og Rev. 96, 704 (1954). 

° W. Hornyak and R. Sherr, Phys. Rev. 100, 1409 

7H. Conzett, Phys. Rev. 100, 1794 (A) (1955). 

81. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). The 
data published by these authors for elastic scattering of 18.4-Mev 
protons on carbon are consistent with one of the measurements 
described here. 

* J. Rotblat (private communication, 1956). 


(1955). 


theory, but no numerical comparisons have been made. The 
predominant inelastic scattering is forward, though the angular 
distributions corresponding to the three levels studied do not 
resemble each other. In no single case is one of these distributions 
symmetrical about 90 deg. The simple Bessel-function distribu 
tions of the first-order direct interaction theory do not agree well 
with the data, but only the scattering leading to the 4.4-Mev 
level of C"* is in apparently complete disagreement 

Experimental differential cross sections as a function of energy 
are also presented for the scattering of protons on hydrogen near 
90 deg (center-of-mass system) 


Measurements of the elastic scattering of medium 
energy protons on light nuclei are available in the 
works of Wright,' Burcham e/ al.,* Cohen and Neidigh,' 
Fischer,’ Hornyak and Sherr,® Dayton and Schrank,’ 
and Rotblat et al.* The results obtained have the ap- 
pearance of arising from diffraction effects such as 
might be expected from complex-potential scattering, 
though no comparisons have been published. A reason- 
able fit in the case of a target nuclide of higher mass 
has been given by Woods and Saxon." In such a case, 
the assumption of no compound-nuclear effects is 
thought to be more reasonable than for a light nuclide, 

Inelastic proton scattering in the relevant energy 
and mass number regions has received less attention, 
partly because of the experimental difficulties in re- 
solving particle groups from some light nuclides. Data 
corresponding to the 4.4-Mev level in carbon have 
been obtained by Gove and Stoddard,? Burcham et al., 
Fischer,’ Conzett,’? and Rotblat.* The results indicate 


” R, D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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some variation in the shape of the inelastic proton 
distributions over the incident proton energy interval 
between 7 and 12 Mev. Only at 10 Mev was forward- 
back symmetry observed in the center-of-mass (c.m.) 
system. A wide variety of inelastic scattering distribu- 
tions for 19-Mev protons on oxygen has been demon- 
strated by Hornyak and Sherr.* The distribution for the 
1.6-Mev level in Ne” has been investigated by Rotblat.* 

The paucity of information concerning the variation 
with energy of the proton differential scattering cross 
sections made appropriate the experiment here de- 
scribed. Carbon was chosen as the target nuclide be- 
cause of the ready availability of hydrocarbon foils, 
the supposedly closed-subshell character of the C” 
ground state, the wide energy spacing of the first ex- 
cited states of C", and the absence of experimental 
difficulties caused by particle groups corresponding to 
competing reactions, 

The experimental program was planned to cover the 
variation with energy of the differential cross sections 
in sufficient detail that misinterpretation of the results 
would be unlikely. All possible steps consistent with 
this purpose were taken to promote confidence in the 
absolute cross sections. 


2. APPARATUS 


For this experiment the 60-in. scattering chamber 
described by Yntema and White" was used in conjunc- 
tion with the Princeton synchrocyclotron. Fairly 
standard instrumentation was used, some details of 
which are given in the paragraphs below. 


a. Production of the Focused Proton Beam 


of the 
Princeton cyclotron’s magnetic field makes possible the 
alteration of the external beam energy over a fairly 
wide range without any change in the magnetic field 
shimming. The upper limit of the usable external beam 
energy at 19.4 Mey was set by failure of the oscillator 
system, while the lower limit was determined by a 
decrease in beam extraction efficiency which became 
increasingly important below about 15 Mey. 

The external proton beam is focused by a combina- 
tion of two thin magnetic lenses.” Beam focus adjust- 
ments were made with the help of fluorescent screens 
observable by telescope from the control console. 


The excessively negative radial gradient 


Beam energy stability was gained by the use of feed- 
back control systems for the cyclotron magnet current, 
the electrostatic deflector voltage, and the focus magnet 
currents. Beam current stability was fair. An electri- 
cally actuated beam stopper within the cyclotron vac- 
uum can was used to turn the external proton beam 
on and off without influencing any sensitive parameters 
of the accelerator, 


“J. L, Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
# F.C, Shoemaker ef al., Phys. Rev. 86, 582 (A) (1952). 
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b. Scattering Chamber 


The 60-in. scattering chamber," held at an air pres- 
sure of a few microns, contained the scattering foil, two 
scintillation detectors, and an aperture leading the 
unscattered proton beam to a charge-collecting cup. 
The proton beam incident upon the scattering foil was 
defined by two }-in. collimators spaced 32 in. apart, 
followed by 4a slightly larger antiscattering aperture. 
The second }-in. collimator was 22 in. from the scatter- 
ing foil. 

The scintillation detector used to measure the proton 
angular distributions was mounted on the rotatable bed 
within the scattering chamber. This detector could view 
protons scattered at any angle between —15 deg and 
170 deg. 

The second scintillation counter was stationed at a 
fixed angle of —30 deg to monitor the strength of the 
elastically scattered beam. This monitor provided im- 
portant checks upon the operation of the current 
integrator and upon the thickness of the scattering foils. 

Scattering foils were mounted on a probe assembly 
which allowed foil substitution without loss of vacuum. 
The foil orientation could be set within 0.2 deg of any 
desired angular position. 

Protons of the unscattered beam were collected in 
the integrator cup described by Yntema and White." 
The collected charge was measured electronically by 
using a circuit’ whose calibration depended on a 
standardized dc potential and upon bridged input grid 
resistors. 


c. Beam Energy Measurement 


A virtually drift-free double proportional counter 
proton-range spectrometer was used for measure- 
ments of the beam energy. In this device a differential 
range distribution in aluminum was obtained for protons 
scattered from the beam through an angle of 90 deg. 
For a given absorber thickness, only those scattered 
protons were counted whose range ended in the second 
of the proportional counters. Average beam energies, 
determined with the help of the range-energy relation 
of Bichsel and Mozley,'® (see Table I) are felt to be 
accurate within 50 kev if error in the range-energy 
relation is neglected. The 50-kev error should be com- 
pared with an estimated intrinsic beam spread of about 
0.2 Mev. Figure 1 shows typical differential range dis- 
tributions obtained with this apparatus. The range 
spectrometer was positioned between the cyclotron and 
the collimators of the 60-in. scattering chamber, so 
it may have received an atypical sample of the beam. 
In practice, no differences in the experimental cross 
sections were observed after the beam energy had been 
reset with the aid of this instrument. 

4 This circuit was derived by W. A. Franzen from W. Higgin- 
botham and S. Rankowitz, Rev. Sci. Instr. 22, 688 (1951). 

“ This spectrometer was designed and built in collaboration 


with J. B. Reynolds. 
‘© H. Bichsel and R. Mozley (to be published). 
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d. Proton-Sensitive Scintillation Detectors 


Thallium-activated sodium iodide scintillation crys- 
tals cleaved to dimensions of about {4X} in. were 
used for the energy-sensitive detection of scattered 
protons. These crystals were placed inside air-tight 
mountings having thin mica windows for penetration 
of the protons. A nonhardening polystyrene prepara- 
tion’® was used to provide optical matching at the inter- 
faces between optically dense materials. The cross- 
section detector was contained within a sealed housing!” 
operated at atmospheric pressure. The detector solid 
angle was defined by a collimator mounted external 
to this housing. When the cross-section detector was set 
at large scattering angles, an intense gamma-ray back- 
ground was observed because of the proximity to the 
beam collimators. This background, which obscured 
proton groups in some cases, was effectively reduced by 
about a factor of thirty when the scintillation pulses 
were placed in coincidence with those from a propor- 
tional counter positioned between the scattering foil 
and the detector. The aperture of this conventional 
counter!’ was kept somewhat larger than that of the 
collimator over the crystal. The total thickness of this 
counter, including mica foils to contain the counting 
gas, was about 5 mg/cm’. 


e. Pulse-Height Spectrometry 


A block diagram of all the electronic equipment 
associated with the scintillation detectors is given in 
Fig. 2. The cross-section measurements depended 
directly upon the differential pulse-height analysis 
furnished by a Bell and Kelley'® type analyzer. This 
analyzer possessed adequate resolution, the provisions 
for coincidence gating required by the gamma-ray 
suppressing proportional counter, a known short 
dead-time, and a most important freedom from gap 
and overlap regions between successive channels. 


3. EXPERIMENTAL METHOD 


The experimental method consisted of procedures 
both to insure proper operation of the apparatus, and 
to accumulate data. The latter were quite simple when 
only those proton groups were observed corresponding 
to elastic scattering and excitation of the 4.4-Mev level. 
In these cases the angular distributions at a single 
incident energy were obtained without interruption. 
When the excitations of the 7.7- and 9.6-Mev levels of 
C” were observed, the experiment was complicated by 
the need to operate about two weeks for the acquisition 
of a single set of distributions. 

Daily checks were made on all crucial properties of 
the electronic instrumentation. When it was desired 


16 R. L. Shipp, Rev. Sci. Instr. 23, 773 (1952). 

17 Designed and built by K. G. Standing. See Fig. 1 of K. G. 
Standing, Phys. Rev. 101, 152 (1956). 

18 Described by A. B. Van Rennes, Nucleonics 10, No, 10, 50 
(1952). 
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Fic. 1. Sample differential range distributions, Curve A repre 
sents data taken during the original testing of the double propor 
tional counter range spectrometer. Curve B, taken a number of 
months later, is a typical curve of the type obtained daily for 
measurement of the average beam energy. The energies quoted 
are the mean proton beam energies established by these curves, 
and are believed accurate within the estimated standard deviation 
of 0.05 Mev. The ability of the device to detect an energy differ 
ence of about 0.25 Mev is illustrated by this figure 


to repeat a previously used beam energy, the magnetic 
field was adjusted until the differential range straggling 
curve appeared identical to that recorded for the earlier 
run. During a given day’s run, repetitive checks on the 
cyclotron parameters and the current integrator cali 
bration were interspersed between measurements. 

At each scattering angle where a cross section was 
measured, the following were recorded: the pulse 
height spectrum in the neighborhood of the desired 
group, the number of elastic ally scattered protons ob 
served in the — 30-deg monitor, and the charge collected 
in the integrator cup during the time required for the 
spectral measurement. Successive scattering angles 
were staggered to show up possible equipment drifts, 
and repeated points were obtained whenever the ex 


perimental geometry was changed. The counting time 


for each measurement was adjusted so that the statis 
tical error in the number of counts obtained should be 
roughly similar in magnitude to the error originating 
in the subtraction of background from the experimental 
pulse spectrum. 

Cross sections for proton scattering from hydrogen 
in the hydrocarbon foils were measured for at least two 
angles at each incident beam energy. Great care was not 
taken with these data, because further understanding 
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Fic, 2. A block diagram of the electronic equipment associated with the 


ray suppressing proportional counter. The “high-voltage stabilizer’’ for each desired high-voltage output consisted of a type 7B4 triode 
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30-deg monitor, the cross-section detector, and the gamma 


operating as a cathode follower with the battery potential on its grid and the bleeder for the photomultiplier dynode voltages as its load. 
Because of a shortage of scaling circuits, the 20-channel analyzer had only fifteen channels in operation during most of the experiment. 


of the p-p interaction requires precision measurements 


considered outside the province of this work 


4. ANALYSIS OF THE DATA 


This section describes the methods used to process 


the raw data, the corrections applied, and the known 


experimental errors. Tables of results are presented and 


explained 


a. Energy of the Incident Proton Beam 


Che range in aluminum of protons scattered through 


%) deg by carbon was obtained directly from the peak 


Tanie I 
and mean 


Mozley.'* 


An experimental relationship between proton energy 


range 


in aluminum, from 


posed to be about 0 2% 


neg 
Me 


8.00 

9.00 
10.00 
11.00 
12.00 
13.00 
14.00 


Kange 
me/om* 


114.8 
140.7 
169.0 
199.3 
232.2 
267.3 
004.7 


the 


bl nerg) 
Mev 


15.00 
16.00 
17.00 
18.00 
19.00 
20.00 


Range 
mg/cm? 


443.9 
385.2 
428.5 
473.9 
521.4 
570.9 


work of Bichsel and 
Estimated errors in both energy and range are sup 


position of the differential range spectrum, after correc- 
tion for the stopping power of the range spectrometer 
assembly. The proton energy corresponding to this 
range was determined from the data of Table I, and the 
unscattered beam energy then obtained by the use of 
Newtonian scattering energetics. The energies and 
errors given with the tables of data take into account 
the thickness and angular position of the scattering foil 
in the 60-in. scattering chamber. 


b. Subtraction of Background 


Figure 3 shows three typical pulse-height spectra 
obtained from the cross section detector. The total 
number of pulses within any one of the proton groups 
could not be ascertained until the apparent continuum 
was subtracted as a background. This continuum arose 
largely from slit scattering off the collimator defining 
the detector solid angle. Since no completely reliable 
method was available for a quantitative determination 
of the background at the energy of a given proton group, 
the simple recipe illustrated by the dotted lines in 
Fig. 3 was adopted to insure consistency. In each 
individual case an estimated probable error was as- 
signed to this background, commensurate with the 
extent to which its value appeared uncertain. 
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c. Calculation of the Differential 
Cross Sections 


Uncorrected laboratory cross sections were calcu 
lated'® with the use of foil surface densities obtained by 
weighing the central area of each foil and by assuming 
that the polyethylene and polystyrene foils had the 
chemical compositions indicated by their formulas 
The paragraphs below describe corrections applied to 
the cross sections so calculated. 

Zero-angle corrections. 
were used to obtain values of the true zero of scattering 


Three sources of information 


angle: data taken with the cross-section detector at 
small negative scattering angles, the counting rate in 
the —30-deg monitor compared to that of the cross 
section detector at similar positive angles, and observa 
tions of the energy of the p-p scattering proton group. 
The three methods did not yield completely consistent 

The standard zero-order consideration of the geometrical 
scattering problem was used to calculate the cross sections. Trial 
application of the more exact formula given in the appendix of 


Dayton and Schrank® indicates that this practice. was fully 
justified. 


MEDIUM 


ENERGY PROTONS 


ON 


Q=-7.7 Mey, 
40 mir 


ALL 


20 40 40 50 60 70 





80 90 100 


VOLTAGE CHANNEL NUMBER 
(b) 


hic. 3, Unprocessed experimental pulse-height distributions 
used to determine scattering cross sections are shown for the 
scattering of 18.9-Mev protons from polyethylene at laboratory 
angles of (a) 20 deg, (b) 90 deg, and (c) 160 deg, The approximate 
time required for each experimental run is shown, and the levels 
are identified. The dotted lines at the base of the peaks indicate 
how background subtractions were The two peaks at the 
bottom left were taken with the aid of the proportional counter 
gamma-ray suppressor without which the lower voltage group 
would have been obscured by a background over ten times as 
large as that shown. The breadth of the distributions for large 
negative Q values is largely caused by the effective thickness of 
the foil for protons of the low scattered energy 


made 


results, but all indicated a maximum correction of 
about one degree. Since a slight time dependence was 
apparent, the first part of the data was corrected by 
0.3 deg and the second part by 0.9 deg 

Foil thickness 
the ten foils used in this experiment were obtained by 
weighing, but they were also interrelated in pairs by 


ratios obtained from relative s« attering yields observed 


correction.-The surface densities of 


in the monitor detector. A graphical solution was found 
for the resulting doubly overdetermined set of equations 
in the foil surface densities 

Three of the foils were of such nonuniform thickness 
that the 


cases the surface density was finally based on the 


above method gave no solution. In these 
smoothness of the p-p scattering cross section as a 
function of energy. Since the three nonuniform foils 
were used near the center of the energy range covered, 
the actual energy dependence of the p-p cross section 
matters little for this normalization 

Counting loss corrections.-—Some of the pulse-height 


spectra measured at small scattering angles were sub- 
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Taare Il 


A summary of the notation and units used 
in the tabulations of results 


mbol Definition 


7 (Mey) 


mean incident proton energy at the center of 
the scattering foil, lab system* 


estimated standard deviation” in the mean 


47, (Mev) 
incident energy 
O(deg c.m, mean scattering angle 
VWiideg) 
b(deg 


estimated standard deviation in 6 
root-mean-square angular deviation from the 
quoted scattering angle 

c.m, differential cross section at 0 

estimated standard deviation associated with 


a(0) (mb/sterad 


A,0 (mb/sterad 
a given measurement of @(@) 
estimated standard deviation 
sentative of an entire angular distribution 


excitation energy of the residual nucleus 


Anat /o relative repre 


O(Mey 


6 0.923 time 


absorber 


1 a tolerance 


ject to counting losses as large as 7% 


Rough corres 
tions were calculated on the basis of the observed count 
ing rate, the pulse-height analyzer dead-time, and the 
gross duty cycle of the synchrocyclotron, One-third of 
the total correction was taken as the estimated error 


in the correction 


d. Discussion and Classification of Errors 


l/ncerlainly in the scattering angles.—The estimated 


standard deviation of 0.5 deg quoted on all scattering 
was compounded from three 


angle measurements 


ources: the uncertainty in the zero-angle correction 
discussed in Sec, 4c, the estimated error in the align 
ment of the collimator on the scintillation detec tor, and 


the estimated extent to which the center of gravity of 


the proton beam may have missed the axis of the 


scattering chamber table 
the All 


errors in the cross sections have been analyzed and re 


Uncertainty in cross sections recognized 
ported in two separate categories, “‘Associated”’ errors 
are those largely associated with a given differential 
cross section, and may distort the shape of a distribu 
tion. ““Nonassociated”’ errors are those which influence 
the absolute value of an entire angular distribution. 
Che total estimated standard deviation in the absolute 
value of a single differential cross section may be de 
termined by combining the quoted values of the asso 
ciated and nonassociated standard deviations for that 
cross section 

The associated errors quoted for each cross section 
include allowances for the statistical error in the num 
ber of pulses counted, the estimated error in the sub 
traction of the background continuum, the estimated 
error in the counting-loss correction, and the estimated 


error in the counting time. Though the last three of 


Ww. 
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Tare III. A summary of incident energies, root-mean-square 
angular deviations, and errors. A “run’’ consists of the set of 
elastic and inelastic distributions measured concurrently at a 
given incident proton energy. The notation used here is defined 


in Table IT. 


Kun 
No.* Aneo/a 
0.024 
0.024 
0.024 
0.024 
0.019 
0.020 
0.024 
0.037 
0.023 
0.043 
0.043 
0.022 
0.020 
0.020 


s 


Ts ATi 


13.97 
14.66 
15.22 
15.59 
16.23 
16.68 
16.72 
17.36 
17.75 
17.91 
18.40 
18.88 
18.90 
19.42 


0.08 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.08 
0.07 
0.07 


104 
114 
12° 
13 
14 


* The runs are ordered in sequence of increasing energy 

+ The quoted values of this deviation are the largest typical calculated 
values for the given distribution : 

* This run included distributions for inelastic scattering leading to the 
7.7- and 9.6-Mev levels of C™ 

4 The absolute cross section for this run was normalized with the help 
of p-p scattering data. See Sec, 4c of the text 


these errors are not truly random, all were combined 
as if they represented norma! distributions. 

The recognized sources 6f nonassociated error in- 
clude failure of the current integrator system, lack of 
knowledge of the exact scattering geometry, and un- 
certainties in the surface densities of the scattering 
foils. These errors were estimated for each distribution 
and combined as the sums of squares. 


e. Tabular Presentation of Results 


Table II gives the notation and units used in the 
remainder of the data tables. Table III defines the order- 
ing of the data, and lists all those parameters which are 
identified with the run at a given energy. Tables IV and 
V give the data obtained for elastic scattering and 
excitation of the 4.4-Mev level at the fourteen incident 
energies used. Tables VI and VII list data for excita- 
tion of the 7.7- and 9.6-Mev levels at the three energies 
where they were observed. Table VIII presents inte- 
grated partial cross sections for inelastic scattering 
leading to each of the studied states of C™. 


5. DISCUSSION OF RESULTS 


Sections 5a through 5d deal with the energy de 
pendence of the differential cross section measurements. 
Section 5e discusses the results of p-p scattering at 
90-deg c.m. in the medium energy range. 


a. Protons on Carbon, Q=0 


Figure 4, a comparison of representative results for 
elastic proton scattering on carbon, shows the trend of 
this angular distribution as the incident energy is 
varied. The gross effect is that which would be ex- 
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TABLE IV. Differential cross sections for the elastic sc attering of protons on carbon. See Table IT for notation and Table IIT for 
relevant experimental parameters. Where individual cross sections were measured more than once, the values presented are 
averages weighted according to the corresponding associated standard deviations 
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pected if the scattering were well represented by a 
complex potential. Fitting a complex potential well to 
nuclides as light as carbon has been generally avoided 
because of fear that compound elastic scattering might 
produce important interference effects. The qualitative 
features of the data near 18.0 Mev suggest that if the 
distributions in that energy region could be fitted with 
a complex potential, the parameters of the fit might be 
forced to change rather rapidly with energy. Such a 
rapid change would negate some of the value of the 
complex potential representation. 
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Fic. 4. C#(p,p)C*. This plot presents four of the measured 


‘differential cross sections for the elastic scattering of protons on 


carbon. The associated estimated standard deviations peculiar 
to a point are the size of that point. The curves are drawn pri 
marily to connect points measured at the same incident proton 
laboratory energy 


b. Protons on Carbon, Q = —4.4 Mev 


Figure 5 shows typical results for inelastic scattering 
leading to the 4.4-Mev level of C". At no point between 
14.0 and 19.4 Mev was an energy found for which these 
scattering cross sections were symmetrical about 90 
deg. The curves shown indicate the general character 
of all those obtained; they exhibit a marked minor 
variation in shape. The forwardness of the scattering 
appears to become slightly more pronounced at the 


higher energies. 
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Fic. 5. C#(p,p’)C™*, O= —4.4 Mey. A plot of representative 
data on the differential inelastic scattering cross sections for 
protons on C" with Q=—4.4 Mev. Representative associated 
standard deviations are shown for certain measured points 
The curves are drawn primarily to connect points measured at 
the same incident proton laboratory energy 
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TABLE V. Differential cross sections for excitation of the 4.4-Mev level of C" by proton inelastic scattering. See Table II for 
notation and Table III for relevant experimental parameters, Repeated measurements are represented by weighted averages 
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c. Protons on Carbon, QO 7.7 Mev 


Figure 6 shows the three distributions obtained for 
Note the smallness of 
A striking rapidity of 


the 7.7-Mev excitation energy 
al 


variation with angle and energy is apparent except at 


this cross section its minima 
small angles. This constancy with energy of the strong 
forward maximum suggests a direct-interaction process, 
though the behavior at larger angles is not in accord 
the 
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Kia. 6, C8 (p,p')C™*, Om —7.7 Mev. A plot of all data on the 
cross sections for inelastic scattering of protons from C™ leading 
to the excitation of the 7.7-Mev The curves are drawn 
primarily to connect the points measured at a given incident pro 
ton laboratory energy. Representative associated standard devia 
tions are shown when larger than the points. Note the extent of 
the forward maximum of each distribution and the failure of the 


level 


shape to remain reasonably constant 
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d. Protons on Carbon, Q = —9.6 Mev 

The angular distributions shown in Fig. 7 result from 
the excitation of the 9.6-Mev level of C™.. The small 
variation of the magnitude and shape of the cross 
sections as a function of energy hints that some sort of 
direct interaction is responsible for the scattering. 
Because of the difficulties here encountered at wide 
angles and low energies, no firm conclusion can be 
reached concerning the exact invariance of the angular 
distribution 


Tasie VI. Differential cross sections for excitation of the 7.7 
Mev level of C® by proton inelastic scattering. See Table IT for 
notation and Table IIT for ‘relevant experimental parameters 
Repeated. measurements are represented by weighted averages 
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e. Proton Scattering on Hydrogen 


Each angular distribution for scattering on carbon 
was accompanied by some measurements on p-p scatter- 
ing. Only a failure to know the chemical composition 
of the scattering foils can produce errors in the scatter- 
ing from carbon which do not appear in these results. 
Figure 8 shows a summary of the current knowledge” 

*® Points not measured by the author, by Yntema and White," 


or by Rotblat,® were taken from the summary in B. Cork, Phys. 
Rev. 80, 321 (1952). 
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TaBLe VII. Differential cross sections for excitation of the 9.6 
Mev level of C” by proton inelastic scattering. See Table IT for 
notation, and Table III for relevant experimental parameters 
Repeated measurements are represented by weighted averages. 


Nat a Mae 
Run 7, T;=16.7 Mev 
0.36 
0.27 
0.23 
0.40 ‘ 
0.32 1 
0.26 136 
0.26 1 


. 


rn 


nun we SS 
N= 


mh wu 
= 


i) 


Run 9, 7;=17.8 Mev 
0.47 98.3 
0.38 108.1 
0.39 117.8 
0.24 127.2 
0.30 136.5 
0.27 145.¢ 
0.28 154 
0.18 163 
0.23 172 


Run 12, 7;=18.9 
0.77 87 
0.27 97 
0.41 107 
0.33 116 
0.37 126 
0.32 136 
0.25 145 
0.51 154 
0.23 162.9 
0.17 167.3 


NN w~Iw 


of the 90-deg c.m. p-p cross section as a function of 
energy. The good agreement of the author’s measure 
ments with the previously published values is taken as 
an indication of the accuracy of both. In placing the 
data from this experiment on the curve for 90-deg 
scattering, use was made of the very slight angular 


Tape VIII. Integrated partial cross sections as a function of 
energy for the excitation of the 4.4-, 7.7-, and 9.6-Mev levels of 
C® by proton inelastic scattering. The integrals were obtained 
using a 10-deg net after extrapolation of the measurements to 
small and large angles. Cross sections are given in millibarns, 
along with the total combined estimated standard deviations 
Note that a nuclear radius of 3.310 cm for carbon would 
indicate a “geometrical” reaction cross section of about 340 mb 
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Fic. 7. C®(p,p)C™, OQ 9.6 Mey. Differential cros 
for the inelastic scattering of protons from C" with O#= —9.6 
Mev. The curves are to connect the points 
measured at a given incident proton laboratory energy. Repre- 
sentative associated standard deviations are vhen larger 
than the Note the extent to which the shape is 
as a function of bombarding energy 
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6. COMPARISON WITH THEORIES OF 
INELASTIC SCATTERING 
The comparison of the inelastic scattering distribu 
tions with theory must be circumscribed by the know! 
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Fic. 8. A summary of data on the 90-deg c.m 
on hydrogen 


scattering ol 
medium-energy protons Ihe bars which represent 
the present work are averages of cross sections measured at angles 
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edge that no current theoretical prediction is expected 
to be accurate in this region of energy and mass num 
ber. A compound-nucleus theory™:” and the first-order 


direct-interaction theory™™ are discussed below as 
limiting cases for which calculations have been made. 
The predictions of these models are discussed with 
relation to the current experiment. Thomas” has al 
ready pointed to a conceptual and scattering-theoretical 
method for integrating into a single scheme the ideas 


behind these two limiting cases 


a. Compound Nucleus Theory 


The papers of Wolfenstein™ 
Feshbach™ derive the angular distributions to be ex 
pected in the case of neutron inelastic seattering leading 
through an effective continuum of compound states to a 
discrete final state in the residual nucleus. These deriva 
tions specifically require a statistical assembly of 


and of Hauser and 


" L. Wolfenstein, Phys. Rev. 82, 690 (1951) 

* W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952) 
* N. Austern ef al., Phys. Rev. 92, 350 (1953) 

™M,. Demeur, J. phys. radium 16, 73 (1955) 

* R, G. Thomas, Phys. Rev. 100, 25 (1955) 
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Fic. 9. A comparison between the first order-direct-interaction 
theory and the experimental inelastic-scattering distributions. 
The points indicate data obtained at a laboratory proton energy 
of 17.8 Mev. The arbitrarily normalized curves are calculated 
from the formula a (6)  j7(Akro) for an incident proton energy of 
18 Mey and a nuclear cut-off radius of ro= 3.3% 10~" cm. (a) The 
known 2(-+-) character of the 4.4-Mey level of C® determines the 
predicted shape by demanding the use of /=2. (b) The forward 
peak can only be obtained by using /=0. If this curve is considered 
a good fit, the implied character of the 7.7-Mev level is 0(+). 
(c) The curve is for /=1. If this is considered definitive, negative 
parity is implied for the 9.6-Mev level of C% 


every relevant compound-nucleus level character to be 
present within the beam energy spread. The most 
easily checked prediction of this theory is that the 
inelastic scattering should have symmetry about 90 
deg. The failure of this prediction in the present case 
can be explained by the inappropriateness of the 
statistical assumption, for Vogt** estimates a level 
spacing of about 0.6 Mev for levels of a given character 
in the N® compound nucleus. Failure of the statistical 
assumption alone, however, cannot explain the con- 
sistent forwardness of the scattering. 


b. Direct Interaction Theory 


The case of the (n,p) reaction in the intermediate 
energy region has twice been calculated®™ in the 
approximation of a direct two-body interaction between 
the incident and effluent particles. This interaction is 
supposed to take place on the fringe of the nuclear 
potential, Angular distributions are obtained which 
take the form 

a (0) = j77(Akro), 


* Erich Vogt (private communication, 1954). 
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where j; is the /th order spherical Bessel function, ro 
is the minimum radius at which the interaction is sup- 
posed to be important, and A& is the momentum trans- 
fer to the nucleus. The predicted variation with angle 
thus depends on the energetics of the reaction and the 
chosen cut-off radius, but in general there should be 
forward peaks which change smoothly with energy and 
atomiic weight. ‘The most general of the selection rules 
governing / is that 


[Jol + {In| +1 >1> |Jot+-Jn+S| min. 


J, and J, are the total vector spins of the target and 
residual nuclei. § is a unit vector unless Jo=J,,=0, in 
which case S=0. Conservation of parity requires that 
l be odd or even according to whether or not there is a 
difference of parity between the states of the target and 
residual nuclei. 

Before the results.of this experiment are compared 
with the predictions of the theory just described, it 
should be noted that the calculations were carried out 
in the Born approximation for the (n,p) reaction, that 
no details of the nuclear wave function have been 
included, and that the simple angular dependence is 
only supposed to be reasonably accurate in the ex- 
treme forward direction even under the assumptions 
made. An attempt to remove some of these difficulties 
has been reported by Banerjee, ef al.” for the cases 
of Li® and C™. 

Figure 9 (top) presents a strong contrast between 
the experiment and the predicted simple Bessel-func 
tion distribution for the excitation of the 4.4-Mev level. 
The spin and parity of the ground and first excited 
states of C’ are presumably known to be 0(+) and 
2(+-), so one is not free to vary the value of /. 

The comparison in Fig. 9 (middle) for the excitation 
of the 7.7-Mev state of C” is more encouraging. The 
data are fitted with a curve calculated for /=0, the 
only possibility in this simple theory for the strong 
forward peak. This choice is consistent with sugges- 
tions in the literature that the 7.7-Mev level is a 
0O(+) state. The behavior of the experimental cross 
sections at larger angles appears anomalous from this 
first order direct-interaction viewpoint. 

Figure 9 (bottom) compares a distribution measured 
for the 9.6-Mev level with the direct interaction theory 
Bessel-function distribution calculated for /=1. The 
degree of agreement shown is much better than that 
which can be obtained with /=0 or /=2. Should this 


*7 Banerjee, ef al., Bull. Am. Phys. Soc. Ser. II, 1, 194 (1956). 
** G. Harries, Proc. Phys. Soc, (London) A67, 153 (1954) 
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comparison be considered a fit, odd parity would be 
indicated for the 9.6-Mev level. While the behavior 
with energy of this angular distribution is seen to favor 
a non-compound-nucleus interaction, a statement that 
the indicated degree of fit implies a negative parity 
for the level would be premature. A negative parity 
level is impossible within the p* shell configuration 
which is usually used to predict”*™ energy level struc- 
ture of C” in this region of excitation energy. 
Difficulty is experienced in discerning the physical 
meaning of the evidences of fit in the above compari- 
sons -because there is no knowledge of the degree of 
uniqueness of the assumptions which in low approxima 
tion give rise to the simple Bessel-function distributions. 
This problem can be settled only by further theoretical 
inquiry. 
7. SUMMARY OF CONCLUSIONS 


.The elastic scattering distributions are doubtless 
close to being understood by means of the complex 
potential model, but the possibility seems remote that 
the parameters might change with energy in a simple 
manner. The first strong impression of the inelastic 
data must be the large variation between the shapes of 
the distributions corresponding to the various levels of 
C"™. No currently popular model has led to calculated 
distributions which explain even the qualitative fea 
tures. No evidence is found here for the type of distri 
bution predicted by the compound-nucleus theory with 
statistical assumptions, but the conditions of this theory 
are not well met. The comparison of the data with the 
direct-interaction theory is more positive, but no clear- 
cut verification of the simple distributions calculated 
for (n,p) reactions has been found in these results, 
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. 
The angular distributions of protons from the reactions Li’(p,p’)Li™ (O# 
, and Si*(p,p’)Si*** (O= 
sections for the reactions have been obtained 


0 443 Mev), Mg™(p,p’)Mg™* (0 


ured 


1.36 Mev 


and the cross 


Phe lithium distribution has been analyzed in terms of 


4.61 Mev), C(p,p’)C* 
1.78 Mev) have.been meas 


a) inelastic scattering proceeding through for 


mation and decay of the compound nucleus, and (b) direct inelastic scattering of the Austern, Butler, 


An assignment of J = 5/2 


McManus theory 


mental evidence to date; however, the intermediate coupling shel! model prediction of 7/2 


ruled out completely, The carbon 


to the 4.61-Mev level of Li’ is consistent with all the experi 


should not be 


magnesium, and silicon distributions indicate that the statistical theory 


of the compound nucleus does not apply and, also, that the direct-interaction type of scattering is negligible 


It appears that the reactions involving these nuclei proceed through only a few or several levels of the inter 


mediate nuciei 


For each reaction, the cross section has been compared with estimates of the cross sections for formation 


of the compound nucleus, The results are in qualitative agreement with the theory of decay of the compound 


nucleus through competing channels 


I. INTRODUCTION 


| SHE technique of inelastic scattering has been 

employed extensively and has been a valuable 
method for the determination of nuclear energy levels, 
because the scattering nucleus is excited at the expense 
of the kinetic energy of the incoming particle. Angular 
distributions of these inelastically scattered particles 
can be expected to give more detailed information 
the the 
distributions must reflect the additional requirements 


concerning nature ol process hee ause these 


of conservation of angular momentum and parity 

\t present there are two types of theory that attempt 
to explain and predict angular distributions of nuclear 
reaction product including inelastically scattered 
The first is based on the Bohr 


of the formation and subsequent decay of a compound 


particles assumption! 
nucleus; a partial-wave analysis’ of which yields the 
theoretical angular distributions. If the reaction pro 
ceeds through a single level of the compound nucleus, 
the distribution is symmetric about the center-of-mass 
scattering angle 0=90°, If more than one level is im 
portant in the reaction, the distribution can become 


more complex because interference terms between 


outgoing waves of different parity are present in the 


expression for the differential cross sections. Finally, 
if the reaction proceeds through the continuum region 
of the compound nucleus, the region of excitation where 
the level width exceeds the level spacing, and many 
the takes a 


average over them and assumes that the interference 


levels are involved, theory® statistical 


terms between outgoing waves of different parity cancel 


out; this again results in an angular distribution that is 
symmetric about 6= 90 


* This work 
Energy Commission 

'N. Bohr, Nature 137, 344 (1936 

27. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
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was done under the auspices of the U.S, Atomic 


The second type of theory considers the mechanism 
of inelastic proton scattering to be either a direct inter- 
action* between the incident proton and a nucleon in 
the surface region of the target nucleus, or excitation® 
of the nuclear rotational states of the Bohr-Mottelson® 
model, which assumes that the interaction takes place 
at the surface. Both in angular 
distributions of the scattered protons of the form 


da/di~ Xf C; ji(ga P, 


treatments result 


where /h is the orbital angular momentum transferred 
to the nucleus in the collision, 


q= |k,—k, 


is the momentum change of the scattered proton, @ is 
the nuclear radius, and j;(ga) is the regular spherical 
Bessel function of order /. Selection rules that apply are 


Jit+-J,;|=AJ=I1, l41 and ara,=(-—1)! 


for the spins and parities of the initial and final states 
of the target nucleus 

Angular distributions of protons scattered inelas- 
tically from Mg”, exciting the nucleus to 1.368 Mev, 
have been measured at proton energies of 4.7, 7.3, 9.6, 
10, and 18 Mev.?" With the exception of the 9.6-Mev 
about @=90°, and 
Fischer’s analysis of his 10-Mev results is based on a 


data, they are all asymmetric 


combination of distributions given by the statistical 
theory of the compound nucleus and by the direct 
interaction theory. Similar experiments have been done 
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Fic. 1. Diagram of the 


on the 4.43-Mev level of C” at 7.3 Mev,* 9.5 Mev,” 
10 Mev,” 14-19 Mev,” and 31 Mev." The shape of the 
distribution changes little in going from 7.3 to 19 Mev, 
but that 31 Mev is- peaked strongly at forward 
angles, thereby showing the predominance of a direct 


at 


interaction type of scattering. Similarly, results on the 
822-kev level of Fe®* at 17 Mev'® and on several levels 
of Be® at 31 Mev'® are peaked near the forward di 
rection. 

The experiments described here were undertaken to 
extend the measurements on C” and Mg” to the energy 
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experimental arrangement 


region of 12-Mev protons and to investigate in the same 
manner the inelastic scattering from levels in Li’ and 
S)"4 

Il. EXPERIMENTAL METHOD 


A. General Procedure 


The general experimental details concerning the 
scattering chamber, the counter telescope, and the 
beam-monitoring and energy-measuring methods have 
been given by Ellis and Schecter.” A diagram of the 
1. The 


external 12-Mev proton beam of the Crocker Labora 


experimental arrangement is shown in Fig 


tory 600 inch cyclotron was directed at a thin target 
located at the center of an evacuated scattering cham 
ber. After passing through the target, the beam was 
collected in a Faraday cup located behind the chamber 
Protons scattered from the target were detected by a 


7K. E. Ellis and L. Schecter, Phys. Rev, 101, 646 (1956) 
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Fic, 2. Schematic dia 


gram of the counter 


- 7 arrangement 


Faraday 
Cup 


telescope of three proportional counters contained 
within a single vacuum-tight unit. A remotely controlled 
absorber changer, permitting insertion. of variable 
amounts of aluminum absorber, was located between 
the telescope and an aperture defining the solid angle 
for scattering. A schematic diagram of this detector 
arrangements is shown in Fig. 2. Protons of the par 
ticular energy under investigation were required to 
pass through an appropriate amount of absorber and 
to stop in the range foil separating the second and 
third counters. Thus, per unit of charge collected in the 
l'araday cup, the protons with a range between R and 
R+AR were counted 
range gave the differential range curve of the proton 


group Since the area under such a curve is proportional 


A plot of these counts versus 


to the number of protons that stopped in the range 
spanned by the curve, measurement of these areas as a 
function of scattering angle yielded the relative dif 
ferential cross sections. Determinations of target 
thickness, the solid angle for scattering, and the AR 
of the detector provided the information necessary for 
the calculation of the absolute differential cross sections 

At least one complete range spectrum was run for 
each target so that the various particle groups could 
be noted and identified. Figure 3 shows the spectrum of 
protons scattered from the polystyrene target at a 
Differential spectra 


including just the proton group of interest were then 


scattering angle of 50 range 
taken over the entire range of scattering angles availa 
ble. In Fig. 3, this was the group corresponding to the 
to its 4.43-Mev level 
were drawn through the experimental points, and the 


excitation of C™¥ Smooth curves 
areas under the curves were calculated by use of 
Simpson’s one-third rule. Typical range curves of the 
other proton groups measured are shown in Fig. 4. 
Ihe calculated cross sections were then converted to 
the center-of-mass system, and these data comprise the 


final experimental results 


B. Targets 


In order to minimize contamination the lithium 
target was prepared in an argon-filled dry box and 
transferred in an argon atmosphere to the scattering 
chamber. Since the target could not be handled for 
weighing, its thickness (in mg/cm*) was determined 
indirectly. The beam’s mean range in aluminum was 
determined with the target in the beam and with the 
target The gave the 
thickness of the target in aluminum equivalent. This 


was converted to mg/cm? of lithium, using the range 


removed difference in range 
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energy. data of Aron, Hoffman, and Williams.'* It is 
believed that this determination of the target thickness 
was accurate to 5%. 

A 2-mil polystyrene (CH), foil was used for the 
carbon target; the magnesium target was a 0.7-mil foil 
of normal isotopic material. 

Silicon targets were made by employing the vacuum 
evaporation technique. Silicon monoxide was heated 
by radiation from tungsten filaments at approximately 
2000°C., The evaporated monoxide was deposited on an 
acetate film, backed by a thin sheet of Electromesh, a 
fine nickel-plated copper screen mesh, lapped smooth 
to receive the deposit. The acetate film had been formed 
by spreading a few drops of a solution of DuPont 
cement dissolved in amyl! acetate on a water surface. 
After the silicon monoxide was deposited to the desired 
thickness, a target frame was cemented to the monoxide 
surface. The backing was then removed by dissolving 
away the acetate film in a bath of acetone. — 


C. Errors 


The error in the area A under a differential range 
peak, had two contributing sources. One was the error 
in the estimate of the background subtraction. A 
smooth curve, usually a straight line, was drawn 
through the minima or the extended background level 
on both sides of the peak, thus defining the background 
level under the peak. The possible error in the definition 
of this level was estimated, and the related error in A 
was calculated. The other source was the statistical 
counting errors on the points through which the peak 
The relative error in the area was 
calculated by applying the law of propagation of errors 


itself was drawn 


to Simpson’s formula. 
With the exception of lithium, the target thickness 
was determined from measurements of the area and 


the weight of a target section through which the beam 


SPECTRUM OF PROTONS FROM (CH), 
TARGET 


AT One®! E.se* 12 Mey 


( le 
6 


ABSORBER (mg/< m*) 
Fic. 3. Differential range spectrum of protons from 
CH target at @),)=50 


Aron, Hoffman, and Williams, Atomic Energy Commission 
Report ARC 633, 1949 (unpublished 
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had passed. (The indirect method of measuring the 
lithium target thickness has been described above.) 
The estimated errors in these determinations were 5% 
for lithium, 0.5% for carbon, 2.0% for magnesium, and 
2.5% for silicon. These errors were combined with the 
estimated errors of 0.75% in beam current integration, 
1% in measurement of the detector solid angle, and 1% 
in the determination of the detector range bite. Errors 
in the other parameters were negligible. 


Ill. RESULTS AND CONCLUSIONS 


A. General Considerations 


Figures 6 through 9 contain the experimentally 
determined differential cross sections for the inelastic 
scattering of 12-Mev protons to the 4.61-Mev level of 
Li’, the 4.43-Mev level of C", the 1.368-Mev level of 
Mg™, and the 1.78-Mev level of Si*. Because the analy 
sis of the results is concerned especially with the shape 
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Fic. 4. Examples of the proton groups whose angular 
distributions were obtained 
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Fic. 5. Section of differential range spectrum of protons 
from CH target at 6;,) 30 


of the angular distribution, the relative errors alone are 
indicated on all plots of differential cross section versus: 
center-of-mass scattering angle. This procedure serves 
to define more clearly the shape of the distribution 

At a laboratory angle of 30°, a differential range 
spectrum was taken which included the proton group 
corresponding to the excitation of the 7.65-Mev level 
of (2 
been unable to detect this group in the bombardment of 
carbon with 31-Mev protons. From the areas under the 


rhis spectrum.is shown in Fig. 5, Hecht"* had 


two peaks in Fig. 5, one obtains directly the relative 
values of the differential cross sections for inelastic 
scattering to the two corresponding levels of carbon 
Thus, at the laboratory angle of 30 
for scattering to the 4.43-Meyv level is 35 to 40 times as 


large as that for scattering to the 7.65-Mev level. No 


the cross section 


attempt was made to obtain the angular distribution 
of the smaller proton group because its mean range was 
below the range threshold of the detector at scattering 
angles exceeding 50°. Vaughn!’ the 
angular distributions of 48-Mev alpha particles scat 
tered inelastically from carbon, and his results are 


has measured 


similar with respect to the ratio of the cross sections for 
the scattering to the two levels 

As a check on the reliability of the experimental 
technique, the differential p-p cross section was meas 
ured at 6,=50° (Fig. 3.) The value obtained was 44.8 
t 1.3 mb/sterad at 100 
which compares well with the value of 42.54-2.5 mb 


14.5 


in the center-of-mass system, 
sterad interpolated from the data at &, 10, and 
Mev 

The angular distributions have been analyzed in 
terms of the distributions given by the theory of the 
formation and decay of an intermediate (compound) 
the This 


analysis, in terms of simple addition of the contributions 


nucleus and by direct interaction theory 


“FF. J. Vaughn, University of California Radiation Laboratory 
Report UCRL-3174, October, 1955 (unpublished 

® Wilson Wright, and Shankland, Phys 
Rev. 72 


Lofgren, Richardson 


1131 (1947 
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Vic, 6. Angular distribution of protons from the reaction 


Li'(p,p’)Li™, O 4.61 Mev 


from the two distinct mechanisms of inelastic scattering, 
is justified by the incoherent natures of the processes. 

For each of the targets bombarded, the cross section 
for formation of the compound nucleus has been calcu 
lated by use of the asymptotic formula 


ocwmlat+r)F 1 V/E}, 
where 


a=14X%A'X10-"% cm, Ze’/(a+h), 


and E is the kinetic the center-of-mass 
rhis expression reproduces the more exactly 


for E/V>1.22 


compared with the measured 


energy in 
system 
calculated values within 15% rhese 


cross sections can be 
inelastic proton cross sections to give an estimate of 
the fraction of the reaction cross section contributed 
by this one decay mode. This expression for 0, cannot 
be used, of course, where there is no overlapping of 
levels in the region of excitation of the compound 


nucleus 


B. Lithium 


The angular distribution of protons corresponding 
to the excitation of the 4.61-Mev level of Li’ is shown 
in Fig. 6. The excitation energy of the intermediate 
nucleus, Be*, was 27.69 Mev, with an energy spread 
of about 260 key 
to be satisfied at this high excitation, yielding a con 
tribution symmetric about 6=90° to the distribution 
Because the experimental distribution. shows a broad 


Ihe statistical condition is assumed 


peak near the forward angles, j,’(ga) proved to be the 
function that the the 
distribution from the direct interaction mechanism. In 


represented contribution to 


fitting the data, jo’ was calculated over a range of 
values of a, the nuclear radius. Each calculated 7»? was 
subtracted from the experimental distribution and the 
jo’ was selected that give a resulting curve (dashed in 
Fig. 6) symmetric about 90°. The best fit to the data 
was obtained with a= 1.25A'x10~-" cm, but values of 
a in the interval from 1.2044 10-" cm to 1,35A*x 10°" 
cm gave satisfactory agreement within the experimental 
errors assigned to the data 


Ihe selection rules given by the direct-interaction 
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theory can now be applied to give information about 
the 4.61-Mev level of Li’. The value /=0 has been 
determined from the order of the Bessel function that 
fits the data, therefore we have AJ=0, +1 with no 
parity change. The ground state of Li’ is a (3/2,—) 
state”; thus, application of the selection rules above 
yields an assignment of J=1/2, 3/2, or 5/2 and odd 
parity to the 4.61-Mev level of Li’. 

Erdés et al. have obtained angular distributions of 
tritons from the Li’(y,t)He* reaction by exposing 
lithium-loaded emulsions to the radiation from a 31- 
Mev betatron. Their analysis of the distribution of the 
triton group corresponding to E,~4.7 Mev leads to an 
assignment of J=5/2> to the 4.61-Mev state of Li’, 
with J=3/2> possible but unlikely. 

Levine, Bender, and McGruer” have recently ob- 
tained an angular distribution of 14.5-Mev deuterons 
scattered from this level in Li’. The differential cross 
increases with center-of-mass angle in the 
to 90°, the extent of the distribution. 


section 
interval from 17 
he distribution is not in accord with the prediction of 
the theory of Huby and Newns,™ which similarly 
describes inelastic deuteron scattering in terms of a 
direct interaction of one member of the deuteron pair 
at the nuclear surface. Their selection rules are identical! 
with those for inelastic proton scattering given above, 
but Summers-Gill® has pointed out that spin flip of the 
colliding nucleon of the deuteron pair is not to be 
expected, because it would cause the deuteron to break 
up and be lost from the (d,d’) reaction. This restriction 
results in AJ 1)‘; hence J;=5/2> state 
could not be reached from the J;=3/2> ground state 
in an /=0 transfer by the direct-interaction mechanism. 
The requirement that />2 (true also for Jy;=7/27) 
would suppress the direct-interaction contribution to 
Thus it is seen that the experimental 


l, rary= ( 


the reaction 
evidence on this state is consistent with an assignment 
of J;=5/2 
prediction of the shell model intermediate-coupling 
should not be 


- this is not in agreement with the J =7/2 


interpretation.“ However, J=7/2 


completely ruled out, because it is quite possible to fit 
the data of Fig. 6 with the expression 


da 4 
2 Ancos”é, 


dQ 


corresponding to s, p, and d waves contributing to the 


reaction. Thus the entire cross section could be a 
counted 


J7=7/2 


for by compound-nucleus formation, and 


would be allowed. The triton angular dis 


* F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955 

2 Erdés, Stoll, Wachter, and Wataghin, Nuovo cimento 12, 639 
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Laboratory Report UCRL-3388, April, 1956, (unpublished). 
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tributions from Erdés ef al. are somewhat sketchy and 
suffer from poor statistics, hence a positive assignment 
of spin and parity to this level awaits more definite 
experimental evidence. Inelastic scattering of 48-Mev 
alpha particles and 24-Mev deuterons presently under 
way at this laboratory is expected to help in making 
the assignment 

Schulten*’? has made calculations using wave func- 
tions composed of mixtures of single-particle functions 
with spin-orbit coupling, and his results lead to states 
of Li’ at 4.02, 4.48, and 5.16 Mev with J==5/2, 3/2 
and 5/2, respectively. As yet, there has been no experi 
mental evidence supporting this level scheme 

The measured inelastic proton-scattering cross section 
95.1+5.6 mb, 80% of which is contributed by 
The result, 


is a; 
the component symmetric about @= 90°, 


a,(sym)/o,=0.16, 


indicates the strong competition provided by other 
modes of decay of the intermediate nucleus, of which 
the principal ones are neutron or proton emission 
leading to the formation of one of the several available 
states of Be? or Li’ 


C. Carbon 


The angular distribution of protons corresponding 
to the excitation of the 4.43-Mev level of C™ is shown 
in Fig. 7. Fischer’s data at 10 Mev" are plotted for 
comparison, Qualitatively, the shapes of the distri 
butions are similar, each exhibiting peaks at forward 
and backward angles with the minimum near 95 
Also, the forward peak is the larger, thus the distri- 
bution is not symmetric about 90°, In addition to the 
increase in the cross section at 12 Mev, the forward 
and 
with the change 


peak has shifted approximately from 35° to 10 
the backward peak from 140° to 165 
in energy. At proton energies of 7.3 Mev,* 9.5 Mev,” 
and through the range from 14 Mev to 19.5 Mev" the 
distribution maintains the same general shape and 
indicates that the direct-interaction mechanism plays 
no important role, At 31 Mev" the distribution has 
changed markedly, becoming strongly peaked near the 
forward direction. 

The ground state of C” is a (0,4) and the 4.43-Mev 
1 Thus, we have AJ 


any contribution to 


2 with no 
parity change, therefore, the 
angular distribution from direct-interaction-type scat 


level is a (2,+-) state 


tering would be given by 7.’(ga). This function is not 


peaked in the forward direction, and it proved im 


yossible to fit the data of Fig. 9 witha 7.7 in combination 
I j 


with a curve symmetric about 90 
The excitation of the intermediate nucleus, N™, 
12.82 Mev. There is little or no information available 


was 
on the level structure of N“ at this excitation, but it 
can be inferred from the level scheme” of its mirror 
nucleus, C™. It is apparent that no more than two or 
three levels take part in the reaction. so the statistical 


27 R. Schulten, Z. Naturforsch. 8a, 759 (1953 
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180 


Angular distribution of protons from the reaction 
C8(p pyc O- 4.43 Mey 


condition of many states’ being excited is not satisfied 
The situation probably is more nearly that one reso 
nance in N™ is responsible for the major part of the 
246.04-6.0 mb, with small additions 
coming from the wings of the neighboring resonances 


cross section, @ 


This could explain both the near symmetry of the 
angular distribution and the fact that this near sym 
metry is maintained over such a large energy interval 
The shifting of the peaks toward @=0° and 6= 180 
with the increase in energy shows that the partial waves 
of higher orbital angular momentum are contributing 
more strongly to the reaction, as is possible at the 
higher energy. Further support to this picture is given 
by the large increase in the total cross section between 
10 and 12 Mev. The ratio a,(12 Mev)/a,(10 Mev) is 
about 1.6, and if a sufficient number of levels of N™ 


participated in the reaction one could use the expression 
I, 0 T; 2 7, 


7; is the barrier transmission coefficient for 


proton emission to the 4.43-Mev state and the sum is 


where 


taken over the transmission coefficients of all possible 
decay channels. Since the threshold for the (p,n) re 
action is 18.5 Mev, the only important modes of decay 
are proton emission to the available states of C™ 
Using tables of Coulomb functions,”* we calculated the 
4.43, and 9.61-Mev 
levels at 12- and 10-Mev incident proton energy, taking 
1.44*XK 10-" 
experimental evidence, emission to the 7.65-Mev level 
was taken to be 3% of that to the 4.43-Mev level. With 


a,(12)co~a,(10 


coefficients for emission to the 0, 


cm for the nuclear radius. In view of our 


the calculated ratio 


a,(12)/a(10)™~(T/. T) (1/7) = 1.14 


shows that the energy dependen e of the cross section 
cannot be explained in terms of barrier penetrability 
alone. A more nearly resonant excitation of N“ with the 
12-Mev protons is 


the larger cross 


the more plau ible explanation for 


section 


* Bloch, Hull, Broyles, Bouricius 
Modern Phys. 23, 147 (1951) 
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The ratio 
0.36 


T;/> T 


calculated from the transmission coefficients is to be 


Oi/ Te 


compared with that obtained from the inelastic cross 
sections measured on the other elements, and it is noted 
that this ratio qualitatively reflects the effect of the 
different number of competing modes of decay of the 
compound nucleus in each of the four cases. 


D. Magnesium 


rhe angular distribution of protons leading to the 
excitation of the 1,368-Mev level of Mg™ is shown in 
lig. 8. Curves of the 10- and 18-Mev data are plotted 
for comparison. The ground state of Mg™ is a (0,+-) 
state and the 1.368-Mev level is a (2,+-) state. Thus, 
as for C", an appropriate fit to the data would be a 
combination of 7” and a curve symmetric about 90°. 
Ihe increase in the cross section forward of 40° ruled 
out this possibility. 

Unlike the carbon distribution, the shape of the 
distribution changes 
significantly with variation of the incident 


magnesium apparently quite 
proton 
energy in the range from 4.7 to 18 Mev.7-" This vari 
ation is readily explained by assuming that several 
levels of the intermediate nucleus are excited, but not 
so many as to satisfy the statistical condition. Then the 
outgoing waves of different parity can interfere, giving 
asymmetric distributions. With the change in energy 
of the incident beam a different group of levels would 
be excited, the interference terms would have changed, 
and a completely dissimilar distribution could result 


The formula 


w(K) =0.43 exp[.2(0.45E)* |/Mev 


agrees fairly well with the experimentally determined 
average level densities for Al*’ at 9.0-Mev excitation, 
and therefore it is used to estimate the average level 
Al*® at 13.68 Mev, the excitation of our 
intermediate nucleus. The result is w60 levels per 


density for 


J 


“180 


hic. & Angular 
Mg’(p,p') Me™, Q 


reference 10. Curve 2 


distribution of protons from the reaction 
1.368 Mey. Curve 1: 10-Mey results from 
18-Mevy results from reference 11. 


HOMER E. 


CONZETT 


Mev, so that with an energy spread of 160 kev we 
estimate that approximately ten levels of the inter- 
mediate nucleus would be excited on the average. This 
hardly qualifies as “many” in the sense of the statistical 
assumption, and the region of excitation is certainly 
not the continuum where the level width exceeds the 
level spacing. Therefore, the statistical assumption 
probably should not be made. The strong forward peak 
in the 12- and 18-Mev data suggests a contribution 
from a direct-interaction type of scattering even though 
the surface interaction theories do not provide a fit. 
Gugelot and Phillips"! suggest it may be necessary to 
consider the effect of the internal structure of the 
nucleus. Hayakawa ef al.™ have approached this in 
their calculations of angular distributions of protons 
knocked out of a Fermi gas model of the Fe®* nucleus 
by a single nucleon-nucleon collision; their results are 
peaked in the forward direction 

The measured inelastic cross section was o;= 232.2 
t7.4 mb and o;/o,~0.35. The threshold for the (p,n) 
reaction is 14.6 Mev, so the competing processes are 
essentially only those of proton emission from Al*™ to 
the ground state and the several other available excited 
states of Mg”. These are more numerous than with C” 
the 
coefficient for proton emission to the 1,368-Mev state 


as the target nucleus, but barrier transmission 
of Mg” is larger, relatively, than that for the proton 
emission to the 4.43-Mev state of C”, and thus offsets 
the « ompetition furnished by the more numerous dec ay 
channels, 

The ai(18 Mev):o;,(12 Mev):o,(10 Mev) 


0.65:1.1:1 were calculated by integrating over the 


ratios 


range of angles covered by the 10-Mev data, thus the 
forward peak was not included at 12 and 18 Mev. The 
marked decrease in the cross section at 18 Mev results 
from the competition afforded by the energetically 


possible neutron emission from the compound nucleus. 


180 


Fic. 9. Angular distribution of protons from the reaction 
Si**(p,p’)Si?*, O= —1.78 Mev 


® Hayakawa, Kawai, and Kikuchi, Progr. Theoret. Phys 


Japan) 13, 415 (1955). 
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E. Silicon 


The angular distribution of protons corresponding to 
the excitation of the 1.78-Mev level of Si®* is shown in 
Fig. 9. A satisfactory fit to the data was made with the 
combination of a contribution symmetric about 90 
and a j;*(ga) for a value of a=1.25A!K10"" cm. The 
analysis was very sensitive to variations in a because 
slight shifts in the position of the 7,’ peak destroyed 
the symmetry of the dashed curve. For example, values 
1.20A4X10~" cm and 1.30A!X10°" cm gave 
appreciably poorer results in fitting the data 

rhe ground state of Si** is a (0,4+-) state and the 1.78 
Mev level is a (2,+-) state.” Thus, we have A/ 
no parity change between the two states. As before, 


of a 


2 with 


the selection rules require the order of the Bessel 
function (describing the direct-interaction distribution) 
to be 1 
j?# function because its peak is too narrow when a is 
chosen so that the peak falls near 45° as is required 
The value / 
momentum, but this odd value of / is ruled out by the 


2. It was not possible to fit the data with a 


1 satisfies the selection rule on angular 


selection rule on parity 

At the 14.14-Mey the 
nucleus, P”, with an energy spread of 300 kev, it is 
that would be 
excited. The fact that the silicon distribution is some 


excitation of intermediate 


estimated approximately 20 levels 


what closer to symmetry about 90° suggests an ap 
proach toward the condition required by the statistical] 
assumption. 

The integrated inelastic cross section was o,= 164.8 
+4.4 mb and o;/a.c™0.25. Since the threshold for the 
(p,m) reaction is 14.9 Mev, there is again no neutron 
emission from the P®* nucleus competing with the 
proton emission to the ground state and the available 
excited states of Si’*. 


F. Conclusions 


The observed angular distribution of protons scat 
tered inelastically from Li’, leading to the formation 
of the 4.61-Mev state, can be explained by a combi 
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theory of the compound 
McManus 
theory. Distributions of protons scattering to levels in 


the statistical 


nucleus and of the Austern, 


nation of 
Butler, and 


C®, Mg”, and Si** are not explained by either or both 
of the theories. It is thought that the statistical theory 
is not applicable because the required condition that 
the reaction proceed via the continuum region of the 
intermediate nucleus is not fulfilled. Since C"™, My”, 
and Si** are tightly bound even-even nuclei, it follows 


’ 


that the direct-interaction mechanism could be almost 


suppressed and the incident proton be 


completely 
captured by the target nucleus whenever it reached 


the nuclear surface. It is suggested that the reactions 
involving these nuclei proceed by way of only a few 
levels of the intermediate nucleus 

It is reasonable that the direct-interaction type of 
theory could be applied more successfully to the in 
elastic scattering of deuterons and alpha particles 
Competition from formation and subsequent decay of 
an intermediate nucleus would be slight, because once 
a deuteron or alpha particle had been captured by the 
target nucleus there would be little probability of its 
reemission. The experimental results of inelastic alpha 
particle scattering from lithium, carbon, and mag 


19,30 


nesium, inelastic deuteron scattering from carbon,” 


and inelastic alpha-particle and deuteron scattering 


from beryllium” confirm this belief 
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Antineutrino Flux from a Reactor* 
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The antineutrino flux distribution from a thermal neutron reactor is determined from a measurement of 
the equilibrium beta-ray spectrum from thermal neutron fission of U™. The antineutrino distribution is 


then folded in with the cross sections for #(p,n)8* and #(d,2n)8* as a function of antineutrino energy. This 


determines the average antineutrino pile cross sections, 7, and #4, respectively, for the above-cited reactions 


rhe results are: d,= 6K 10 cm*; 64 


INTRODUCTION 


N the theory of beta decay it is not a priori evident 

that neutrinos and antineutrinos are distinguishable 
Recently, however, two independent studies of the in 
verse beta reaction have established with good proba 
bility that such is the case. In the first! of these, 
p(i,8*)n, it was demonstrated that an antineutrino 
induced reaction gives rise to emission of a positron. 
The second? reaction studied, Cl*7(#,8~)A®” 
not to take place. That is, an antineutrino-induced 


, was shown 
reaction does not give rise to emission of a negatron. 
From this, one infers that ##v. This conclusion is also 
tentatively drawn from the observations of double 
beta decay. 

In both of the cases cited, a high-power thermal 
neutron chain reactor employing U™® as the fissionable 
material was used as a source of high intensity anti 
neutrino flux. The antineutrinos are emitted by the 
8 -active fission products, their intensity being ~2 10" 
per megawatt. These neutrino studies are continuing 
together with an additional attempt to observe a third 
reaction,’ d(v,8*)2n 

It is evident that in order to evaluate quantitatively 
must know the 
energy distribution of the antineutrinos emitted by a 


the inverse-beta cross section, one 
thermal pile. This is especially important in evaluating 
the relative merits of the first and third reactions. The 
first (p ~1.8 Mev 


two observable particles (8+ and n). The third (d—+2n 


nt) has a threshold of and emits 
has a threshold of ~4.0 Mev and emits three observable 
particles (8+ and 2n). However, the latter reaction has 
a considerably smaller cross section than the first. In 
both cases, it is necessary to integrate the product of 


the pile antineutrino energy distribution and the re 


spec tive Cross Sections (Jd, and Oa), mM order to ¢ ompute 
the resulting reaction rates 
This paper presents the results of an experiment‘ 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Now at Republic Aviation Corporation, Farmingdale, New 
York 

! Cowan, Reines 
103 (1956) 

*R. Davis, Bull. Am. Phys 

*F, Reines (private communication 

4, O, Muehlhause, Brookhaven National Laboratory Report 
BNL-242 (T-38), 1953 (unpublished) ; C. O. Muehlhause and $ 
Oleksa, Phys. Rev 100, 1266 (1955 


Harrison, Kruse, and McGuire, Science 124, 


Soe: Ser. I, 1, 219 (1956 


2X10 cm’. 


which determines the antineutrino energy distribution 
from U™®*, and the results of Weneser’s calculation® of 
a4 a8 a function of antineutrino energy. These, as well 
as the calculation of o,, are used to evaluate ¢, and é4, 
the average pile antineutrino cross sections for the 
hydrogen and deuterium reactions, respectively. In 
addition, the average beta energy obtained from the 
present measurements is compared with the results 
given by Wigner and Way.® 


THEORY 


The pile antineutrino energy distribution may be 
derived from a measurement of the equilibrium beta 
energy distribution from thermal neutron fission of 
U™*, The transformation of this distribution to the 
antineutrino spectrum can be accomplished by assum- 
ing that the distribution of beta-ray end points is given 
by a Gaussian of the form: 


exp[ — Emax?/2(SE max)? }. (1) 


The parameter AE nox is adjusted so that the integral 
of the product of the Gaussian and the Fermi-allowed 
beta functions yields the observed beta-ray energy 
distribution. Once the correct Gaussian distribution of 
beta end points is known, the antineutrino spectrum 
can be obtained by integrating this Gaussian over the 
Fermi-allowed antineutrino functions. The above formal 
operations include the Coulomb effect. 

It should be noted, however, that in the energy range 
of interest (>2 Mev) the observed equilibrium spec- 
trum of beta rays is essentially the desired antineutrino 
spectrum. This is so because for energies >>mc* both 
the electron and antineutrino are highly relativistic, 
and share approximately equally the energy available 
in beta decay. Though a slight improvement may be 


Tasxe I. Calculated values of o/g* for the proton and 
deuteron at three antineutrino energies. 


op/kp* oa/ga* 


cn cm? 


8.47 «K 10°" 
8.47 10" 
4.20K10°™™ 


16.1 10°" 
47.3K10""! 
13.610" 


* J. Weneser, following paper [Phys. Rev. 105, 1335 (1957) } 
* FE, Wigner and K. Way, Phys. Rev. 73, 1318 (1948). 
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ANTINE 


realized by working backwards to the initial Gaussian 
end-point distribution, and thence forward to the final 
antineutrino distribution, this last operation is not 
carried out in the present work. Instead, the adjusted 
Gaussian is determined simply for purposes of, ex 
trapolating the data to higher energies. 

a, as a function of antineutrino energy is readily ob- 
tained from a knowledge of the beta decay of the 
neutron’ (12 min ~pPp+8 +782 kev) : 


<(- ( E, M,—M, ) 
0,= —1 
. 2a \mc mc m 


E, M,—-M, 3 4 
x ( - \) —11, (2) 
mc m 


where E, is the incoming neutrino energy and g the 
coupling constant (g,’?=0.50X10-)Jis obtained from 
the decay of the neutron.’ 
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Fic, 1 


Plastic counter, U™® foil, and beam arrangement 


For the H' process, both the tensor and scalar inter 
actions contribute: 
Sp 


3977+ g5°. (3) 


For the H? process to lowest order, only the tensor 
interaction contributes: 


gd = Sgr’ (4) 


ga is therefore uncertain to the extent that g7*/g,s°* is 
unknown. A reasonable value’ for this ratio is appar 
ently 3/2, and therefore gi’ =0.40K 10. 

Weneser has computed o4/g,* for three different in 
coming antineutrino energies. ‘These are given in 
Table I along with o,/g,’ for comparison. 

EXPERIMENTAL TECHNIQUE AND RESULTS 

The beta-ray spectrometer consisted simply of a 
plastic scintillation counter having a mean dimension 

7]. M. Robson, Phys. Rev. 83, 349 (1951); 100, 933 (1955) 


* FE. J. Konopinski and L. M. Langer, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 261 


UTRINO FLU 


X FROM A REACTOR 


Fic, 2. Response of plastic counter to Bi®’ radiation. y-+-e~ is 
obtained with no absorber between the source and counter; y is 
obtained with an aluminum absorber between the source and 
counter; and e«~ is obtained from the difference of y+e~ and y 
Operation using one or two photomultipliers is given 


~10 cm. The counter subtended ~30°%, of the source 
~20°% resolution for 1-Mev 
beam arrangement 


and possessed 
electrons. ‘The 
shown in Fig. 1. 
A plastic detecting medium is suitable because (a) the 
surface albedo is small, (b) the bremsstrahlung loss is 
10 Mev, and (c) the pulse height 
response to fast neutrons is negligible. An average 


energy 


and counter are 


small for energies 


thickness ~10 cm is adequate to stop electrons of 
energy <10 Mev. 

More than one photomultiplier is desirable because 
(a) more light and improved resolution is obtainable, 
and (b) improved uniformity of response from various 
portions of the counter results. 

The performance of this counter to a Bi 
1.03-Mev electrons is shown in Fig. 2. Curve A is for 


7 source oj 


one-tube operation and curve B is for two-tube opera 
tion. The source was placed at various positions around 
the counter to demonstrate that the pulse height was 
constant to 5%. The Compton edge of a number of 
gamma rays as well as the end point of the 4.9-Mev 8 
ray from Cl** was used for energy calibration, The 
electronic Beva Model 
153 nonoverload amplifier and an Atomics Instru 


gear consisted simply of a 


ment Company Model 510 single-channel pulse-height 
analyzer. 

The counter was placed outside a thermal neutron 
beam from the Brookhaven reactor (see Fig. 1) and 
the U™® foil (~80 mg/cm?*) just above it at a suitable 
angle (~30°) to the beam. Counting rates were taken 
as a function of bias with and without a graphite 
absorber the foil and counter. This latter 
operation was for the purpose of separating 8 and y 
rays. A counter-in-beam arrangement was found appli 


between 


cable, but suffered from (a) high counting rates, and 
(b) background structure. In particular, the in-beam 
background exhibited the Compton edge of the 2.2 
Mev H' capture 7 ray resulting from neutron absorp 


tion in the plastic, Neither of these disadvantages was 





MUI 











7 1 


2 
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Fic. 3. Differential spectra of beta rays resulting from thermal 
neutron absorption in U™* and Rh™, The data have been nor 
malized with respect to cross section and thickness, The solid 
curve is that to be expected trom the Gaussian for which AFmnax 

4.85 Mev 
present in the off-beam arrangement. Integral count 
rates were kept <2 10°/min. 

‘The absolute intensity could be determined to ~20% 
uncertainty by placing in the beam a thin (~50 
mg/cm?)Rh'™ foil of the same size and position as the 
U™* foil. No other substance appeared suitable. This 
material has a thermal cross section of 140 barns and 
is activated to a 44-sec (half-life) 8 emitter of 2.6-Mev 
energy. ‘The thickness of the foils used naturally re 
sulted in a certain distortion of the low-energy end of 
the spectrum. No corrections were made for this. 

Various subsidiary experiments were performed to 
demonstrate that photo- and Compton electrons pro- 
duced by the foil acting as a radiator were negligible. 
These consisted of doubling the thickness of the U™® 
foil and/or sandwiching it between thin Th” foils. 

The results of the spectral determination of the 
beta rays from U™* and Rh™ are given in Fig. 3, The 
statistics and reproducibility are within the circles 
which indicate the experimental points. The two curves 
have been normalized with respect to cross section and 
thickness. The ratio of their integrals is 54-1 instead 
of the accepted value of 6.10.3. The solid curve shown 


HLHAUSE 


AND S. OLEKSA 
for U™* is the beta spectrum to be expected from a 
Gaussian end-point distribution in which AEmas= 3.85 
Mev. The average energy per beta obtained from Fig. 3 
is approximately 1.5 Mev which indicates an average 
beta energy per fission of about 9 Mev. This is some- 
what higher than the value quoted by Wigner and 
Way.° An additional qualitative disagreement was also 
observed in the performance of the experiment; 
namely, the time required to reach equilibrium for the 
high-energy beta-rays appeared to be less than that 
indicated by Wigner and Way. However, an experiment 
in which a time analysis of the beta yield is performed 
would be required to check this point. 

Using (2) and Table I together with the Gaussian 
extrapolation for energies >7 Mev, one obtains: 


6,=6X10% cm’, &=2K10" cm’, 


CONCLUSION 


The deuteron reaction rate is thirty times less than 
that for hydrogen. However, its more distinctive re- 
action mode should compensate for this reduced rate. 
The cross section is close to that calculated for chlorine® 
(in which yv is substituted for 7). 

An improved measurement of the fission beta spec- 
trum could be obtained by employing a beta-ray lens 
spectrometer into which a U™® foil and a thermal neu- 
tron beam could be introduced. It would also be de- 
sirable to time-analyze the beta spectrum by employing 
a rotating cadmium shutter in the neutron beam. In 
addition, the average beta-ray energy per fission 
could be independently determined with a beta-ray 
calorimeter, 

It is evident from this and the following paper that 
a higher energy antineutrino source would be very 
desirable. Such a source originating from a specific 
beta-active nucleus, for example, could be obtained 
from the B'(d,p)B" reaction. A one ampere beam of 
several Mev deuterons is required. The pulsed feature 
permits separation of the prompt B"(d,n)C™ reaction 
in that the half-life of B’ is ~20 msec. With proper 
time analysis of the B” yield, a clean antineutrino 
source extending in energy to ~13 Mev would be 
available. Similar possibilities exist for Li’(d,p)Li'*. 
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The cross section for the antineutrino disintegration of the deuteron, §+d-+n+n-+-e*, is considered. The 
only important contribution to the cross section arises from a 'S final nucleon state, and only the tensor part 
of the beta-interaction is effective. The matrix element can be evaluated by the effective range formulation 


well known from calculations of the photomagnetic disintegration of the deuteron 
evaluated for three antineutrino energies: 5.5, 8.5, 13.5 Mev 


if the neutrino were a Majorana particle 


INTRODUCTION 


N the preceding paper, Muehlhause and Oleksa! 
study the feasibility of antineutrino detection by 
The 


observing the disintegration of the deuteron 


process they consider is: 


+ 


p+d—n+n+er, 


the production by an antineutrino on deuterium of 
two neutrons and a positron.{ This paper briefly de 
scribes the theoretical calculation of the cross section 
for this process for the energy range of antineutrinos 
15 Mev down to threshold. 
The calculation is straightforward and the results very 


of interest, from about 


largely independent of special assumptions about the 
structure of the deuteron or of nuclear forces. The 
interaction the antineutrinos nuclear 
matter is described by the usual beta interaction of 


between and 
nuclear physics; the results are uncertain only to the 
extent that the coupling constants are undetermined. 
It should be remarked that 
same for a Dirac antineutrino and for a Majorana 
particle, so that this process by itself does not indicate 
anything of the particle or antiparticle nature of the 
neutrino. 


the cross section is the 


FORMULATION 


The disintegration takes place by the interaction of 
the incoming antineutrino with the bound proton, the 
proton and neutrino transforming into a neutron and 


positron. There are, then, three final particles: two 

* Work partially performed under the programs of the U, § 
Atomic Energy Commission, and the Office of Naval Research 

t On leave of absence from Brookhaven National Laboratory 
Present address: Department of Physics, University of Illinois, 
Urbana, Illinois. 

'C.O, Muehlhause and S. Oleksa, preceding paper [Phys. Rev. 
105, 1332 (1957) } 

t Note added in proof.—-My attention has been called to a very 
recent article by A. V, Govorkoy [Zhur. Eksptl. i Teort. Fiz. 30, 
974 (1956) ], dealing with neutrino-induced disintegration of 
deuterons. The qualitative conclusions of that paper are the 
same as here: that the final neutrons are emitted in the 'S state 
and that only the tensor interaction contributes appreciably. In 
fact, it is suggested that this experiment be used to measure the 
tensor interaction. The numerical evaluations differ; Govorkoy 
makes an estimate based on use of plane-wave final state wave 
functions, and thus neglects interaction between final state neu 
trons. The difference between Govorkov’s results, extended to the 
energies considered here, and the results of this paper can be 
readily attributed to the approximation. 


The cross section is 
rhe results for this process would be the same 


heavy (neutrons) and one light (positron), An im 
portant question is that of the division of energy among 
the three final products. The greatest fraction of the 
energy is carried off by the light particle. In the simpler 
process in hydrogen, 


y+ ponte, 


the recoil energy is less than half a Mev for a 15-Mev 
antineutrino, and less for less energetic antineutrinos 
Since in the deuteron process the proton is in a bound 
state with a kinetic energy of several Mev, the final 
neutrons can have substantially higher energies, 
However, even for a 15-Mev incoming antineutrino 
the important contributions to the cross section come 


The fact 
that we are concerned with low-energy nucleons will 


from neutron energies of less than 2 Mey 


greatly simplify the calculation and insure that it is 
independent of detailed assumptions about deuteron 
structure 

The discussion is greatly facilitated by a suitable 
rhe 
initial state is defined by giving the momentum of 
the antineutrino, p,, and of the deuteron, which we 
can take as zero, The final state of the three outgoing 


choice of canonical coordinates and momenta. 


particles is completely defined by just two momenta 
It is very convenient to choose these as the positron 
momentum, p,, and the relative momentum of the 
two neutrons, p,. The p, is defined in the usual way, as 
half the difference of the two neutron momenta. The 
total energy is, then, given by 


+ Pn’ (De De)? 
c(mec? + p?)*+ t ; 
M 4M 


where M is the neutron mass and m, the electron mass 
In the region of interest, the last term, corresponding 
to the recoil of the nucleon center of mass, can always 
be neglected—to within 1% in the final result. There 
remains, then, a very simple kinematics 


Pn’ 
M 


clmfc?+ p?Z)'4 Et+En, 


with p, and p, the otherwise independent momenta 
The interaction, too, is simple and requires only 
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Tasre I. Values of «/3g7* for three antineutrino energies 


42X10" 
85x10 
8.510% 


brief discussion. ‘The beta-interaction assumed here is 
that determined from nuclear transitions: a combination 
of scalar, tensor, and pseudoscalar with comparable 
coupling constants.” Since the final nucleons are of low 
sufficient to take the lowest order non 


energy, it 18 


relativistic forms 


H inv Gab" be) VV) + Gr Wr" boy.) (V/*oy,), 


where y¥,, wy are the initial and final nucleon wave 
functions, and y,, ¥, are the positron and neutrino 
free-particle wave functions. The coupling constants 
Gs, Gr have to be taken from the nuclear beta-decay 
data, and are known only approximately. The quantity 
(3G°4+-Gr") is known to 10%, but the ratio Gx 
known only to 50% (Gsg/Gr~1+0.5). The interaction 


has been written as for a Dirac neutrino, but it should 


Gy is 


be emphasized again that these results would be the 


same for a Majorana particle 


MATRIX ELEMENT 


Finally the computation rests on the evaluation of 
the interaction matrix element. The part dependent on 


the nuclear variables is of the form 


i(pe— Py) hh 
frre; 10t)0s exp 
h 


KWiltio1; tef2)dridro, 


where r,, (; are the nucleon space and spin coordinates, 
and 0, is either 1 for the scalar interaction or @; for the 
tensor, After separation of the trivial integrations over 


the center-of-mass coordinates, there remains 


i(p. 
fortes 2) exp 


where r is the relative coordinate. There is possibie 


pr 
bi(0,01,2)dr, 
2h 


the very great simplification of the “dipole approxi 
mation”—the recoil factor, exp[i(p.—p,):1r/2h], is 
replaced by 1. Then, since @; is the deuteron ground 
state wave function, consisting of mainly *S, only S 
final states contribute appreciably; because *S is 
excluded for the identical neutrons, only ‘S final states 
need be considered. Then, only the tensor interaction 
contributes, the scalar not permitting the necessary 
spin-flip. The error involved in the approximation can 


innual Review of Nuclear 


* E. J. Konopinski and L. M. Langer 
3, p. 261. 


Science (Annual Reviews, Inc., Stanford, 1953), Vol 


WENESER 


be seen from an evaluation of the leading discarded 
term—the P-state contribution. An explicit evaluation, 
assuming zero P-state forces and a Hulthén ground 
state function, results in a 1% P-state contribution 
relative to the leading 'S. The validity of the approxi- 
mation stems from two facts. First, even for 15-Mev 
antineutrinos the exponent in the recoil factor is small; 
when |r| is taken as 4X 10~" cm (the deuteron radius), 
(pr/h)* is less than 1/20. Second, since the final 
nucleon energies, E,, are low, the final states of higher 
angular momentum are small in the region where the 
deuteron function is considerable. 
We have, finally, to evaluate: 


fxoxatr 


where xs/r is the radial part of the 4S final state wave 
function, corresponding to energy £,, and x,/r is the 
radial part of the #8 portion of the deuteron ground 
state function. This is very similar to the matrix element 
appearing in the low-energy photomagnetic disinte- 
gration of the deuteron. In fact, under the assumption 
of charge independence of nuclear forces, it is of 
identical form. It is, then, possible to take over the 
effective-range formulation of the photomagnetic 
effect.2 The calculation has been carried through in 
just this way. The results depend only on a singlet 
neutron-neutron effective range and scattering length, 
the neutron-proton “triplet” effective range, and the 
binding energy of the deuteron. The neutron-neutron 
parameters are assumed to be the same as the neutron- 
proton singlet values.‘ 

By means of the effective-range formulation the 
matrix element is given as a function of the neutron 
energy, E,, or, for a fixed neutrino energy, of the 
positron energy, £,. The cross section is, then given by: 


” 2n Cp ld 2, 1 cp».Mc* 
a fff dE,—-: . dQ, 
. he (2mhc)* 2 (2xhc)! 


1 Cpe Cp 2 
) J xsxatr ’ 
5 Bele J I 


and a numerical integration over the positron spectrum 


y 4 tnGr'( 1 + 


completes the evaluation. The results of the compu- 
tations are given in Table I. In using these results, the 
accuracy of the calculation should be kept in mind. 
The kinematic simplification is an approximation good 
to within 1% ; the nonrelativistic approximation to the 


4H. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950); H. 
Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 

‘ The values of the parameters used are: a,= —2.3810~" cm, 
r,= 240K 10°" cm, r,=1.70K 10" cm, y = (M Ep/h*)4 = 2.31 10" 
cm™', For a discussion of the determination of these quantities 
from experiment, see, in addition to the papers of reference 3 
Hafner, Hornyak, Falk, Snow, and Coor, Phys. Rev. 89, 204 
(1953); C. Storrs and D, Frisch, Phys. Rev. 95, 1252 (1954), 


These papers contain references to previous work. 
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beta-interaction, the neglect of other than }8§ final 
states, and the “dipole approximation”’ are all related 
and of the same order, altogether good to about 2%; 
the effective-range approximation can be taken only 
within several percent. Further, there the un 
certainties in the parameters used in the evaluation of 
the effective-range result; the principal error comes 
from the uncertainty in the singlet effective range, r, 
The results are, then accurate only to within about 10 


are 
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to 15%. The cross section for various antineutrino 


three times the reduced 
ye (mc/h)® 


The range of energies is from near threshold, 4.0 Mev, 


energies 18 given in terms ol 


tensor coupling constant, {7 (Gr/Me¢ 


to the upper range of the pile spectrum. As an aid to 


interpolation, it should be noted that 0/(4,—4.0)* isa 


fairly smooth function 


®* Konopinski and Langer give 3g7*4K10™, within about 
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New Radioisotope of Platinum Pt*’°t 
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(Received November 14, 1956) 


A new radioisotope of platinum, Pt™, with an 11.5-hr half-life has been produced by successive neutron 
capture in Pt, It was identified by milking its daughter, Au™. The activation cross section for the reaction 


Pt'(n,7) Pt™ is approximately 15 barns 


INTRODUCTION 


N 11.5-hr activity, identified as Pt, has been 
produced by successive neutron capture in Pt 
by irradiating platinum metal in the NRX reactor at 
Chalk River. Recently Warren and Fink,’ in an attempt 
to form Pt™ by the same method, failed to observe such 
an activity. From their results they set limits for its 
half-life as less than 4 days or greater than 2 yr. 
Pv (7.2% of natural platinum) by neutron capture 


leads to the following nuclear reactions: 


Pt 
(n,y) 
4 barns 
‘ fa 
Pt! B Au!” B 
(n,y) » (n,y) >» Hy'” (stable) 
~15 barns 30 min 30 barns 3.17 days 


8 4 B 
>» Au™ 
11.5 hr 


» Hye (stable). 
48 min 


pr 


TABLE I, Details of irradiation conditions. 


Length of 
irradiation 
hours) 


Pris Flux 


Irradiation atoms (n/om! sec 


6.8% 10" & 
1.4 10" 21 
1.5 10" 24 


4.0% 10" 
20.0 10" 
21.0 10" 


t Contribution from the Research Chemistry Branch, Atomic 
Energy of Canada Limited, Chalk River, Ontario 
1G. W. Warren and R. W. Fink, Bull. Am. Phys. Sex 


1, 171 (1956). 


Ser. IT, 


Since the presence of the other radioisotopes formed 
by neutron capture in the stable isotopes of platinum 
made the direct detection of Pt™ very difficult, the 
method of daughter extraction was applied. The 48-min 
Au” daughter of Pt™ is easily identifiable. It decays 
with a maximum #-particle energy of 2.2 Mev and its 
y-ray spectrum has been studied. Although few in- 
have been made** Butement and 


hn) 


vestigations of Au’ 

Shillito have definitely shown by cross bombardments 

that the mass assignment of the 48-min gold activity 

is 200, 
EXPERIMENTAL 


Samples of spectroscopically pure and thermocouple 
grade platinum metal were irradiated in the NRX 
different The the 
irradiation conditions are given in Table I. 


reactor in two fluxes details of 


Au™ is formed in large amounts by neutron capture 
in Au as seen from the nuclear reactions above. This 
contribution of Au™ and part of the Au’ activity from 


the decay of Pt' were eliminated by allowing a decay 
period of 15 hours or more after the irradiation, followed 


Pasre II. Summary of the results 


Half-life A Per at the 
of pre 4 irradiation 
hours stom 


10.9 55x10" 
11.9 2.4 108 
11.8 2.7K 108 


* Sherr, Bainbridge, Anderson, Phys. Rev. 60, 473 (1941 

*W. Maurer and W. Ramm, Z. Physik 119, 602 (1942 

‘FF. D.S. Butement and R. S. Shillito, Proc. Phys. Soc. (London) 
A65, 945 (1952) 
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a | 


10 18 


HOURS 





Yields (in counts/min) of the 48-min Au™ daughter at 
successive separations from platinum parent 


hia. J 


by repeated separations of gold from the platinum 
sample. The platinum metal and gold carrier were 
dissolved in aqua regia and the purification of the 
platinum from the gold was carried out by standard 
procedures, 

Parent-daughter isolation experiments were per- 
formed to establish both the half-life of Pt and its 
genetic relationship to Au”. The gold was extracted 
with ethyl acetate from chloroplatinic acid 3N in 


hydrochloric acid. The organic phase was washed several 
times with 3N hydrochloric acid. It was evaporated to 
dryness and the residue was dissolved in dilute hydro 


chloric acid. The gold was precipitated as the metal in 
alkaline solution upon the addition of hydrogen per 
oxide, Finally the sample was deposited on an aluminum 
tray for weighing and counting. To establish that the 
18-min activity followed the chemistry of gold, the 
activity in the gold sample was counted after one 
purification. Next it was recycled twice through the 
same gold purification steps and counted after each 
cycle, All of the 48-min activity remained in the gold. 

The decay of the gold activity was followed with a 
beta proportional counter through aluminum absorbers 
(108 or 150 mg/cm*), It was necessary to use aluminum 
absorbers because occasionally the 19-hr Pt!” or the 
33-day Au'™ appeared as a contaminant in the Au”, 
due presumably to an incomplete separation of the 
platinum or gold fractions from each other. The high 
energy gamma-ray spectrum of the gold activity was 
examined with a cylindrical Nal(Tl) (1 in.X%1} in.) 
scintillation spectrometer. The photomultiplier tube was 
an RCA 5819 and the pulses were registered in a 24 
channel analyzer 

* Chemica! procedures used in bombardment work at Berkeley 


W. Wayne Meinke, Atomic Energy Commission Report AECD 
2738 (unpublished 


AND 


MERRITT 





100 
90 
60 
70 


60) 
50 


COUNTS PER MIN 











CHANNEL NUMBER 


hic. 2. 1.23-Mev 7 ray of Au™ with Co” calibration peaks. 


RESULTS 


To obtain the half-life of Pt®, the activity in the 
Au” milkings, extrapolated to the time of isolation and 
corrected for the chemical yield and time of growth, was 
plotted against the time of parent-daughter separations. 
The graph shown in Fig. 1 is for experiment No. 1. 
Table II summarizes the results. The average value for 
the half-life of Pt is 11.5+1.0 hr. The dependence of 
the yield of Pt™ on the square of the neutron flux 
confirmed that it is formed by successive neutron 
capture in Pt'**, An activation cross section was calcu- 
lated from the yield of Pt™ and the integrated neutron 
flux measured by Co activation. It is approximately 15 
barns based on the assumption that the cross section of 
Pt! is 4 barns.® 

The Au” was identified by its half-life and its beta 
and y-decay characteristics. The observed half-lives 
ranged from 48 to 51 minutes. The maximum §-ray 
energy was determined to be 2.2 Mev by absorption in 
aluminum. The absorption curves agreed closely with 
the one given by Butement and Shillito.* An examina- 
tion of the high-energy y spectrum of the 48-min 
activity (Fig. 2) by means of a scintillation spectrometer 
showed the presence of a 1.23-Mev y-ray. Butement and 
Shillito have reported a value of 1.13 Mev for the same 
y ray. This discrepancy might be explained by the 
different methods used to measure the y energy in each 
investigation. 

* Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947) 
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rhe positron spectrum of O' has been investigated with two iron-free magnetic spectrometers. One 
measurement, performed with an intermediate-image spectrometer and a solid source, gave an end-point 


energy of 1.7234-0.005 Mev. The other measurement 
gaseous source, gave an end-point energy of 1.7364:0.010 Mey 


performed with a thin-lens spectrometer and a 
These values, which are approximately 


0.050 Mev higher than the only previously reported spectrometer measurement, are in good agreement 
with the end point predicted from N'(p,n)O" threshold determinations. The ft value calculated from an 


average end-point energy of 1.733+0.005 Mev derived from the beta spectra and the 


pn) threshold 


measurements is 42804-100 seconds. This new value brings the O' decay into good agreement with the 


B—x analysis of the 0—O spin change and the “doubly closed shell plus or minus one nucleon” beta 


transitions 


INTRODUCTION 


HE decay, O'*(B+)N", is one of the six interesting 

cases of mirror transitions occurring between 
nuclei with a configuration differing by one nucleon 
from a doubly closed shell. The measured /t values for 
these transitions and for the 0—0 transitions have been 
used in a number of papers'* to determine the coupling 
constants in the beta-decay interaction because, for 
these cases, the Gamow-Teller matrix elements can be 
approximated from a simple nuclear model. 

©" has been studied previously by Brown and Perez 

Mendez who reported‘ that it decays by emission of a 
single positron group with a half-life of 118-+-0.6 seconds 
and with an end-point energy of 1.683--0.005 Mev 
determined by means of a 180 degree, iron-core spec 
trometer. Kline and Zaffarano have reported® the half- 
life as 123.4+1.3 seconds. According to Kington et al., 
their recent measurement? of the N'°(p,2)O"* threshold 
leads to a maximum beta energy of 1.735-+0.008 Mev, 
a value which is 52 kev higher than the result of Brown 
and Perez-Mendez. This difference is significant be 
cause the comparative half-life varies approximately 
as the fifth power of the end-point energy. The present 
measurements of the O' beta spectrum were under 
taken to resolve this discrepancy and thereby better 
establish the comparative half-life of O'. 


EXPERIMENTAL PROCEDURE AND RESULTS 


‘Two independent measurements of the beta spectrum 
were made, one with an iron-free intermediate-image 


* Under contract with the U. S. Atomic Energy Commission 

1G. L. Trigg, Phys. Rev. 86, 506 (1952). 

2A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 27, No. 14 (1953); O. Kofoed-Hansen 
and A. Winther, Phys. Rev. 86, 428 (1952) 

+]. M. Blatt, Phys. Rev. 89, 83 (1953) 

‘H. Brown and V. Perez-Mendez, Phys. Rev. 78, 649 (1950). 

*R. B. Kline and B. J. Zaffarano, Phys. Rev. 96, 1620 (1954 

* Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955 


spectrometer’ and a solid source, the other with an 
iron-free thin-lens spectrometer and a gaseous source 


a) Intermediate-Image Spectrometer 


The O' for the measurement with the intermediate 
image spectrometer was produced by the reaction 
N'*(d,n)O'. Targets of titanium nitride, several mg 
cm? in thickness, were deposited on 0.00005-inch nickel 
foil and located in the normal source position of the 
instrument. A tantalum aperture limited the deuteron 
beam from the Van de Graaff accelerator to a spot 
2 mm in diameter. After passing through the foil and 
the nitride deposit, the beam was collected in a cup 
attached to the inner limiting entrance bafile. 

The beta spectrum was measured with the resolution 
of the spectrometer set for a momentum line width of 
0.8%, (full width at half maximum). The procedure 
consisted of irradiating the target for 2 minutes, turning 
down the Van de Graaff voltage, and then measuring a 
set of four points on the spectrum. An end-window 
Geiger counter was used for detection. Counting 
periods were of 30 seconds duration spaced 30 seconds 
apart in order to allow time for the spectrometer current 
to stabilize. In each sequence of four points, the first 
two points overlapped the last two points of the previous 
set so that a normalized spectrum could be obtained 
after correction for decay. Data taken beyond the end 
point established the amount of scattered background 
which was to be subtracted. A deuteron current of 0.02 
microampere at 3 Mev was sufficient to give an initial 
counting rate at the peak of the spectrum of over 
10 000 counts per minute, No deterioration of the target 
was observed. 

The spectrometer was calibrated with the K-con 
version line*® of the 1.0639-Mev transition in the Bi” 
decay by using a source 1.5 mm in diameter; the line 
was taken at the beginning and end of each day of 

'D.E 

"DD. & 


Alburger, Rev. Sci. Instr 
Alburger, Phys. Rey. 92 


(to be published 
1257 (1953 
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Vic. 1. Kurie plot of the positron spectrum from gaseous O'* 
measured with the thin-lens spectrometer, The curve is a weighted 
least squares fit to the points in region 5 


runs on the O'* spectrum. The greatest variation in the 
peak position was less than 0.1%. In addition the over- 
all linearity of the current regulating system, which 
uses a 0.025°% linearity Helipot as a reference potenti- 
ometer, was checked by means of a Leeds and Northrup 
type K potentiometer. A correction in the calibration 
constant was made for a slight difference between the 
axial positions of the target and the Bi’ test source. 

‘In measurements of the complete positron spectrum, 
the Kurie plot was linear above 0.7 Mev. Deviations 
below that energy are undoubtedly caused by source 
thickness and backing effects. At the peak of the 
spectrum the counting rate was observed to decay with 
a half-life of 1224-5 seconds. 

Because the principal interest centers on the end 
point energy, data were thereafter restricted to the 
region above 1.2 Mev in one group of runs and above 
1.5 Mev in another group. In each case a number of 
sets of points was averaged together after correction 
for counter dead-time, natural background, source 
decay, normalization, and subtraction of scattered 
background. The weighted average end-point energy 
of the various groups of runs is 1.7234+0.005 Mev, 
where the estimated error includes the uncertainties of 
calibration, current regulation linearity, background 
subtraction, and Kurie plot extrapolation. 


(b) Thin-Lens Spectrometer 


B The experimental arrangement for the measurement 
with the thin-lens spectrometer was essentially the 
same as that used previously for the measurement of 
the A® beta spectrum.’ The O'* was made by the 
reaction, C'*(a,n)O"™, using a liquid target of carbon 
tetrachloride and 40-Mev alpha particles from the 
Brookhaven 60-inch cyclotron. O'® was produced con- 
tinuously during the measurements; vapor evolving 
from the target liquid swept the activity from the 
target chamber and carried it through }-inch copper 
tubing to the experimental! area. The vapor and any 

* Kistner, Schwarzschild, and Rustad, Phys. Rev. 104, 154 
(1956). 


SCHWARZSCHILD, 


RUSTAD, AND ALBURGER 

condensable contaminants were removed from the 
stream of radioactive gas by means of a series of liquid 
nitrogen traps, and the remaining gas was concentrated 
by a diffusion pump and passed through the source 
volume of the spectrometer at a pressure of about 10 
microns. The activity was monitored with a Geiger 
counter which detected the annihilation radiation 
emanating from a blind tube leading out of the source 
volume. The spectrometer was calibrated with an 
extended Bi’ source placed in the median plane of 
the source volume. The validity of this method of 
calibration has been verified by measurements’ on 
other gaseous and solid sources. The resolution of the 
instrument was 2.5%. 

The decay of the O'* was observed by isolating the 
source volume with toggle valves and recording the 
output of the monitor scaler with a fast pen oscillograph. 
The logarithmic decay curves of the activity were 
linear for more than four half-lives, giving a value of 
120+2 seconds. Analysis of the decay curves showed 
that at most only insignificant amounts of active con- 
taminants were present. 

The field-dependent background of the beta spec- 
trometer was approximated by linear interpolation be- 
tween the background at zero field and that at several 
points taken past the end of the spectrum, and 
amounted to less than 3% of the intensity at the peak 
of the spectrum. The Kurie plot of the beta spectrum is 
linear down to less than 0.4 Mev as is shown in Fig. 1. 
An end point of 1.736+0.010 Mev was obtained from a 
weighted least-squares fit to the points indicated in the 
figure. ‘The assigned error is a conservative estimate 
based on the accuracy of the calibration and the 
statistical deviations of the background and the Kurie 
plot. 


DISCUSSION 


The values of the O' end-point energy of 1.723 
+0.005 Mev and 1.736+0.010 Mev, obtained from the 
present spectrometer measurements, are in good agree- 
ment with the value® of 1.735+-0.008 Mev predicted 
by the (p,m) threshold measurement of Kington et al. 
In addition, the N'*(p,n)O" threshold has just recently 
been remeasured by the Van de Graaff accelerator 
group at Columbia University with a resulting O'* end- 
point energy” of 1.738+0.007 Mev. The above agree- 
ment is evidence that the earlier spectrometer measure- 
ment by Brown and Perez-Mendez is probably in error. 

To obtain a best value of the end point for the calcu- 
lation of the comparative half-life, it was considered 
most reasonable to weight each of the four independent 
measurements equally. The average value is 1.733 
+0.005 Mev, where the error is twice the probable 
error computed from the deviations from the mean. 
The average value of the half-life, computed in a 
similar manner from the two previously reported values 


 L. Lidofsky (private communication). 
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of 118 seconds and 123.4 seconds together with the 
gaseous source measurement of 120 seconds from the 
present experiment, is 120.5+2.2 seconds. From the 
tables"! of Moszkowski and Jantzen, which are accurate 
to 0.5%, the ft value for the O'(6+)N"® transition was 
calculated as 4280+-100 seconds. This new ft value 
brings the O'® decay into excellent agreement on the 
B—x diagram*'? with the 0—O transitions and the 

4S. A. Moszkowski and K. M. Jantzen, University of Cali 
fornia Technical Report No. 10-26-55 (unpublished). 


2 (Q, Kofoed-Hansen and A. Winther (to be published). In this 
paper the /t value for O'* on the B—«x diagram was calculated on 
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“doubly closed shell--one nucleon” mirror transitions 
of n, H®, and F"’. 
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the basis of the end point predicted by the (p,n) threshold meas 
urement of reference 6 and the half-life of reference § 
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lhe value of the distortion parameter of an even-even nucleus which is derived by using the experimental 


values of the energy of the first excited state, is much greater than that determined from the lifetime of the 


first excited state of the same nucleus, This discrepancy is explained by assuming that there is a sort of 
rotational character of the nuclear matter and that the protons are distributed in a region slightly smaller 


than the whole nucleus. The mechanism of large deformations of eleven even nuclei is explained by applying 


the strong-coupling theory. The coupling constants between the extra particles and the nuclear surface are 


much smaller than those which have been used previously 


culated 


I, INTRODUCTION 
, I ‘HE measure of nuclear distortion is given by the 


distortion parameter’ 8 in the collective model 
theory. Let 8, be the values of 8 determined from the 
lifetimes of the first excited states of even-even nuclei, 
and Bg be the values of 8 determined from the observed 
quadrupole moments? of odd nuclei. Then §, of an even 
nucleus is nearly equal to Bg of the neighboring odd 
nuclei. The value of 8 determined from the Coulomb 
excitation coincides roughly with the value 6,. The 
value of 8; determined from the energy spacing between 
the ground and first excited states is roughly twice that 
of 8, for atoms in the vicinity of the rare earths. 

6, isa quantity related to the moment of inertia of the 
nucleus, so that its value is determined by the mass 
distribution, and B, is considered to be related to the 
charge distribution. Recently, Ross et al.* concluded 
theoretically that the radii of the charge and mass 


distributions are given by R,=r,K A! (r,=1.16K 10 


! A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 26 
No. 14 (1952). 

2J. E. Mack, Revs Modern Phys. 22, 64 
Experimental Nuclear Physics (John Wiley and Sons 


York, 1953), Vol 1 
* Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956) 


1950); E. Segre, 
Inc., New 


rhe energies of the first excited states are cal 


and Ro=1oX A* (ro= 1.2K 10~" cm), respectively. 
As shown below, the inequality R,< Ro is convenient for 


cm 


the explanation of the discrepancy between A, and £, 
Though the value of r, differs slightly from the recent 
experimental values,‘ the above values of R, and Ro are 
used in the present paper. We shall call the region in 
which the protons are densely distributed, the proton 
core. B,, measuring the distortion of the proton core, 18 
determined experimentally from the intrinsic quadrupole 
moment, its value being considered to be sufficiently 
definite. The values of 6;, however, are debatable. The 
first excited energy / and the moment of inertia 9 in the 
direction perpendicular to the nuclear symmetry axis 
§. The assumption of 
IB, 

rhe 


irrotational character, however, has been criticized re 


are related by equation H= 3H’ 
the irrotational character gives the relation 9 
where Bo=(1/2)pRo* and p is the mass density 


cently by several authors, who made it clear that the 


nuclear matter is not completely rigid, nor is it com 


pletely irrotational. It is, therefore, not clear whether or 
*L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); Hahn 
Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 (1956) 
*D). R. Inglis, Phys. Rev. 96, 1059 (1954); 97, 701 (1955); A 
Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd, 30, No. 24 (1955) 
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TABLe I, Configurations of extra neutrons and protons. 


(a) Configurations 


lerived from Nilsson's diagram. Filled shells are omitted 


Numbers of extra particles 
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10 full 
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10 full 
10 full 
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not the moment of inertia 9 is proportional to 
Nevertheless, use a B and put 
d= 3B". The ratio p= B/ Bz is estimated to be between 
one and four, perhaps depending on the kind of nucleus. 
Our calculations are carried out by assuming p= 3 for all 
nuclei, The total Hamiltonian is assumed to have the 
same form as that given by Bohr. We determine the 
configurations of extra particles in some way and apply 


we mass coefficient 


the strong-coupling theory.® The single-particle levels in 
a largely deformed nucleus are very complicated.’ If the 
pairing energy is taken into account, the complication is 
greatly increased. We attempt to deduce the particle 
configurations by using Nilsson’s diagram’ and several! 
assumptions considered to be natural 

The values of the coupling constants used in the 
present paper are much smaller than those so far used 


rhe reason for this is given in the appendix 


Il. VALUES OF 6, AND 6, 


Since we assume that the Hamiltonian has the usual! 
form, the motion is determined by the same equations as 
those given by Bohr. The formulas which are related to 
the charge distribution, e.g., the transition probability 
for a gamma ray, must of course be modified. We use the 
usual notation'* for constants contained in the Hamil 
tonian, 4rR.2S being taken as 154! Mev 

*K. W. Ford, Phys. Rev. 90, 29 (1953); thesis (unpublished) 

7S. A. Moszkowski, Phys. Rev. 99, 803 (1955); S. G. Nilsson, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd, 29, No. 16 
(1955) 

*A. Bohr and B. R. Mottelson, Kgl 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) 
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Let the deformations of the nucleus and the proton 
core be given by 


r=Rfl1+>- a,V2,(0,¢) |, (1) 


and 


r=R[1+K« > a,V2,(6,¢) |, (2) 


respectively, x being a constant. In general, the proton 
core is not spherical, nor is it similar to the nucleus, so 
that we have OSx«S1. Equation (2) expresses the 
assumption that the proton core is elongated or com 
pressed in the same direction as the whole nucleus. 


The intrinsic quadrupole moment 
(3) 


Vo [ 3/ (Sm i |IZR2 DB, Cosy 


can then be derived in the usual way,* where 8, = «8, and 
the probability for the gamma ray transition J+ 2-1 is 
given by 
(1+1)(1+2) 
1.88 10°A**§ E76? sec}, 
(27+3)(27-+5) 


T(2) (4) 


where £ is the transition energy in Mev. Inserting the 
experimental values® of 7(2) into (4), the distortions £, 
of the proton core are obtained, their values being given 
in Figs. 1(a) and 1(b) by dots 

A simple relation, 


E=h'/BB,’, (5) 


is obtained® on the assumption that the strong-coupling 
approximation is good. The values of 8), obtained by 


* A. W. Sunyar, Phys. Rev. 98, 653 (1955) 





DEFORMATIONS OF 


inserting the experimental values’ of E into (5), are 
given in Figs. 1(a) and 1(b) by circles. 
III. CALCULATIONS OF 6, 


Let Bo be the calculated value of 8, obtained by using 
the strong-coupling theory. In the general formulas 
derived by Ford,* we use the following abbreviations 


Met 1)} 47a 1), 


A= (5/r)' S 7302 


w=l(1+1)—12+E0 (jj e+1)— ja?) 


ZU 
iam 


Qn) Jm+Qat 1) 


K5( Ji, J m)b(Qm, Le 1) 


Hereafter we may use 7) instead of 7, for neutrons 
and 7”) for protons. Ford assumed that 7',= 20 Mev. 
This value gives unreasonably large distortions to rare 
earth nuclei. This situation may be improved if we give 
up the idea that, in the case of nuclear.deformation, the 
potential wall moves keeping parallel to its original 
stance. For example, we assume that the potential well 
is not square but trapezoidal, and the displacement of 
the wall is small at the bottom and large at the top of the 
well; then the values of 7’; become much smaller than 
20 Mev (see Appendix). The exact values are, however, 
difficult to determine theoretically, so we rather de 
termine them in order to make §» coincide with f; at the 
nucleus Er’, The values used in this paper are: 
T’)=2.6 Mev, T\”=2 Mev for the configurations 
given by Table I(a) and 7) =4.9 Mev, T'” =3.8 Mev 
for Table I(b). 

The particle configurations which are given in Tables 
I(a) and I(b) are determined in the following way. 
Nilsson’s diagram’ of the energy levels in deformed 
nuclei is referred to in determining the particle con- 
figurations. Since the values of 8; are in the vic inity of 
0.4 [ Figs. 1(a) and 1(b) |, we (0.3, 
which is furthest to the right in the diagram. By 
enumerating the particle numbers on this abscissa from 


take an abscissa 6 


the bottom, rough assignments of particle configurations 
are obtained. Refinements must be made by taking into 
account the pairing energies. Though not conclusive, the 
particle configurations of eleven nuclei are determined in 
this way [Table I(a) | 

Apart from Nilsson’s diagram, we attempt to deduce 
other configurations [ Table I(b) |. The guiding idea for 
this deduction is: (1) the number of unfilled shells is at 
most three, (2) the configurations change gradually 
from nucleus to its neighbors, and (3) the prolate 
deformation is more favorable energetically than the 


oblate one. 


” Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
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Fic. l(a). Distortion parameters derived from the energies of 
the first excited states of even nuclei and from their lifetimes. The 
circles (f;) are computed from Eq. (5) in the text and represent the 
nuclear distortion, The squares (f») are computed from Eq. (7), by 
using the configurations given in Table Ifa). The dots (,) are 
computed from Eq. (4) which is related to the lifetime of the first 
excited states, and represent the distortion of the 
rhe nuclear radius=1,.2K10°"%A! cm; the radius of the proton 
distribution = 1.16% 10°"Atem; and p= 3. (b 


except that the configurations given in Table I(b) are used 


proton cores 


Same as Fig. 1 (a), 


6 


The deformation energies are given approximately by 
iD u ($1,¥1) T Evartict { keg / ") (6) 
and fo is a solution of the equation 


Cp A (h? $86" )u () 


We assume that Lporticte is independent of 6 
The values of § are given in Table II, and plotted as 


squares in Figs. 1(a) and 1(b). If we assume that the 


first excited states are rotational, the calculation of 


their energies is not difficult. The results are given in the 
fourth column of Table II 
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Tas e IL. Distortion parameters and first excited energies in the 
fo=distortion parameter of the 
ground states computed from Eq. (7) and Table I(a). 8, distor 
tion parameter of the ground states computed from Eq. (5) and the 
values of /,,,. 2 =calculated rotational energy = (first excited 
state) (ground state). E..,= experimental values of the first 
excited energies. 6,= distortion parameter computed from the 
lifetime of the first excited state. p= B/By=3, ro=1.2K10™" cm 
r.@1.16K%10 " om 


zeroth-order approximation 


cleus4 6 E (Mev 


0.123 
0,127 


ed 
eld! os 
wDy'™ 0).087 
eslir'™ 0.113 
exer’ 0.085 
”2Y¥b'™ 0.071 
lif!” 0.080 
oh i f*™* 0.092 
nhl 0.109 
»W'@ 0.098 
4 W'@ 0.116 


0,32 
0.37 
0.35 
0.35 
0.33 
0.31 


0,122 
0.086 
0.096 
0,081 
0.084 
0.089 
0.100 
0.093 
0.102 
0.100 


0.29 


0.26 


IV. VALIDITY OF APPROXIMATION 


The check of the validity of the strong-coupling ap- 
proximation can be made on the whole along the line of 
argument of Ford. The results are given in Table III. It 
can be seen that the approximation is good in the ground 
state. The situation with regard to the first excited 
state seems to be less favorable, compared with the case 
of Ford. This unfavorable situation is due partly to the 
smallness of the values of 7) and T”, and partly to 
the largeness of the number of extra particles. This is 
because, under these circumstances, the variation of the 
coefficient || of Eq. (7), corresponding to the variation 
of the particle configurations, is small compared with 
the case in which 7’; is large and the number of particles 
is small, The differences between (’s corresponding to 
different configurations are therefore small in general, so 
that also the corresponding energy spacings are small. 
The first-order correction, using the perturbation term, 
will then become larger. This result, however, does not 
prove that our approximation is wrong. In order to 
calculate the differences between the energies corre- 
sponding to different configurations, we must take into 
account, in addition to the differences between values of 
E, (Table 111), those of Epartictee Because of the over- 
whelming variety of the configurations and the ambi 
guity of the degree of splitting of particle energies due to 
the nuclear deformation, no estimation of errors in the 
energies of the first excited states is made. The calculated 
values of the first excited energies (fourth column on 
Table I1) agree fairly well with the experimental ones 
(fifth column). This gives some basis for believing that 
the approximation is good. 


V. CONCLUSIONS 


The discrepancy between 8, and §; is explained on the 
assumption that (1) the proton distribution is slightly 
smaller than the whole nucleus, and (2) the mass 
coefficient B= pBy (p= 3), where Bo= 4pRo'. The strong- 


YOSHIZAWA, 


AND TOYAMA 
coupling approximation is used. The results are given in 
Figs. 1(a) and 1(b), and Table II. 

When p=4, the values of 7 must be put nearly equal 
to zero. When p=1, the discrepancy between 8, and 6, 
becomes large, so that, if Ro is slightly larger than R,, 
the minor axis of the proton core may become longer 
than that of the nucleus. The condition 1<p<4, 
therefore, seems necessary.’ Even when different values 
of r, and ro are adopted, the results given in the present 
paper remain almost unchanged. In this case, the values 
of T must be readjusted. 

Mottelson and Nilsson’* showed a remarkable regular 
variation of 8. In our case, the main problems were to 
explain the discrepancy between 8, and f,, and to 
calculate the energies of the first excited states. Since our 
Hamiltonian has a form much different from that of 
Mottelson and Nilsson, comparison of the two Hamil- 
tonians is not made in this paper. 
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APPENDIX 


Let the potential well be not square, but trapezoidal*! 
as shown in Fig. 2(a), with a radius R; at the bottom 
and Ro at the top (Ri< Ro). We assume that, when the 


Taste ILI. Validity of calculations using Bohr strong-coupling 
approximation. Table I (a) is used. W, = potential energy of surface 
deformation = 4C§*. W.= interaction energy of extra nucleons with 
nuclear surface.* W,= kinetic energy of surface rotation,» W=W, 

+We+W,=net effective surface potential energy. 2g = zero point 

energy of 8 oscillation, 2, =zero point energy of y oscillation. EZ, 
=F—E,=W+E4+£,= (net nuclear energy) — (particle energy) 
= diagonal matrix element of Hamiltonian in Bohr strong-coupling 
approximation, EL =(5/2)(hw) = (5/2) (C/B)'h= zero point energy 
of the lowest mode of surface vibration. Bytatic= equilibrium 8 
calculated from W,+W, only. All energies in Mev. 


Petatte 


0,19 
0.20 
0.29 
0.30 
0.31 
0.36 
0.33 
0,28 
0.22 
0.27 
0.21 


zNucleus4 Re EE) Eek u Ws Ws 


2.729 2.296 0.433 3.303 3.196 0.501 
«Gd 2.496 2.367 0.129 3.459 3.587 0.471 
ssDy'” 1.206 2.216 1010 4.624 5.931 0.672 
os Er! 0.846 2.105 1.259 4.317 5.751 0.579 
osEr'® 0.519 2.122 1.603 4.444 6.183 0.540 
70¥ bb!” 0.310 2.013 2.323 4.661 7.048 0,509 
Hf!" 0.026 1.922 1.948 3.845 5.763 0.368 
oH ft 0.533 1,940 1.407 3.315 4.688 0.308 
nhif'™ 1.327 1.959 0.632 2.767 3.426 0.269 
nW'™ 0.626 1.888 1.262 2.970 4.176 0.260 
14W'? 1.394 1,906 0.512 2.438 2.967 0,222 
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" An estimate of p seems to have been made by S. A. Moszkow 
ski. See L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956) 

“DPD. R, Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955S). 

“Similar potentials were proposed by many authors. For 
example, see Rk A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956). 





DEFORMATIONS OF HEAVY NUCI 


nucleus is deformed, the slope of the wall varies: j.e., 
that the displacement of the wall is small at the bottom 
and large at the top [Fig. 2(b) and 2(c)] 
n=Ro>, ay¥,(9,¢) is the elongation or contraction of 
the nuclear radius Ro, and en is that at the bottom of the 
well, where OS eS1. Then the interaction Hamiltonian 
Hint is given by the difference between the deformed 
and undeformed potentials. When 7 is infinitesimally 
small, /7;,.‘% for an extra neutron is written as 


- Vonl €/(Ro— Ri) + (1— ©) (r— Ry)/ 
Hint 4 (Ro R)? ] for R, Sr: Ro, 





0 otherwise. 


. ¥ , 
Upon averaging over the coordinates of the extra 
neutron, it follows that 





Dini’ ™ = (nlim\ Hine | nl jm) 


5\! }(J+1)— 3m? 
Be onr( ) Two — : 
1 47(7+1) 
where 


Ro € 
T) =4Ry vof | 
Rj Ro R, 





(1 e)(r Ri) 9.9 / 
| Prt (r) *Y' dr, V, — “Wak, 


t 
(RoR)? 
Fic. 2(a). Assumed potential well of undeformed nucleus for an 
extra neutron. (b) Well shape in a section containing an elongated 


pnt®’(r) being the radial part of the neutron wave 
radius, (c) Well shape in a section containing a contracted radius 


function. Approximately, we may consider p,i‘*’(r) to 
be the same as that obtained from the square-well 
potential, and to be equal to px;‘*’ (Ro) in the interval 
Ri Srs Ro. Thus’we obtain TP) NVR! pnt? (Re) 


T) =4V Ro | pn) (Ro) |? 


(1+3e 


and 8,=«@ instead of Ry and £, respectively. We obtain 


| 14-36 + 2 1+6 
€ (1 q)4 
| | 42 : 2 | 
‘ol (1— p)’ p)+ 
) : — 
12 3 Here Vo, |pai'?’(r)\?, 6, and g are the quantities 
: A. corresponding to Vo, Pri Vi (r)|*, «, and p, respes tively 
where p= Ri/Ro~1. When Ro=R, and e=1, T™) is rs : 
reduced to the T used by Ford, the latter’s valuc being equal to each other, we obtain, by using «= 0.86, 
20 Mev. When e=0, 7 is nearly equal to $7. 


For an extra proton, we must use R,= (1.16/1.2) Ro T\?) =0,78T™),  (rg=1.2%10-" cm) 


If it is assumed that these corresponding quantities are 
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Directional correlation measurements of the 7 rays following the decay of Hf to excited states in Ta! 
have indicated two possible spin assignments for the 482- and 615-kev stafes. Calculation of the expected 
polarization of the 482-key 7 rays in the 133-482 kev decay showed that this property was quite different 
for the two spin assignments. For the spin assignment 482, 9/2*, and 615, 5/2* the calculated value of p is 


1.10 where pm W (90°, 90°) /W (90%, 0°) 


442, 5/2*, and 615, 1/2° 


in the notation of Biedenharn and Rose 
the value of p is 0.67. The experimental value for liquid HfF, source is (0.714+0.05). 


For the spin assignment 


l'o check on possible systematic errors, measurements were also made with a dry HfF, source for which one 


expects an attenuated value for p of 0.91 


The experimental value is (0.88+0,05). We conclude that the 


correct spin assignments are 482, 5/2*, and 615, 1/2*. Reduced y-ray transition probabilities are obtained 
he collective model of the nucleus is used to interpret the low-lying states of Ta’ 


INTRODUCTION 
x I'TED states at 136.25, 482, 615, and 618.9 kev 
in Ta 


are observed following the B~ decay of 


Hf"! (See Fig. 1.) Directional angular correlation 


measurements of the 133-482 kev y-ray cascade have 


indicated two possible spin assignments.2~* The spin 


2(4:2)9/2(F24-M1)7/2 for the 133 to 


hinged on the assumption that the 


assignment 
182-key 


angular distribution is strongly 


cascade 
perturbed by a time 
dependent interaction which could be present for a 
ource in the liquid state. This assignment was also 
compatible with the measured K-shell internal con 
version coeflicient® of the 482-kev transition. The main 
objection to this that would 
expect the 615-kev transition to be M1 or 22 radiation, 


assignment was one 


we 


616.9 
‘ 


615.0" 
433.02 
£2 











To" 


Energy level diagram of low-lying levels in Ta'™ 


t Work performed under the Atomic 
Energy Commission 

'F, Boehm and P. Marmier, Phys. Rev. 103, 342 (1956) 

*F. K. McGowan, Phys. Rev. 93, 471 (1954 

*H. Paul and R. M. Steffen, Phys. Rev. 98, 231 (1955). 

‘Heer, Ruetschi, Gimmi, and Kundig, Helv. Phys. Acta 28, 
336A (1955) 

*F, K. McGowan, Phys. Rev. 93, 163 (1954 


auspices of the U. S 


For an £2 transition between states of the independent- 
particle model, one calculates that the 615-kev transi- 
tion is 2000 times more probable than the 133-kev 
is observed to be about 
65 times less probable. The other assignment*4 
1/2(#2)5/2(£24-M1)7/2 for the 133-482-kev cas ade 
removed the objection concerning the 615-kev transition 
the transition would be M3 
compete favorably with the 133-kev transition, This 


transition, but instead it 


since and would not 
assignment required only a weak perturbation, if any 
at all, from the time-dependent interaction for the 
482-kev However, the £2/M1 deduced 
from this assignment was not in agreement with the 
measured K shell coefficient for 
the 482-kev transition. 

Biedenharn and Rose® have expressed in a convenient 


state. ratio 


internal conversion 


form the polarization-direction correlation with polari- 
zation of the mixed radiation being measured. The 
correlation function has for a y~y cascade the form 


Wit8Wi+ 26Win, 


(#2/M1)!, Wi, Wu, and Win 


polarization-direction correlation functions for pure 


W (0,6) 


where 6 is are the 
2: pole-pure 2/4 pole, pure 2” pole-pure 2/**' pole, 
and the interference term, respectively. A calculation 
of the expected polarization-direction correlation with 
polarization measurement of the mixed radiation in 
the 482-kev transition showed that this correlation was 
quite different for the two spin assignments. These 


| 4 


ANTHRACENE 
PHOSPHOR 


1% 


: 
wi , 44" 
Fic, 2, Diagram of y-ray polarimeter. 


*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 


729 (1953). 
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POLARIZATION OF 


results are tabulated in Table I. The ratio p of the 
polarization intensities is W (90°, @=90°)/W(90", ¢=0 
in the notation of Biedenharn and Rose, The G2 and 
G, are the attenuation coefficients which represent the 
effect of the perturbing interaction in the intermediate 
state of the nucleus. Here @ is the angle between the 
direction of polarization and the normal to the plane 
defined by the directions of propagation of the two 
y Tays in Case ade, 


APPARATUS 
A polarimeter based on the Compton scattering 


mechanism has been constructed and its effectiveness 
measurement of the known 


has been determined by 
polarization of y rays following Coulomb excitation of 


2+ levels in even-even nuclei.’ A cross section through 
the polarimeter in the plane defined by the two y rays 
is shown in Fig. 2, The anthracene scatterer and the 
3 in. X3 in. Nal crystal which are connected to photo 
multiplier tubes constitute the polarization sensitive 
device. The Nal scintillation spectrometer detects the 


radiation scattered through a mean angle of 90° and 


Fic. 3. Block diagram of the fast-slow coincidence system 

the anthracene scintillation spectrometer detects the 
Compton recoil electron, The detector of the scattered 
radiation rotates about an axis passing through the 
scatterer and One ‘N,, the 
ratio of the triple coincidence rate for the position when 


the source measures N,,/ 
the detector of the Compton scattered photons is in 
the plane of the two y rays to the triple coincidence 
rate for the perpendicular position. This ratio N,,/N, 
and p(@) are connected through the relation® 

N,,/N, 


(pt+R)/(pR+1 


where R is the sensitivity of the polarimeter. For ideal 
geometry, R is simply the ratio of differential Compton 
cross-section average over the polarizations of the 
scattered photon, i.e., R= (do/dQ)s_4/2/(da/dQ) so, and 
8 is the angle between direction of polarization of the 
incident photon and the plane of scattering. The finite 
extent of the detectors will reduce the value of the 
asymmetry ratio R and at 482 kev the value of R for 
our polarimeter is 4,0+0.5, 


7P, H. Stelson and F. K. McGowan, Bull. Am. Phys. Soe 
Ser. II, 1, 164 (1956). 


*F. Metzger and M. Deutsch, Phys. Rev. 78, 551 (1950). 


y RAYS IN 


ras_e I. Ratio of polarization intensities 
R2/Mi)e G 
1,7 0.735 
6.3 1.0 
6.3 0.20 


A block diagram of the fast-slow coincidence system 
is shown in Fig 3. The resolving time 2r of the fast 


coincidence stage is 0.278 ysec. The window of one 
single-channel analyzer included the full-energy peak 
of the 133-kev y ray 


analyzer with a window width of 40 kev selected the 


and the other single channel 


The triple coincidence rate 
the 


Compton recoil electrons 


was displayed as a_ pulse-height spectrum of 
Compton scattered y rays in 20 channels of a 20-by-120 
channel analyzer? which was gated by the output of 
the fast-slow coincidence system. A record of the slow 
singles was taken with a printing timer and a trafhe 
counter. The energy resolution at 661-key was 8.1% 
for detector No. 1 and 7.607 for detector No, 2. The 
anthracene detector had an energy resolution of 10° 


at 976 kev 
RESULTS AND DISCUSSION 


Sources of Hf'™ were prepared from a sample of Hf 
metal irradiated with pile neutrons, The polarization 


direction correlation was measured with a source of 
Hfk’y in 27N HF and with a source of polycrystalline 
Hfk’y. In Table Il the experimental results are sum 
marized for two runs for each type of source, The 


triple coincidence rate was of the order of 1,2 


counts 
per minute and the random rate was 12°; of this rate 
About 99°; 


2rN ag in the expression for the random rate 


of the random rate came from the term 


Cr=2r(NCaatNL art NaCi)t+37°N NwWa, 


where C49, Cay, and Cy are the true double coincidence 


rates. The measurements with a dry polycrystalline 
source of Hf ky were made to check on possible syste 
matic errors, With this source the directional angular 
correlation of the 1433- to 482-kev cascade is known to be 
inter 


to the “hard core’ value for static 


state. As a 


attenuated’ 


actions in the intermediate result one 


Paste Il. Summary of data for polarization direction correlation 
of the 133-482 kev y-ray cascade 


rt ree ‘ A 
j f u/s 


HfF, in 27N HF 1.244-0.03 
Hi, in 27N HI 1.19+0.05 
Polycrystalline HIF, 1.09+40.03 
Polycrystalline H{F, 1.07 40.03 


0.714005 


O4K+0.05 


* Kelley, Bell, and Goss, Oak Ridge National Laboratory 
Physics Division Quarterly Progress Report ORNL-1278, 1951 


(unpublished) ° 
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Tas_e IIf. Summary of reduced transition probabilities 
for gamma-ray transitions in Ta!™ 


Bf ja ¥108 { BikQ 4 ) 


(E2/Mi)* ay ms BPD) a1 B(M1 ja 


8.6X10 
19x10" 


1.63 270 
2.50 412 
0.363 59 
1.5810 2.6% 107 
1.42K10 $.0K10% 
$0 X10 5.010" 


0.5 1.53 
0.5 0.79 
0.079 
0.057 
0.024 
1.34 


74X10 


expects an attenuated value for p which is the last 
entry in Table 1. 

The agreement between the experimental and the 
expected values of p is quite good for the two types of 
sources and we conclude that the results are consistent 
with a spin sequence 1/2(#2)5/2(#24-M1)7/2 for the 
133-482 kev cascade. 

After these measurements were completed we received 
a preprint of the paper by Boehm and Marmier,' Their 
high-resolution work that two close-lying 
states at 615.0 and 618.9 kev are excited in the decay 
of Hf'™ whereas it had previously been supposed that 
there was only one state at 615 kev. The presence of the 


showed 


weakly excited state at 618.9 kev was not taken into 
account in the analysis of the above results nor in the 
interpretations of the directional angular 
correlation results. The 
measured a composite correlation and polarization of 
96% 133-482 and 4°, 136.82-482 cascade. 
We believe that the 4% contribution of the 136.82 
$82 cascade cannot alter the conclusions deduced from 


prey IOUS 


experiments have actually 


Cam ade 


the polarization-direction measurements. If one takes 
rather extreme values (2 and 0.5) for the polarization 


unknown 4°, contribution one finds that it 


N, by about the amount of the statistical 


of the 
alters N,, 
uncertainty of the measurements. 

It is desirable to determine to what extent the weak 
136.82-482 contribution to 
measurement might alter the mixture of 42 and M1 


the angular correlation 


for the 482-kev transition. Now, it is quite likely that 
the 618.9-kev state is 3/2? 
Mi4+-k2 (from internal conversion measurement) to 
the 5/2! 182-kev. The M1 character of the 
radiation eliminates spin 1/2 while spins of 5/2 and 7/2 


It is observed to decay by 
state at 


are unlikely because the state would be able to decay 
by low multipole order vy rays to states below the 482-kev 
state. Therefore we have taken the 136.82-482 cascade 
to be of the type 3 2(f624+- -M1)5/2(F24-M1)7/2 and 
have investigated the possible error in the value of 62 
for the main cascade which is of the type 1/2(#2)5/2 
x (F24-M1)7/2. The value of & is +6.3 when the 
136.82-482 is neglected. By taking the largest positive 
and negative values of A» (coefficient of P, in angular 
correlation) for a cascade of the type 3/2(M1+-£2)5/2 
« (M1+-£2)7/2, where we allow 6; to vary but keep 
5, near +6, we find that the 5, for the main cascade may 
be as low as +4.7 or as high as +6.6. The value of 


STELSON AND F. 


K. McGOWAN 


+-4.7 for 5, leads to an ag (482-kev) of 0.019 which is 
still considerably smaller than the previously measured 
values. However, a recent measurement of Sunyar'® 


gives ag (482) = (2.140.2)10~-* which is in agreement 
with the predicted value. 


REDUCED TRANSITION PROBABILITIES 


The transition probabilities are known either from 
direct lifetime measurements or from Coulomb exci- 
tation for many of the transitions between the low- 
lying states in Ta'*. We list in Table III the reduced 
transition probabilities for decay and compare these to 
those expected for transitions between states of the 
independent particle model. The values for B(Z2) and 
B(M1) are actually those for the quantities B(Z2)/é 
and B(M1)/(eh/2Mc)*. B(M\1)sp is approximately 
unity and B(E2)sp is given approximately by 
(1/4m)|%Ro?|* where we have taken Ry equal to 
1.2K10-" A‘ cm. The total internal conversion coeffi- 
cients ay are taken from Rose et al.!' However, a 30% 
reduction has been applied to the f, total values to take 
into account the finite nuclear size.” 

We have assigned the 20-usec half-life to the 615-kev 
state rather than to the recently identified 618.9-kev 
state. Boehm and Marmier found that most of the 
8 decay directly excites the 615-kev state. The delayed- 
coincidence measurements show that most of the 480- 
kev y rays exhibit the 20-ysec decay. This could not be 
the case if the weakly excited 618.9-kev state were the 
20-usec state. The 615-kev cross-over y ray is an M3 
transition and the value deduced for B(M3), from the 
lifetime and branching ratios is 1.2*10- cm‘, The 
B(M3)q for a transition between independent-particle 
states is approximately 1.4X10~** cm‘ so that the 
observed rate is about a factor of 10 slower than that 
for the independent-particle transition. 


INTERPRETATION BY COLLECTIVE MODEL 


The Ta!® well-known of the 
permanently deformed nucleus which exhibits rotational 
excited states. The ratio of excitation energies, the 
very fast £2 transition rates, and the proper ratio of 
the £2 transition rates identify the 136.25. and 303-kev 
states as rotational excited states of the ground-state 
configuration. It is therefore of interest to see how well 
the collective model can interpret what is known about 


nucleus is a case 


the low-lying states of Ta!". 
The £2 transition rates determined from Coulomb 
excitation give Qo=7.5X10-" cm? or B= 0.30 (alterna 


tively n= +5). The classification of nucleonic states in 

” A. W. Sunyar (private communication). 

4 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951) and M. E. Rose (privately circulated tables). 

#1. A. Sliv, Zhur. Eksptl. i Teort. Fiz. 21, 77 (1951); L. A. Sliv 
and M. A. Listengarten, Zhur. Eksptl. i Teort. Fiz. 22, 29 (1952); 
\. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956); 
Nordling, Siegbahn, Sokolowski, and Wapstra, Nuclear Phys. 1, 
326 (1956); F. K. McGowan and P. H. Stelson, Phys. Rev. 103, 
1133 (1956). 





POLARIZATION OF 
deformed nuclei” suggests a spin of 7/2 for this defor- 
mation. The measured spin is 7/2. From the measured 
B(M1)4 for the 136.25- or the 166-kev transitions and 
the ground state magnetic moment (+2.1 nm) one 
can calculate go, the gyromagnetic ratio of the particle 
the gyromagnetic ratio of the 
collective motion. The B(M1),4 for the 136.25-kev 
transition gives +0.69 and +0.29 for gg and gr, 
respectively. Similarly, the B(M1)q4 for the 166-kev 
transition gives +0.71 +0.22 for go and gr, 
respectively.* From the model one calculates (curve 25, 
n=+5) a go of +0.41. The go for this state is insensitive 
to the exact value of the deformation (gg=0,.42 for 
n= +4 and go=0.40 for n= +6). It is expected that gr 
is approximately Z/A or +0.4. Now, the B(M1), 
depends on the quantity |go—ger| and the measured 
values of B(M1)qa give |ga—gr|o0.45. On the other 
hand, the model gives | ga— gr} = 0. 

The spin of 5/2 for the 482-kev state and the inhibited 
#2 transitions from this state to the ground state and 
136.25-kev state indicate that this state is a different 
particle configuration from that of the ground state. 
The classification of Mottelson and Nilsson predicts 
that the next particle configuration is a 5/2* state 


configuration and gp, 


and 


(if one assumes roughly the same deformation for the 
new configuration). Raboy and Krone!® have determined 
the gyromagnetic ratio of this state as + (1.20+0.12) 
from a measurement of the rotation of the angular 
correlation when the source is placed in a magnetic 
field. One calculates a gyromagnetic ratio of +1.46 
from the model (curve 31, 7= +5). 

Nilsson has given formulas for the calculation of 
reduced electric and magnetic transition probabilities 
for transitions between states belonging to different 
rotational bands. We have calculated the B(/22), for 
the transitions from the 482-kev state to the ground 
state and from the 482-kev state to the 136.25-kev 
state. Taking n= 5 for both nucleonic states (No, 31 and 
No. 25), we calculate B(/2)4 to be 1.0 10°" cm‘ and 
0.80 10-* cm‘ for the 482-kev and 346-kev transitions. 


Danske 
K 


Videnskab 
Mottelson and bs] 


Selskab, Mat.-fys 
G. Nilsson, 


’S. G. Nilsson, Kgl 
Medd. 29, No, 16 (1955); B 
Phys. Rev. 99, 1615 (1955 

4 There are actually two sets of values for gg and gx; the other 
set is probably the spurious solution 0.45, ga +0.95 


16S. Raboy and V. E. Krone, Phys Rev. 95, 1689 (1954 
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respectively.'® Comparison of these calculated values 
with the experimental values listed in Table ILI shows 
good agreement. We have also calculated the B(M1), 
for the 482-kev transition to be 2X10“. The model 
thus predicts an inhibited M1 transition and this is in 
qualitative agreement with what is observed 

The spin of 1/2 and the small £2 transition proba 
bility to the 482-kev state sugyest that the 615-kev 
state. The two 


$3 and No, 51 


However, it would be surprising to find orbit No. 51 


state belongs to a third nucleon 
possible 1/2* orbits available are No. 


occurring at this low excitation energy. Furthermore 
this orbit does not exhibit the observed characteristics 
For example, the calculated B(/2) for decay from the 
615- to 482-kev state 5K10°" cm‘ whereas the 
observed value 3x10-" cm‘. The 619-key 
(3/2*) is probably a rotational state of this third 
nucleonic state. Orbit No. 51 predicts a large splitting 
of the 1 
observed. 
Orbit No. 43 (1 
complete des ription of the low-lying states of ‘T'm!®."" 
A natural explanation of the 615-key ra"! 
state results from the lifting of one of the 
No. 43 (1/2*) to fill orbit 
, two protons in 7/2* orbits and one 
his orbit does exhibit 


is 


1S state 


2 and 3/2 states instead of the small splitting 
2+) has been used to give a rather 


state in 
is that thi 
protons in the filled orbit 
No. 2 
proton in the 1/2? 
observed characteristics of the 615 
plitting. The calculated 


1 
5 (7/2*) 


» If 


orbit the 
and 618-kev states 
It predicts a small 1/2-3/2 s 
B( £2) for the 615- to 482-kev transition is quite small 
(1K 10~-" cm*) and is in approximate agreement with 
the observed transition rate. The calculated value of 
B(M3) for the 615-kev transition is approximately 
100 times less than the independent-particle estimate 
As mentioned above, the « bserved value for Bi Vf $) is 
about 10 times smaller than the independent-particle 
model estimate. On the basis of the independent 
particle estimates it is expected that the predominant 
mode for decay of the 619-key (3/2 
k2 transition to the 7/2* ground state 
been observed 
ray 18 that this 1s 
3}and L=2 


) state is by an 
However this 
An explanation for the 


“K-forbidden”’ 


y ray has not 


absence of this 4 a 


transition since AK 
16 We 


(reference 


7B. R 


used the eigenfunctions listed in Table Ib of Nilsson 
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Fission Cross Section of U*** for Fast Neutrons* 
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Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
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An absolute measurement of the fission cross section of U™* for 1.27-Mev neutrons has been made. The 


neutron flux 


was measured with a recoil-proton proportional counter using a thin solid radiator of 


hydrogenous material. In addition, relative cross sections have been measured between 0.403 and 1.620 Mev 
These relative measurements also utilized a recoil-proton flux monitor. The cross section has a constant 
value of 1.274-0.044 barns in the neutron-energy interval between 1.0 and 1.5 Mev. 


I, INTRODUCTION 


HE absolute fission cross section of U™® for fast 

neutrons is of particular interest since it has been 
used extensively as a standard in the determination of 
ihe cross sections of other fissionable materials. This 
cross section has been measured by many investi 
gators.’~’ In the present paper a measurement is de 
scribed which is similar to and patterned after that used 
by Hall, Koontz, and Rossi! at Los Alamos in 1944 and 
described by Rossi and Staub.’ 

In this experiment the ratio of the fission cross section 
to the hydrogen scattering cross section was measured 
directly at several energies. A thin U”® fission foil and 
a thin solid hydrogenous radiator were mounted back 
to back and placed in a counter with which the fissions 
and recoil protons could be recorded simultaneously. 
The absolute fission cross sections were then calculated 
from the known hydrogen cross sections 

The energy dependence of the cross section of U™° 
was determined at 14 points between 0.403 and 1.620 
Mev ‘J he differen ein proc edure between the relative 
and absolute measurements consisted only in use of 
different foils of fissionable and hydrogenous materials. 
In order to make an absolute measurement, it is neces 
sary to determine the total number of fissions occurring 
in a foil. This requires that the foil be thin compared to 
the range of fission fragments. With such a foil and the 


* This work was performed during 1952 under the auspices of 
the U. 5. Atomic Energy Commission and has been reported in 
Los Alamos Scientific Laboratory Report LA-1336 (available from 
Oflice of Technical Services, U. S, Department of Commerce, 
Washington 25, D. C.) and in part in Paper P/594, Proceedings 
of the International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1955 (United Nations, New York, 1956), Vol. 4, 
p. 251 

'P. G. Koontz (private communication 

7B. Rossi and H. H, Staub, /onisation Chambers and Counters, 
Experimental Techniques (McGraw-Hill Book Company, Inc 
New York, 1949), pp. 165-171 

‘A. O, Hanson and D. L, Benedict, April, 1943 (unpublished) 

*R. F. Taschek and C. M. Turner, Los Alamos Scientific 
Laboratory Report MDDC-737, November 1945 (unpublished) 

®*L. W. Seagondollar, Los Alamos Scientific Laboratory Report 
LA-562, May 1946 (unpublished) 

* Szteinsznaider, Naggiar, and Netter 
national Conference on the Peaceful U ses 
1055 (United Nations, New York, 1956) 
P/355 

’ Work of W. D. Allen, reported by P. Egelstaff, Proceedings of 
the International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 4, p. 291. 


Proceedings of the Inter 
of Atomic Energy, Geneva, 
Vol. 4, p. 245, paper 


available neutron fluxes, fissions were obtained at a 
rate of about one thousand per hour. This absolute 
measurement was made at one energy; then a thick 
foil of uranium was used to obtain the relative cross 
section at other energies. Since counting rates of recoil 
protons were high, thin foils of hydrogenous materials 
could be used. Because the recoil-proton range varied 
with energy for the neutron energies used, it was 
necessary to use many different thicknesses of proton 
radiators. 

_The neutron source consisted of monoenergetic neu- 
trons which were produced in a tritium fas target by 
protons from the 2.5-Mev electrostatic accelerator. The 
energy spread of neutrons was approximately +35 kev 
for neutrons of 1.27 Mev. 


Il. EXPERIMENTAL 
A. Counters 


The fission ionization chamber and the recoil-proton 
proportional counter were enclosed in the same envelope 
(see Fig. 1). This double counter was surrounded with 
cadmium to reduce the background in the fission 
chamber coming from low-energy room-scattered neu- 
trons. The fissionable material and a thin layer of 
hydrogenous material were deposited on thin platinum 
foils which were placed back to back and comprised 


part of a grounded electrode common to the two 


counters. One advantage of this system was that both 
materials were deposited as uniform layers of the same 
diameter and were separated from each other by only 
a few thousandths of a centimeter. The neutron-flux 
measurement by the recoil-proton detector was thus 
made at the same time and essentially in the same place 
as the counting of the fissions. Therefore, knowledge of 
the exact distance of the detectors from the neutron 
source and small angular misalignments were unim- 
portant ; to some extent also effects of perturbations of 
the neutron flux by the counter itself tended to 
cancel out, 

The fission counter was essentially a parallel-plate 
ionization chamber (actually the electrodes were sec- 
tions of cylinders). The platinum foil with the U™* 
deposited upon it was bent around the cylinder of the 
proportional counter so that the two foils were back to 
back and the deposits were centered upon each other. 
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The detector of recoil protons consisted of a propor 
tional counter 5 cm in diameter and with a counting 
length of 6 cm, the length being fixed by use of field 
tubes as described by Cockroft and Curran.* This 
counter was lined with a thin platinum cylinder which 
could be removed and carefully cleaned to minimize 
contamination by hydrogenous materials. The counters 
were operated at a pressure of argon-carbon dioxide 
which assured that all protons of interest were stopped 
in the gas. 


B. Foils 


The U™ foils consisted of 200 to 500 ug of U™* coated 
onto a 2.6-cm-diameter circle on a 0.013-cm-thick disk 
of platinum. In order to obtain an accurate measure 
of the amount of U™® on the fission foil, a set of inter 
comparisons of several foils was made. Weights were 
determined by both quantitative electroplating and by 
actual weighing before and after deposition, care being 
taken in the latter case to convert the uranium com 
pletely to UsOs by heat treatment in air to insure a 
known composition. Alpha counting was used as a 
secondary method for intercomparison of the foils 
They were also compared to “standard” foils of other 
experimenters in this laboratory by counting in double 
fission counters in the same neutron flux. 

The proton radiators consisted of thin films (65 to 
650 wg total weight) of glycerol tristearate deposited in 
a 2.6-cm-diameter circle on a platinum disk. The 


glycerol tristearate was deposited by evaporation in a 


vacuum, the amount deposited being determined by 
weighing the platinum foils before and after deposition 
of the glycerol tristearate. Radiators of various thick 
nesses were used to check the consistency of weighing 
as well as the thickness corrections. Two samples of 
glycerol tristearate, evaporated by the same method as 
for radiator preparation, were analyzed for hydrogen 
content and found to be within a few tenths of a percent 
of the theoretical composition. 


C. Absolute Counting 


After amplification, pulses from the fission counter 
went into a discriminator and scaler. In order to de 
termine the optimum bias setting for the discriminator, 
the pulse-height distribution produced by fission frag 
ments was observed with an 18-channel pulse-height 
analyzer.’ About two percent of the fissions in the thin 
foils were not detected because of the thickness of the 
foils. Some fission fragments were totally absorbed and 
some were reduced in energy sufficiently to produce 
pulses below the bias setting. The correction for the 
loss of fission counts could have been made according 
to the methods of Rossi and Staub’ if the deposits had 
been perfectly uniform and flat. However, a study of 
the distribution in pulse height of the low-pulse-height 


Sci. Instr. 22, 37 (1951 
(1953) 


*A_L. Cockroft and S. C. Curran, Rev 
*C. W. Johnstone, Nucleonics 11, 36 
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SUPPORT 


Fic. 1, Double 
detection of recoil protons and ionization chamber for detection 
of fissions: A, grounded outer cylinder of proportional counter; 
B, wire at positive high voltage, C, “field held at an 
appropriate intermediate potential to maintain uniform gas multi 


counter including proportional counter for 


” 
tubes 


plication along the wire in the counter region and to shield the 
wire from ionization produced in the gas in the region outside the 
counting region; dD, “guard ring” held at same potential as the 
wire but insulated from it; P glycerol 
tristearate coated on a metal foil and placed over the opening in 
counter wall, /, collecting electrode of the ionization chamber 
The foil of fissionable material / is placed back to back with the 
proton radiator, the cylinder of the proportional counter serving 


proton radiator of 


as the negative electrode of the ionization chamber 


“tail” of the fission-pulse spectrum showed that there 
were more small pulses than could be accounted for by 
energy loss in a uniform, flat layer of uranium. This 
effect was apparently due in part to roughness of the 


platinum surface. The correction of less than 2% 


was 
obtained by extrapolation of the fission-pulse-height 
spectrum to zero pulse height and then application of 
an absorption correction based upon uranium thickness 
After amplification, pulses from the proton counter 
were analyzed by a multichannel pulse-height analyzer 
Only part of the spectrum of pulse heights produced by 
the protons could be measured. From this part of the 
spectrum, the total number of neutron-proton scatter 
ings was determined, The low-energy part of the spe 
trum was obscured by pulses due to recoiling carbon 
atoms from the radiator and by pulses due to x and y 
radiation. Since the pulse height produced by a recoil 
proton depends on the proton energy and hence the 
scattering angle of the neutron, the pulse-height spec 
the 
n,p scattering. For low-energy neutrons the ideal result 


trum is determined by angular distribution of 
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PULSE HEIGHT 
VG. 2. Distribution of pulse heights due to recoil protons from 
an 8O-pg/cm’ glycerol-tristearate radiator irradiated by 
1-Mevy The detector is the proportional counter of 
Vig. 1. The circles are observed points with a channel width of 
5 volts, background subtracted. The solid curve has the shape of 
the theoretical distribution of pulses from a radiator of this 
thickness and neutron energy spread of +0.030 Mey. Examination 
of the of the 
shows good agreement The rise in the 
solid curve at low energies indicates pulses which might be ob 
The lower curve 


Ww he n 


neutrons 


shape high-energy cutoff with narrower channels 


with the theoretical curve 


tained from recoiling carbon nuclei represents 


the distribution of pulses obtained from an equal irradiation of 
the counter with the radiator replaced by a blank platinum foil 


is a rectangular pulse-height distribution in which there 
are equal numbers of pulses per unit pulse-height 
interval up to a maximum height /,,, beyond which 
there are no pulses. If all pulses above a height P 
are detected, the fraction of all pulses detected is 
(P,.—-P)/P, 
distorted by neutron-energy spread and proton-energy 


A tually, the observed distribution was 


loss in the radiator. In practice the theoretical pulse 


height distribution was deduced according to the 
methods given in Rossi and Staub,’ as worked out by 
Case,’ taking into account the thickness of the glycerol 
tristearate radiator and the neutron-energy spread. 
The theoretical curve was fitted to the experimental 
points and the total number of recoil protons computed. 
Figure 2 is an example of the kind of fit which was 


obtained 
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Fie. 3. Variation of the fission cross section of U™ with energy 
Ihe points are normalized to unity at 1.27 Mey. The errors shown 
are standard deviations of the ratio. If a normalizing point were 
taken elsewhere, the standard deviations in its vicinity would be 
than because of corrections which vary 


much smaller shown 


with energy 
“K. M. Case, Los Alamos Scientific Report 
MDDC-92, February, 1945 (unpublished) 
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D. Corrections 


Several corrections and backgrounds must be evalu- 
ated in order to determine the cross section. The effect 
of foil thickness and neutron-energy spread has already 
been mentioned, The background due to recoil protons 
from hydrogen contamination of the counter gas and 
walls was measured by inserting a blank platinum foil 
in place of the proton radiator and counting the re- 
maining protons and the fissions in the usual manner 
in the neutron beam. Such a background is shown in 
Fig. 2. In the case of 1.27-Mev neutrons, each of these 
three backgrounds and corrections was smaller than 5%. 

The effect of counter scattering was determined by 
surrounding the counter with additional layers of steel 
and cadmium and observing the change in the ratio of 
fission counts to recoil-proton counts. The correction 
which was made was about 1%. 

The following smaller corrections were computed: 
(1) the effect of scattering in the platinum backing of 
the fission foils, which increased the average path 
length of neutrons in the radiators; (2) target scattering, 
which provided some neutrons of low energy at the 
counter; and (3) the effect of center-of-mass motion of 
the fission fragments on the fraction of fissions detected. 
The ratio of cross sections of U*® and hydrogen were 
computed from the knowledge of the amount of U™* on 
the fission foil, the amount of hydrogen in the proton 
radiator, the numbers of fissions and proton recoils 
which occurred during a run, and the numerous back- 
grounds and corrections. 


III, RESULTS 


The results are summarized in Table I. The values 
are all normalized to 1.27 barns at 1.27 Mev, the energy 
at which the best absolute measurements were made. 
OF 
/O° 
The origins of the 34% error are indicated in Table II. 

£ a /C 


The standard deviation assigned to this number is 34 
The largest single uncertainty considered is that of 


TaABLe I. Absolute and relative fission cross sections for U™®. 
as(En 
oy (barns) 


1.31+0.05 
1.304-0.05 
1.27+0.04 


barns) af(1.27 Mev) 


3.271 
3.300 
3.514 


EB. (Mev) 


on 


1.03+4-0.02 
1.02+0.02 
1.00+0.01 


1.620-+-0.030 
1.545+4-0.032 
1.424+0.035 


1.274-0.04 
1.27+0.04 
1.27+-0.04 


3.737 
3.908 
4.053 


1.00 
1.00+0.01 
1.00+0.01 


1,2724-0.035 
1.171+40.037 
1.095+-0.039 
0.99+0.02 
1.004-0.02 
0.97 4+-0.03 
0.94+0.04 
0.924-0.04 


4.200 
4.391 
4.001 
4.906 
5.272 


1.025 4-0.039 
0.9444-0.039 
0.865+0.039 
0.770+-0.040 
0.673+0.041 


1.274+0.07 
1.24+4-0.07 
1,28+-0.08 


1.00-+-0.04 
0.98 4-0.04 
1.01+0.05 


5.778 
6.060 
6.896 


0.5624-0.039 
0.51340.039 
0.403 40.039 
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TABLE II. Estimated sources of error in absolute cross section. 


Size of 


correction Error 


K flect 


Glycerol-tristearate weight and fitting 
of observed experimental recoil-proton 
curves 

Glycerol-tristearate thickness correction 

Weight of U™* 

Uranium foil thickness correction 

Room background of neutrons 

Counter scattering 

Foil scattering 

Center-of-mass 
ments 

Target scattering 

Hydrogen contamination of counter 

Hydrogen content of glycerol-tristearate 

Extrapolation of recoil-proton pulse 
height distribution 

Root-mean-square value 


motion of fission frag 


extrapolation of the proton pulse heights to zero pulse 
height. The counter was tested under various conditions 
of gas pressure, foil thickness, and neutron energy, and 
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excellent agreement was obtained with theoretical 
pulse-height distributions. Although there was no indi 
cation that there was any malfunction of the equipment, 
it was thought that in the assignment of errors, a 
generous allowance should be made for uncertainty in 
this extrapolation. The results are plotted in Fig. 3 
are in agreement with recent 
measurements made at the Atomik 


Establishment at Harwell, England.’ 


These measurements 
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A new method of measuring small variations of the charge distributions of neighboring nuclei, such a 


isotopes and isotones, has been developed 
scattering cross 


Ni® and Fe 


I, INTRODUCTION 


, LASTIC scattering of electrons from atomic nuclei, 
in the energy region between 100 and 200 Mev, 

has proved to be a sensitive method of exploring nuclear 
charge distributions.' For medium and heavy nuclei, 
two shape parameters can be determined accurately 
These parameters characterize the radial extension and 
surface thickness of the charge distribution.? For a 
charge distribution which is uniform in a central region, 
and which drops off to zero smoothly at the edge, the 


following two parameters have been chosen: c, the dis 


* The research reported here was supported jointly by the 
Office of Naval Research and the U. S. Atomic Energy Commis 
sion, and by the U. S. Air Force, through the Office of Scientific 
Research, Air Research, Air Research and Development Com 
mand 

t Now at the University of Fribourg, Fribourg, Switzerland 

'R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). This 
article is a summary where references to the literature will be 
found 

* See especially Hahn, Ravenhall, and Hofstadter, Phys. Rev. 
101, 1131 (1956) 


sections near the diffraction dips. Experimental results are given for the combinations Ni 


The method is based on a determination of the ratio of electron 


Ni®*. Sample theoretical interpretations are presented 


tance from the center of the nucleus to the point at 
which the charge density has dropped to one half of its 
central value, and /, the distance in which the charge 
density at the edge of the nucleus drops from 90 to 10% 
of the central value. These parameters are only slightly 
dependent on the particular analytical form of the two 
parameter charge distribution.” 

An attempt has now been made to detect possible 
small differences in the charge distributions of neigh 
boring nuclei, 1.e., to determine small variations in the 
parameters c and fas the numbers of protons or neutrons 


‘| hi 


sections, In 


in neighboring nuclei change by small amounts 
has been done by measuring ratios of cros 
any experiment of this kind, ratios can always be mea 

ured more accurately than individual cross sections. It 
is the purpose of this paper to describe the central idea 
of this method, some relevant calculations, and experi 
ments showing that the method is feasible. In addition, 
certain conclusions may be drawn about nickel and its 


neighbors. 
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Il. METHOD AND CALCULATIONS 


In Fig. 1 are shown three theoretical angular dis- 
tributions for the nickel nucleus at an energy of 183 Mev. 
Ihese curves were calculated by an exact partial wave 
analysis of the scattering.’ Each corresponds to a differ- 
ent choice of the pair of parameters c and t, The corre- 
sponding charge distributions are fairly close to the 
actual shape of the charge distribution of nickel. It may 
be noticed that all the curves tend to unite at small 
angles. This is to be expected since the forward scattering 
tends to depend only on the total charge (Z) and not on 
the shape of the nucleus. This corresponds to the fact 
that at very small angles the scattering is associated with 
impact parameters so large that the size of the nucleus 
is unimportant, However, in the neighborhood of the 
first diffraction dip (60° to 90° in Fig. 1), pronounced 
differences occur which depend strongly on the assumed 
shape of the nucleus, Such changes include a shift of 
the dip to smaller angles when the nuclear dimensions 
are increased (c increases) and a vertical shift of the 
level of the valley within the dip. In the case of an 
increase in c, the shift is upwards for the larger value of 
c. In the case of ¢, the shift is downward for the larger 
Thus, types of 
changes in the cross sections for corresponding changes 


values of / there are characteristi« 


of the two parameters, If the ratio R of cross sections is 
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Fic. 1. Theoretical cross sections for the scattering of 183-Mev 
electrons by nickel (Z = 28), obtained using the Fermi shape for 
the nuclear charge distribution. The three curves correspond to 
shapes with the same surface thickness, but varying radii; the 
numerical values of the parameters are given in units of 10°" cm 
The curves are intended to illustrate the tact that, because of the 
diffraction structure, small changes in the charge distribution can 
lead to pronounced variations in the cross-section ratio 


*Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954) 
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measured in the neighborhood of the dip, it may be 
expected that small variations of the parameters will 
result in large changes in the ratios of cross sections. In 
other words, the ratio is a sensitive measure of small 
variations of the charge distribution parameters. In 
the region of Ni, a 1% difference in the radial parameter 
of two isotopes, and no difference in the surface thick- 
ness parameter, produces approximately a 20% vari 
ation in the cross-section ratio in the angular region of 
the dip. 
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Fic. 2. Theoretical cross-section ratios based on the Fermi 
charge distribution whose dimensions are given in the text. The 
curves (a), (b), and (c) show the effect of changing a single 
parameter, and correspond to changes in ¢, t, and Z, respectively, 
The curve (d) illustrates the effect of a combined change in ¢ and ¢ 


Further examples of this sensitivity of the ratio to 
small variations in the parameters are shown in Fig. 2. 
The basic charge distribution was selected to be 


po/{expl(r—c)/z]+1}, (1) 


the Fermi distribution; by fitting to the experimental 
results for Ni®*, the parameters were determined to be 
c= 4.2810" cm, 2=0.56K10-" cm[t= 4.402= 2.49 
< 10-" cm]. The cross section in this case is close to the 
middle curve of Fig. 1. The ratio of cross sections 
calculated from charge distributions with radii differing 
by 1.25%, but with equal surface thicknesses, is shown 
in Fig. 2(a). Figure 2(b) illustrates the effect of a change 
in surface thickness of 5%, and no change in radius. 
The ratio obtained for nuclei with identical radii and 
surface thicknesses, but with Z differing by unity, is 
shown in Fig. 2(c). For rough estimates, the effect of a 


p(r) 
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combined change in all three of the parameters c, t, and 
Z, if small, can be approximated by compounding these 
three curves in the appropriate proportions. Figure 2(d) 
illustrates the effect of a combined change in ¢ and 1. 
The necessity of using the exact partial wave analysis 
in calculating cross sections is clear from these curves, 
since the first Born approximation would yield a con 
stant ratio in the case of Fig. 2(c). This approximation 
would also give ratios going to zero and infinity at the 
angles where the ratios of Figs. 2(a) and 2(b) have 
minima and maxima. 

From these examples it may be seen that certain 
characteristic types of behavior of the ratio R can lead 
to a determination of the type of change occurring in 
the parameters c, /as one passes from isotope to isotope 
Moreover, calculations with charge distributions of 
trapezoidal shape’ show that the characteristic behavior 
of R does not depend vitally on the form of the charge 
distribution so long as the latter has the general features 
of the model described by Eq. (1) or of equivalent 
models given in reference 2. 

It is to be noticed that the shape of the ratio curve 
is important in determining the actual variation of 
parameters c and ¢, but no less important is the absolute 
value of the ratio, It is possible to have a variety of 
values of Af for which the ratios have roughly the same 
character over the angular range 40° to 80°. However, 
the behavior of R for small scattering angles will 
eliminate this uncertainty. Ratios for larger angles will 
show up any inadequacies in this simple picture. 


Ill. EXPERIMENTAL RESULTS AND CONCLUSIONS 

We have studied experimentally the isotopes o%Niso°% 
and wNisge™ and the eg @3o°® and a»Nigo®, 
differing by two neutrons and two protons, respectively. 
Nickel has the magic proton number 28. The targets, 
which have been supplied by Oak Ridge, have an 
purity higher than 99%. Differential 
section ratios a(Ni™)/a(Ni®*) and a(Ni®)/a(Fe®) versus 
scattering angle have been measured at 183 Mev. As a 


isotones 


IsSOLOpk CTOSS 


measure for the cross-section ratio, we have taken the 
relative peak heights and also the areas of the elastic 


peaks. In measuring the elastic peaks, the targets have 
been switched alternatively at each magnet current 
setting of the analyzing magnet. Special care has been 
scattering from inelastic 


taken to elastic 


scattering (excitation of nuclear levels), since for the 


separate 


determination of charge distributions we were interested 
only in elastic scattering 

The experimental results obtained at 183 Mev for 
Ni®*-Ni® and Fe®*-Ni®§ are shown in Fig. 3. The cross- 
section ratios are plotted in arbitrary units versus 
scattering angle. The errors attached to the experi 
mental points are due to counting statistics only 

No accurate absolute cross-section ratios have been 
measured up to now. It is therefore not possible at this 
stage to distinguish between the possibilities illustrated 
in Figs. 2(a) and 2(d), for example, so that a complete 
interpretation of the experiment is not possible at 
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Fic, 3, Experimental cross-section ratios for the pairs 
of nuclei Ni®, Ni® and Fe®*, Ni®, in arbitrary units 


present. The following preliminary siatements can be 
made, however 

ratios Ni-Ni 
and Fe-Ni are not constant with scattering angle, the 


(1) Since the measured cross-section 


charge distributions of the two members of the pairs of 
compared nuclei must be different. This means in the 
Ni-Ni case that the two extra neutrons in Ni® affect the 
closed-shell proton structure of Ni 

(2) ‘The observed variation of the cross-section ratio 
for Ni®-Ni®® and Ni®*-Fe®* with scattering angle can 
be satisfactorily interpreted by a change of the radial 
charge distribution parameter by approximately a 
factor of (A4+2)/A'&1.01 (A 
lighter member of a pair), assuming a constant surface 
thickness ¢. A change of 5% or 10% in 1, in addition to 
the change in ¢, is, however, not excluded, A change in 


mass number of the 


talone, with constant é yields no good fit to the exper) 
ment. Knowledge of the absolute value of the ratio in 
the forward direction will resolve this uncertainty 

(3) The experiments presently described represent a 
new and sensitive method for studying small differences 
in the proton distributions of neighboring atomic nuclei 
It might be of special interest to study systematically 
a larger number of neighboring nuclei near the magic 
numbers 
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The scattering of 139.5-Mev electrons in hydrogen gas at 
one-atmosphere pressure has been investigated using photographic 
The beam of electrons from the Stanford Mark III 
linear accelerator, collimated to a diameter of 7 in., passed 
through the gas and was collected in a lead Faraday cup. Ilford 
50 w thick, which were arranged symmetrically 


emulsions 


C-2 emulsions 
about the beam, detected the recoil protons. Measurements of 
the recoil angle 7 and the range in the emulsion were made on the 
proton tracks. Only those events were accepted whose measured 
range and angle correlated within 42.33 standard deviations of 
the distribution about the elastic kinematic range-angle curve 
calculated from the multiple scattering in the emulsion and the 
A total of 2350 tracks have 
78° giving a 


uncertainty in angle measurement 
been tabulated in the angular interval 54°<y7< 


I. INTRODUCTION 


HE scattering of relativistic electrons from a fixed 
point source Coulomb field has been calculated 
in the Born approximation by Mott.! The differential 
cross section for the scattering of electrons with 
relativistic velocity 6 through an angle 6 from a proton 


(Z=1) is 


da e 2 
( ) (1—*)[ 1—,* sin?(0/2) | csc*(0/2), (1) 
dQ 28°mc? 


where e and m are the charge and mass of the electron. 


For very high energies (81), it is expected that 
modifications to Eq. (1) are required for (i) the recoil 
of the proton, (ii) the contribution to the scattering 
associated with the magnetic moment of the proton, 
(ili) the finite extent of the proton charge and magnetic 
moment, and (iv) the radiative correction to elastic 
account for virtual and the 
emission of those real quanta permitted by the finite 


scattering to quanta 


resolution of the experiment. 


Ihe effects of (i) and (ii) have been included in a 
calculation made by Rosenbluth,? with the result 


dae ( faa ) 
dQ 2Mc* 
p’?+-2(1+4-y’) tan*(6/2) 


*] 1+-#? sin?(0/2) , » <2) 
1+-2k sin?(0/2) 


cot?(6/2) csc? (0/2) 


k*L1+4-2k sin®(0/2) | 


* The research reported here was sponsored by the joint pro 
gram of the Office of Naval Research and the U. S. Atomic Energy 
Commission 

t Based on a Ph.D. dissertation by G. W. Tautfest, Stanford 
University 

t Now at the Department of Physics, Purdue University, 
Lafayette, Indiana 

''N. F. Mott, Proc. Roy. Soc, (London) A135, 429 (1932). 

*M. N. Rosenbluth, Phys. Rev. 79, 615 (1950) 


statistical error matching the systematic errors in plate geometry, 
beam integration, and track measurement. The results are com- 
pared -with the Mott cross section integrated over the interval, 
The theoretical cross section was corrected for (a) proton recoil, 
(b) the proton magnetic moment, (c) the finite size of the proton’s 
charge and magnetic moment, (d) the radiative correction, in- 
cluding the effect on the cross section of emission of real photons 
contributing to the observed recoil protons. The result is 
Texp/7 theor = 0.9884-0.021 (probable error), 

using a proton radius of 7.7%10~“ cm, and including a 2.74% 
radiative correction; the result is not sensitive to the choice of 
proton radius 


where k is the ratio of the energy Eo of the incident 
electron to the rest energy of the proton Mc*; and y’ is 
the anomalous part of the proton magnetic moment. 
The scattering angle 6 is measured in the system in 
which the proton is initially at rest, and the rest energy 
of the electron has been neglected in comparison with 
its kinetic energy or the rest energy of the proton. In 
the experiment to be described, the recoil protons are 
detected in photographic emulsions. Hence what is 
found is the cross section for a proton to recoil into 
unit solid angle at an angle y with respect to the 
direction of the incident electron. It can easily be shown 
that this cross section is given from Eq. (2) by the 
expression 

da e \? (14+)! tan*y secy 
GF (a 1+2k+-k sin*y 


k® cos*y 2(1+n’) 
xi14 


bu cot’y | (3) 
L 14-26-48 sin*y 


(1+)? 
where the recoil angle y is related to the scattering 
angle 6 by the expression 

coty = (1+) tan(6/2). (4) 


If the proton has a finite size as is suggested by (iii), 
the effect on the elastic scattering will be to multiply 
Eqs. (2) and (3) by the square of the nuclear form 
factor.’ The form factor is a function of the momentum 
transfer q and is given by the integral 


F(q) : foBes RR. (5) 


where p(R) is the nuclear charge distribution normalized 


*L. I. Schiff, Phys. Rev. 92, 988 (1953). 


1356 





MEASUREMENT 


to unit volume integral. McAllister and Hofstadter* 
and more recently Chambers and Hofstadter® have 
observed the angular distributions of electrons elas- 
tically scattered from protons in the energy range 100 
to 550 Mev. They have been able to obtain a theoretical 
fit to the experimental! data by assuming that the pro- 
ton has an rms radius of (7.7+1.0)K10~ cm. 

The calculation of the effects of (iv) including the 
emission of very-low-energy real photons was first made 
by Schwinger® for one-photon emission. His results 
have been extended by Schiff’ to the same order of the 
interaction to include high-energy photons also. The 
correction to the recoil cross section consists of the 
multiplication of Eq. (3) by the factor (144), where 


A is given by 
11 
et 
6 


af &. % 1 
= (in - Jf in( + 
r| mc? 2 x 


7 
- so(7) (6) 
18 


Here «= ./qm, Where q, is the momentum of the proton 
recoiling at an angle y in an “elastic” collision, i.e., 
without emission of photons; and g» is the minimum 
recoil momentum at an angle y observed under the 
conditions of the experiment. The function ¢(y) is 
given by Eqs. (10) and (11) of reference 6, and in the 
region of interest of this experiment is given by 


ii. 
In + +1], (7) 
[2y(1+y)]J€& 2(1—y) 2 


1-y 1 


where y=siny. The results of both Schwinger® and 
Schiff? are calculated assuming that the proton is 
infinitely massive. The effects of proton recoil on the 
real bremsstrahlung cross section have been calculated 
by Drell* to first order in the recoil velocity, and the 
result is that there is no contribution to the coefficient 
of the logarithm in Eq. (6); the detailed calculations 
of the recoil effects on the radiative correction have 
not been made, but are expected to correct Eq. (6) 
only to order k, where & is the ratio of incident electron 
energy to the rest energy of the proton. 
The fractional correction 4 may be 
negative depending on how many real photons are 
included by the resolution of the experiment to counter 
act the damping effect of the virtual processes. In this 
experiment it was not possible to make a significant 
measurement of the variation of A with angle because 
of the difficulty of obtaining sufficient statistics in a 


positive or 


*R. W. McAllister and R 102, 851 
(1956). 
SE. E. 
(1956). 
* J. Schwinger, Phys. Rev. 75, 898 (1949). 
™L. I. Schiff, Phys. Rev. 87, 750 (1952) 
*S. Drell, Phys. Rev. 87, 753 (1952). 
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Fic. 1, Location of the scattering chamber and beam collector 
in the deflected and analyzed beam of the linear accelerator. Note 
the shielding arrangement protecting the scattering chamber from 
the slit radiations and the neutral beam impurities continuing 
along the accelerator 


small angular interval. A measurement was made of 
the integrated effect over a large angular interval—in 
this case, 54° <y <78", We shall compare the number 
of observed events NV, with the expected number of 
events given by 


7h da 
(Ny cf ( ) F*(1+-A) sinydy, (8) 
oe \dQ 


p 


where the integrand is given by Eqs. (3), (5), and (6), 
and G is a known expression involving the geometry 
of the experimental arrangement. 

Since the integral of Eq. (6) contributes only a few 
percent to the integral (8), it is not expected that the 
neglect of processes involving more than one photon 
in the final state will be important, or that the assump 
tion of infinite proton mass underlying Eq. (6) will be 
significant. 


Il. DESCRIPTION OF APPARATUS 
A. Scattering Chamber 


The complete scattering apparatus is shown in Fig. 1. 
The electron beam from the Mark III linear electron 
accelerator’ is collimated and monochromatized by the 
double deflecting system" of the experimental station 
at the 130-ft point of the accelerator. The collimator 
strips the beam to a size 7g in. high and 0.020 in. wide 
After the first deflection, the beam passes through a 
horizontal slit 0.5 in. wide that selects a band of energy 
1.8% wide, and then through a vertical slit 4 in. high 
The interior of the slit box is filled with lead except for 
the beam channel. The beam then enters the second 
magnet, which focuses it to a spot ¢ in. in diameter 
at the center of the scattering chamber. The scattering 
chamber is separated from the deflecting system by a 
lead and concrete wall 10 in. thick 

The scattering chamber is shown in Fig, 2. The 
electron beam enters from the left through a 0.0005-in 
Mylar window and exits to the right through a 0.001-in 


aluminum window where it is collected in the beam 


*M. Chodorow et al., Rev. Sci. Instr. 26, 134 (1955) 
“W.K.H. Panofsky and J. A. McIntyre, Rev. Sci. Instr, 25 
287 (1954) 





1358 W. TAUTFEST AND 


ELECTRON BEAM FROM 
DOUBLE - OEF LECTION 
ANALYZER 


=z 24. 


BEAM COLLECTOR 


0005" MYLAR 


inary 


REFRIGERATOR COILS 


=] 
—— = ] 
DOr fa 




















on aol 


“AN 
Ly 
F'1G, 2. Sectional view of scattering chamber. Note the location 


of the photographic plates in relation to the recoil protons, “T.C,” 
denotes the thermocouple monitoring the gas temperature 





TO vals ADIUM 
LEAK 


collector, Photographic emulsions arranged symmetri 
cally about the beam in the manner indicated in Figs. 
2 and 3 record the recoil protons 

Purified hydrogen is admitted to the scattering 
chamber through a palladium leak. The leak consists 
of a 6-in. palladium tube of 0.006-in. wall thickness 
which is supported internally by ceramic beads and 
sealed at one end. It is heated by passing a current of 
about 100 amp directly through it. The external pres- 
sure of hydrogen was maintained at 350 psi, this 
differential yielding a flow of hydrogen through the 
leak sufficient to fill the volume of the scattering cham- 
ber (~2 liters) in 30 min, During the runs, hydrogen 
was evolved continuously, thus changing the gas com- 
pletely every 30 min. Most of the gas was allowed to 
escape through a throttling valve into a low-pressure 
manifold; a slight excess bubbled out through an oil- 
filled manometer that served to regulate the pressure 
at the chosen operating pressure of 1 atmos. The 
current through the leak was controlled at the ma- 
nometer to maintain the level of hydrogen exactly at 
the level of the oil and no correction for pressure excess 
was required, The atmospheric pressure was read on a 
precision mercury barometer located at the manometer. 

It was discovered early in the experiment that at 
room temperature the hydrogen atmosphere reduced 
the surface layer of the silver salts in the emulsion to 
free silver, thus rendering the emulsions unscannable 
after development. This difficulty was eliminated by 
cooling the scattering chamber to a temperature of 

30°C by means of refrigeration coils in the walls of 
the chamber. Before entering the chamber, the hy- 
drogen gas passed through a heat exchanger to reduce 
its temperature to that of the chamber, The tempera 
ture was measured by two thermocouples, one in 
contact with the wall of the scattering chamber and 
the other surrounded by the hydrogen atmosphere. No 
difference in temperature between the two thermo- 
couples was ever observed. More important was the 
matter of temperature equilibrium in the scattering 
volume which was investigated prior to running by 


W. K. H. PANOFSKY 

means of a thermocouple probe which was movable 
through a Wilson seal in the exit flange of the scattering 
chamber, No temperature difference greater than 0,5°C 
was recorded except for a gradient of 1°C/in. along the 
last 3 in. of the chamber, which was attributed to the 
conductivity of the probe. 

A second difficulty experienced was the fogging of 
the plates due to the characteristic radiation of hy- 
drogen under electron bombardment. No feasible 
method of shielding the plates from this radiation was 
discovered, and it was necessary to limit the plate 
exposure to less than 10" electrons in order to insure 
that the plates be scannable. Even with these exposures, 
the quarter-inch of the plate nearest the beam was 
unscannable. 


B. Plate Holder 


The arrangement of the photographic emulsions with 
respect to the beam is identical except for dimensions 
to that employed by Panofsky and Fillmore" in their 
investigation of p-p scattering, and is designed to 
minimize the accuracy with which the beam centering 
must be known. 

The geometry of the photographic plates relative to 
the beam is shown in Fig. 3. The product of the solid 
angle subtended by a swath of width W and length L 
parallel to the beam at a distance d from the centerline 
of a line beam times the effective path length along the 
beam is given by 

dQ= (WLZ/d") sinydy, (9) 
where Z is the offset of the plane of the emulsion and 
the beam. The basic equation defining the yield dN, of 
recoil protons from the entire length of incident beam 
and from a recoil angle interval between y and y+ dy is 

dN = N,N (da/dQ)dQ; (10) 


N, and N, are the number of protons per unit volume 
and the total number of electrons incident on the 
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Fic. 3. Geometry of plates relative to the beam 


" W.K.H. Panofsky and F. Fillmore, Phys. Rev. 79, 57 (1950). 
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target, respectively. In terms of the geometry of the 
plates, this can be written as 


da " dy 
N,N, i2| f siny |dy, 
dQ vy, & 


Equation (11) forms the basis for 


dN, (11) 


where W= y.— 1. 
the cross-section computations. 

The photographic emulsions are positioned in the 
scattering chamber by a Dural and Lucite plate holder, 
the base of which is shown in Fig. 4. The distance 
between the photographic plates is held to a tolerance 
of +0.001 in. by means of go/no 
were applied before and after every run to assure that 
no warping of the Lucite had taken place. The thickness 
and flatness of the plates were determined after pro 


go gauges which 


essing using a surface plate and a dial indicator, A 
shrinkage factor of 2.6 was used to compute the thick 
ness of the unprocessed plates. With these data, the 
offset Z to be used for the calculation of the cross 
section in Eq. (11) is 0.343 cm. The edge-to-edge 
distance of the plates was determined by the radial 
locating pins which had a separation of 1.025+0,.001 
in. from outside edge to outside edge. The plates were 
held onto the precision faces of the plate holder by 
means of spring clips and positioned at the beam 
entrance end of the camera with a precision jig im 
mediately before placement in the scattering chamber 

The plate holder was centered in the scattering 
chamber by means of six steel balls, two of which were 
spring-loaded. The centering of the beam was done 
relative to the scattering chamber and was checked 
before exposure by beam pictures. The beam position 
was adjusted by varying a current shunt in parallel 
with the focusing magnet. 

The symmetrical arrangement of the photographi: 
the 
accuracy of beam centering if one always bases the 


emulsions allows considerable uncertainty in 
measurement of cross section on the sum of tracks in 
corresponding areas of paired plates. Ideally, the 
arrangement allows a complete determination of the 
position of the beam relative to the geometric center 
of the plate holder from the measured asymmetries in 


the two pairs of plates. If No is the number of tracks as 
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Fic. 4. View of the base of the plate holder showing the 
devices defining the plate location 
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Fic. 5, “Beam’s eye view’ of plates; the notation used in dis 
cussing the errors due to imperfect beam centering is indicated 


computed from Eqs. (9), (10), and (11), then it can 
be shown by expansion that an error 6 of beam centering 
along the Z direction and an error 9 along the y dire 


tion (see Fig. 5) will cause the number of tracks to be 


6 (— , a — §? 
Z\@4 : ad‘ 
) 


y 
} (4Z* — d*)bn 
Zid‘ 


(3d?—47?) 


N, v4 1 


(12) 


If track numbers N,, No, Na, Ny are read as shown in 
Fig. 5, then it is clear that Ny—N» and Ny— WN, will 
determine 6 and 9; the sum Ny+- Nat Not N, will only 
contain terms quadratic in 6 and » which can thus be 
computed. This procedure will be applied to the data 
in detail in VI 

The preceding analysis has been based on the 
that the 
constitutes an ideal line source 


assumption incoming beam of electrons 
Che finite diameter of 
the beam introduces two corrections: The first assumes 
that the beam is perfectly centered but of radius R 


(11) 


vanishes to 


The correction is evaluated by integrating Eq 
over the volume of the beam; the result 
second order in R/d, as can also be seen by inspection 
of Eq. (12), The second correction arises if the beam 
centering errors are sufficiently large that there is a 
possibility of partly obscuring one of the plates; this 


correction will be discussed in VI-A. 


C. Beam Integrating System 


The beam collector is shown to scale in Fig. 6, and 
the circuit diagram of the electronics is given in Fig. 7, 
The beam enters the high-vacuum region of the collector 
through an 0,001-in, aluminum foil which is placed to 
reduce the solid angle for backscattered electrons to 
reach the plates, The beam is then captured in the lead 
collector cup which is of sufficient thickness to retain 
99.7% of the energy of the shower initiated by a 150 
Mev electron, The design considerations for the col 
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hic. 6. Construction details of the 300-Mev beam collector 


lector have been described in detail elsewhere.”? Small 
permanent magnets are mounted in the cup to produce 
a field of 300 gauss to trap backscattered and secondary 
electrons. The bias curve obtained with the collector 
under these conditions is shown in Fig. 8, 

The integrator electronics (Fig. 7) function as follows: 
Electrons collected in the cup charge the condenser C 
(0.0974 yf), causing a voltage V to appear across it. 
The voltage V is measured by manually applying a 
slideback voltage to the condenser to make the cup 
return to ground potential, whereupon V is measured 
with a precision potentiometer as the slideback voltage. 
The electrometer circuit and galvanometer function as 
a null instrument to indicate when the cup is at ground 
potential. The slideback voltage needs to be adjusted 
accurately only at the beginning and end of a run; in 
practice, it was kept in rough adjustment throughout a 
run to monitor the collected charge and to minimize 
leakage from the cup to ground 

The integrating condenser C was measured in the 
vacuum chamber at operating pressure by applying a 
current and 


known charge with a constant source 


] 
' 
' 
' 
‘+ 


ds. 


whe 
| Delance gatvanometer }- 
' wr 
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t 


Fic. 7, Schematic diagram of network used to integrate the 
collected beam charge by a slide-back technique. Components 
including the standard integrating condenser C within dotted 
lines are in a common vacuum with the beam collector 


aK. L Instr, 27, 696 
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measuring the voltage developed. The entire circuit 
was checked for leakage before and after each run. 


Ill. TECHNIQUE OF GATHERING DATA 
A. Microscope Technique 


The data recorded from the microscope observations 
are the coordinates of the point of entry of the track 
in the emulsion and the angle and range of the track. 
One eyepiece contains a reticle with a hairline ruled on 
it for the measurement of the angle of the track and 
two accurately parallel hairlines whose separation 
defines the width of the swath read. Tracks which 
enter the emulsion between the two ruled lines were 
counted at a given setting of the miscroscope carriage 
y coordinate. The eyepiece has a worm-gear drive 
attachment so that it can be rotated for measuring the 
angle of the recoil proton tracks. A counter attached 
to the drive is geared to be read to 0.1° directly. The 
other eyepiece contains a reticle with a scale ruled on 
it for the purpose of measuring the ranges of tracks 
accurately. Both the scale and the separation of the 
parallel lines were calibrated with a Bausch & Lomb 
standard grating. 

The plate is clamped securely in the microscope 
carriage by a spring which presses it against two 
indexing ledges, one at each end of the plate cor- 
responding to the indexing surfaces in the plate holder. 
The index surfaces were observed to be accurately 
parallel to the axis of the carriage x coordinate lead 
screw to within 1/5000 radian. Continuous swaths were 
scanned on the plates which were not removed from 
the microscope carriage during the scanning. Since the 
carriage position cannot be reset to closer than about 
t 5 w, ranges of tracks which extended beyond the field 
of view were not measured until the end of the swath 
had been reached, This procedure minimized the stage 
jitter which was checked periodically during a swath 
by rechecking the y coordinates of tracks previously 
found in that swath. The area of the plate scanned 
consisted of from 30 to 40 contiguous swaths to insure 
that the tracks which were relatively lightly ionizing 
when entering the emulsion were not missed. A record 
was kept of all tracks crossing a given swath being 
scanned until their points of entry into the emulsion 
were found on a subsequent swath. This procedure also 
afforded a check of the area scanned by comparing the 
number of swaths of known width in the area with the 
difference between the y coordinates of the boundaries 
of the area obtained from the vernier scale on the 
carriage lead screw. 

The separation of the inside plate edges in the plate 
holder was measured to be 1,0254+0.001 in. The y 
distances from the axis of the geometry to the bound- 
aries of the area scanned [y, and y, of Eq. (11) ] were 
determined by adding one-half of the plate separation 
to the distances from the plate edge to the boundaries. 
Thus y; and yz are known to within +0,00085 in. 
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B. Track Recognition 


Since the number of recoil proton events in a swath 
62 uw wide and 6.2 cm long is from 15 to 30 with the 
exposures used, an appreciable background of possibly 
confusing events exists, This back ground can arise from 
cosmic-ray events, photonuclear reactions in the 
emulsion with its glass backing or in the walls of the 
scattering chamber, or neutron-produced knock-on 
protons from the gas and plate-holder material. Many 
of these background events can be recognized and 
eliminated because (1) they do not enter the surface 
of the emulsion, or (2) they do not lie in the correct 
quadrant. To reduce the background further, it is 
desirable to correlate as strongly as possible the range 
and angle measurements with the scattering kinematics. 
The degree of correlation achievable is the measure of 
the resolution of the experiment and is limited by the 
accuracy with which the measurements of the angle 
and range of the recoil proton tracks can be made. 

Two sources of error of measurement of the recoil 
angle y exist. The first inaccuracy arises from the finite 
diameter of the silver grains comprising the track and 
to the finite width of the hairline. The value taken for 
this error is 

(13) 


where g is the grain diameter, evaluated to be about 
0.3 w, and « is the path length used to define the angle 
The error is obviously minimized by using the entire 
track length to define the angle, but this procedure 
becomes impracticable when we consider the second 
source of error in the angle measurement, the multiple 
scattering of the protons in the emulsion 

The mean square of the scattering angle of a particle 
of unit charge and momentum p that has traveled a 


distance ¢ g/cm* in a material of atomic number Z 


“) 


min 


containing N atoms/cm’, is™ 


(FP 
. ( pr )? 


(14) 


4a NZ(Z+1)e4 4, 
1in( 


6 


where 9,,in iS limited by the screening of the nucleus 
We take O@mnax=5 
larger scattering is clearly recognizable: as a single 
attributable to multiple 
according to 


by the atomic electrons since any 


scattering event and not 
s attering The 
Moliére,'* using the Fermi-Thomas distribution for the 


screening angle @,.in 


atomic electrons and considering deviations from the 


Born approximation, is 


A . 
9 min’ ( ) (1.13+4 7602), 
0) 885 a0Z ' 


Le*/hi 


(15) 


where a 


4H. Bethe and J 
edited by E. Segré (John Wiley and Sons, In« 
Vol. 1, Chap. 2 

4G, Moliére, Z, Naturforsch, 2a, 133 (1947) 


Ashkin in Experimental Nuclear Physics, 
New York, 1953 . 
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Fic. 8. Curve of percent error in the reading of the integrator 
system plotted against de bias applied to the collector cup, We 
conclude on the basis of this curve that the error due to secondary 
electron emission from either the cup of the entrance foil is less 


than +0.29 


The composition of the emulsions used (Ilford C-2) 
has been given by Beiser,'® and the coefficient of the 
(14) was 


the components of the emulsion, The mean square of 


logarithm in Eq obtained by summing overt 
the plane projection of the scattering angle is given by 
one-half of Eq. (14) and can be interpreted as the slope 
of a trajectory after having undergone the rms scat 
Since the energy loss along the 


tering trajectory 18 


important, we must integrate Eq. (14) as a function of 
v along the trajectory. The resulting displacement y 


as a function of x is given by 
(16) 


and if we measure the recoil angle by measuring the 
secant over a certain optimum path length x, the rms 
error in this measurement is 

Ay =arctan((y (17) 
A plot of dy and Ay asa function of x for various energies 


is given in Fig, 9, 


RANGE IN MICRONS 


Fic. 9 
multiple Coulomb scattering of protons in 
to the effect of finite grain size (47) plottes 


or ™ veral 


Graph of error in recoil angle measurement due to 
the emulsion (Ay) and 
| along the proton range 


values of the recoil angle 


‘6A, Beiser, Revs. Modern Phys. 24, 278 (1952 
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hic. 10, Standard deviation o(y) of the expected distribution in 
angle of the recoil protons as a function of the recoil angle . 


In order to minimize the error in angular measure 
ment, the path length x used to measure the angle must 
he chosen to equalize the two errors. This was done 
where possible but for practical reasons, the first 10 
of path length was used to measure the angle for tracks 
of less than 100 yw range. The two errors are then com 
bined quadratically to give the standard error a(y) for 
the angular measurement that is plotted as a function 
of y in Fig. 10. The multiple scattering in the hydrogen 
gas before entry to the plates has been neglected 

rhe error in range measurement is important only 
at the cut-off point of the distribution, and is discussed 
below 

Phe resolution of the experiment is now determined 
each side of the kine 
This 


region should contain 98% of the events that undergo 


by defining a region + 2.33 a(y) 
matic range-angle curve as shown in Fig. 11. 
scattering. Conversely, it defines the degree 
For an 


“elastic” 
of inelasticity permitted by the experiment 
event to be acceptable, its measured range and angle 
must correlate within the area thus defined 

About 2%) of the tracks dive completely through the 
emulsion before coming to the end of their ranges. Thus 
half of the information concerning the track is unob 
tainable and a correlation is impossible. It is possible 
to calculate the minimum range in which a proton 
coming from the beam will dive completely through the 
emulsion since the thickness of the emulsion is known. 
The angle at which the proton enters the emulsion is 
easily obtainable from the geometry of the plate holder. 
l'o this must be added the effect of multiple scattering 
in the emulsion, the maximum value of which was taken 
to be 3a. The dive angle is taken at its maximum value 
for the beam dimensions in order to give the shortest 
possible dive distance, A plot of the minimum dive 
distance thus obtained is given in Fig. 11 as a function 
of angle. If a track dives through the emulsion in less 
than this minimum distance—i.e., if it dives too steeply 
into the emulsion-—it is presumed not to have come 
directly from the beam and is rejected. Although no 
independent check of this limit is possible, the number 
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of tracks involved is so small that the error of the cross 
section is not affected appreciably. 

The procedure for recognition of good events may be 
summarized: (1) A good track must enter the surface 
of the emulsion in the correct quadrant and be traveling 
in the right direction as indicated by an increase in 
grain density as the track is followed through the 
emulsion, (2) The measured ranges and angles must 
correlate within the area defined by a region +2.33¢ 
about the ideal kinematic range-angle curve. If a track 
dives through the emulsion, it must have a range 
greater than the calculated minimum dive distance. 

The total number of tracks rejected by these criteria 
was about 50%; this number constitutes the “non- 
confusable background”; in addition, there can be 
background tracks that meet our selection criteria, and 
these must be investigated by separate background 
runs, 


C. Background Runs 


The first type of background run was made with the 
chamber evacuated but all other conditions the same. 
This type of run, however, does not measure possible 
sources of protons arising from interactions in the gas 
target not due to the beam. Therefore, a carbon tube 
fx in. thick was inserted axially in the scattering cham 
ber to surround the beam and prevent recoil protons 
from reaching the emulsions. Since in both types of 
runs the plates were not subject to the radiation from 
the excited hydrogen atoms, much higher exposures 
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Fic. 11. Curves showing the relation of scattering angle y »s 
range in the emulsion for particles which are unscattered in the 
emulsion (heavy solid curve) or which have undergone scattering 
corresponding to +2.33 sd of their expected distribution (light 
solid curves). Shown also (dotted curve) is the minimum range in 
microns permissible for a proton recoiling at an angle y before 
leaving the emulsion. 
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were possible. Comparison of the background plates 
with the scattering plates showed that there was no 
appreciable difference between the background observed 
with the two types of runs, and that the total ‘“‘con- 
fusable background” about 1%. No 
angular dependence of the background tracks was 
observed, but the great majority of tracks was less 
than 100 4 in range. The background has been applied 


amounted to 


as a correction to the absolute cross section 


IV, PRIMARY ENERGY 


The calibration of the analyzing magnet which 
determines the energy of the electrons incident on the 
scattering chamber was obtained by the floating-wire 
method. The calibration curve obtained is shown in 


Fig. 12. 
V. TREATMENT OF EXPERIMENTAL DATA 


The correct relativistic formula for the kinetic energy 
T of the recoil proton at angle y is 


2M? cos*y 
: (18) 


[1 + (1/k) P cos*y 

the rest energy of the electron has been neglected 
compared with its kinetic energy. Of the three quan 
tities, primary electron energy, recoil proton energy, 
and recoil angle, the measurement of the recoil angle 
is subject to by far the largest error, as explained in 
III. Therefore we use the kinematic relation Eq. (18) 
among the three quantities to eliminate the dependence 
of the cross section on recoil-angle measurement, using 
it only to define the acceptance area of correlation with 
the range measurements previously discussed. 

The experimental data of Catala ef al.'® and Gibson 
el al.” on the ranges of protons in Ilford C-2 emulsion 
were used, At large recoil angles the energy loss in the 
hydrogen gas after scattering is important, and we have 


TABLE I. Data from individual plates 


Weighted 
Solid angle number 
factor Fg 


Yumber 
Plate of 


number 


Asym 


tracks tracks metry 


1 54 0.011094 
2 72 0.011094 
3 96 0.016368 
4 61 0.016368 


Run Pair 


4536 
6048 
5865 
3727 


0.1430 


0.2221 


1411 
1438 
1693 
1438 


105 0.00744 
107 0.00744 
126 0.00744 
107 0.00744 


0.00947 


0.0815 


8038 
1342 
4814 
4666 


611 0.076001 
102 0.076001 
502 0.10428 
407 0.08723 


0.7139 


0.0156 


6 J. Catala and W. M. Gibson, Nature 167, 551 (1951) 
17 Gibson, Prowse, and Rotblat, Nature 173, 1180 (1954) 
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Fic. 12. Energy calibration curve of energy-defining magnet 


used the data of Walske and Eyyes (given in reference 
13) for this correction 

A summary of the acceptable tracks found on indi 
vidual plates is given in Table 1, The data were obtained 
in three separate runs with four plates exposed in each 


run. The solid angle factor /g is given by the expression 


"a dy 
I / zf , 
v y" + Z 


where the limits of integration are the boundaries of 


(19) 


the area scanned, The asymmetry is given by the 
difference of the weighted tracks on the two plates of 
Phe track 


criteria given previously are plotted at the angle calcu 


a pair divided by the sum that satisfy the 
lated from the measured range by Eq. (18) independent 
of the measured angle ex epl that the measured angle 
must correlate with the measured range to the extent 
defined previously. 

The distribution was cut off at the large-angle end 
at a range of 19 w corresponding to a recoil angle of 78 
when account is taken of the energy loss in the hydrogen 
at the part of the plate scanned. This cutoff was a 
compromise between the increasing error in the range 
measurement as the range becomes shorter and the 
number of events which is increasing rapidly at this 
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part of the distribution. The small-angle cutoff was 
quite arbitrary and was chosen at 54° corresponding to 
a range of 640 uw 


VI. CALCULATIONS AND CORRECTIONS 
TO THE DATA 


A. Beam-Centering Correction 


It is to be noted from the summary of the data on 
the individual plates (Table I) that the asymmetry 
of the tracks on the plates from Run 30, from which 
the majority of the events have been taken, is an order 
of magnitude larger than the asymmetries of the other 
runs; hence it is imperative that a careful analysis of 
the corrections introduced by the serious lack of beam 
centering be made if the full statistical significance of 
the data is to be realized. 

The number of events on a plate has been derived in 
Eq. (12), Let us write (12) as 


Niu Nol 14 a6— bn+ c(9’ — &) 4+- don |, (20) 


where a, b, c, and d are the appropriate coefficients in 
Eq. (12). From Fig. 5 this equation can be applied to 
the trac ks N,, Ns, N ay 


result is clearly 


N, in the respective plates. The 


2)/ (Nit No) = ab— bn, 


)/ (Not Ng) = 06+ an. 


Olg- . ss —— 
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Fic, 13. Graph showing definition of AF,.4 (see Sect. VI-B) 
which is the energy of possible photons that can be emitted in the 
scattering process without making a given track inacceptable by 
our selection criteria. The figure shows a scattering event that 
would give rise to a proton recoil of 60 u range. The areas of the 
two shaded curves give the probability as defined by subsequent 
Coulomb scattering of this scattering event being counted after 
having emitted a photon of 0.295 Mev and 1.27 Mev, respectively 
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The results for the parameters of Run 30 (the only 
run for which these considerations give a significant 
correction) give 


n= —0.0643 cm; 6=-+-0.2351 cm. (22) 


These values have been slightly corrected for finite 
beam width as well by an appropriate averaging process. 
These numbers show that a small fraction of the beam 
is “obscured” slightly by Plate 2, i.e., tracks are missed 
in Plate 2, Examination of the numbers given in (22) 
leads to an estimate of 13.6% loss of the tracks for 
Plate 2, This correction also revises the values of (22) to 


n= —0.0538 em; 6=-+-0.2000 cm. (23) 
This leads to a net correction of 


A(Ni+N2)/(Ni+N2) = +0.48%, 


~0.48%, 


to the sums of the respective pairs of plates. 


A(Nat+N4)/(Nat Na) 
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Fic, 14. Graph showing the mean radiated energy (AE yaa) 
obtained by averaging the probabilities as shown in Fig. 13 vs 
the recoil angle ~, computed for a cut-off recoil angle of 78°. 


B. Radiative Correction 


The calculation of the correction to Eq. (3) for the 
emission of quanta during the scattering requires the 
evaluation of the effective resolution of the experiment. 
This is computed in the following manner: The problem 
is to determine the combination of processes by which 
a proton can eventually be found within the acceptance 
region defined by the elastic kinematic range-angle 
curve +2.33 o for multiple scattering and finite 
grain diameter considerations. The integral of the 
radiative correction given by Eq. (6) is evaluated by 
defining the mean inelasticity permitted at each point 
of the range-angle curve. Referring to Fig. 13, a proton 
recoiling elastically with a range of 60u at an angle of 
72.9° has a 98% probability of being detected, i.e., a 
2% probability of multiple scattering out of the ac- 
ceptance area. A proton recoiling at the same angle 
from a collision in which, say, 0.295 Mev has been 
radiated, thereby reducing its range to 50 y, has still a 
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97% probability of being detected. If the collision has 
been accompanied by the emission ofa photon carrying 
off 1.27 Mev, the proton range has been reduced to 
204, and the proton has only a 75% chance of being 
detected. In this way we can weight a given inelasticity 
AE wa by the probability that the proton arising from 
such an event will still be detected (the shaded area 
of the Gaussian distribution shown in Fig. 15), and 
define a (AE yna)y at that angle. This can be done over 
the entire angular interval and the result is shown in 
Fig. 14. 

The parameter g,.in in Eq. (6) is then defined by the 
elastic momentum minus (AEs) expressed in mo 
mentum units, and Eq. (6) is evaluated over the 
interval. At the end of the interval where (AF ya)m 
approaches zero, (6) diverges and must be integrated 
analytically. The integrand is essentially 


?—2x+1 
A&const [n( ) | x—conste; (26) 


and if 7) is the nominal kinetic energy of the proton, 
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Fic. 15. Radiative correction A as computed by substituting 
(AF yaa) 48 Shown in Fig. 14 into Eq. (6) 


then 
qo’ To( 7 0 + 2M) 


Cu” (T 2 (AE vad wi(To (AF rasa Ay { 2M) 


To second order in (AF pna)/To, the logarithm term is 


1 Memon) by (AE rad Ay To + M 
f 2 a ( ) | 
(AE max) 0 To \ To + 2M 


K dA vad Avy (27) 
where (AE sax) =0.230 Mev at y= 76°, 

Equation (6) is given as a function of y in Fig. 15. 
Each 2° interval is weighted by the fraction of the total 
cross section between 54° and 78° contained in the 
interval and the result summed to give the integral of 
Eq. (6) over the interval, The result is 


7’ 
f Aly)dy 
be 


~ 2.74%. (28) 
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Fic. 16. Plot of the square of the form factor of the proton 
vs the recoil angle y for an assumed rms proton radius of 7.7 10°" 


cm 


The angular variation of the radiative correction is 
obtained by decreasing the large-angle cutoff in 2° 
steps and evaluating the integral over the interval in 
the manner described above. The radiative corrections 
) 


averaged over the 2° interval are then obtained as the 


differences between the integrals 


C. Form-Factor Correction 


For small momentum transfers, the form factor given 


by Eq (5) can be expanded as 


F=1—}q(R*)4 (29) 


and evaluated as a function of angle. A graph of F?(y) 
vs y is given in Fig. 16, The correction is obtained by 
weighting F? by the cross section and summing over 


the interval. The result is 


1 do 
f Po)( ) sinydy 
be dQ? » 
7” “da 
f ( ) sina 
ry dQ 


The result does not change significantly if the rms 
4 10.0 


0.0293, (340) 


proton radius is changed from 7.7K10~" cm to 


x107" cm, 


D. Range-Straggling Correction 


The range straggling of protons in Iford C-2 emulsion 
has been measured by Rotblat.'* The sharp upper-end 
cutoff at 19 has assumed that the range is well defined 
There will be a net correction for this assumption since 
there is a statistical fluctuation in the range of the 
protons, The distribution of ranges about the mean 
range will be a Gaussian distribution with a standard 
deviation AR, The correction is obtained by integrating 
the area of the distributions centered at ranges less 
than 19 uw from the cutoff to infinity and the area of the 
distributions centered at ranges greater than 19 » from 


J, Rotblat, Nature 165, 387 (1950). 
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Taste II, Summary of runs. 


Pressure 
mm Hg 


759.4 
759.0 
759.0 

10~* 
763.0 


Temperature 
Run *( 


23 Scattering —33 
29 Scattering —29 
0 Scattering 30 
27 Background 

28 Background —w# 


Type 


* Corrected for centering error from 1622 tracks (see Sec. VIA) 
» Tracks which were ‘‘confusable’’ with scattering events (see Sec. 


IIIB) 


the cutoff to minus infinity. The net correction is 
Arange straggling — 0.16° / ‘ 


E. Integrated Cross Section 


The principal result of the experiment is an experi 
mental evaluation of the quantity 


f (do/d0, sinydy, (31) 


where the integrand is given by Eq. (3). The inte- 
gration in Eq. (31) can be carried out by elementary 

tan*y, with the 
result 


@ \(1+2k wu? 142k 
fe ( ) (14+ Bx) +( ) 
Me/ | 2# > 


wp? (1+n’)) 1 
xX In(1+ Ba) +| - | [> 
2 14+-2k J1i+ Bx 


methods using the substitution 4 


where 


Bu (14+k)*/(14+ 2k). 


Evaluating Eq. (32) between the limits y= 54° and 
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Fic, 17, The experimental values of the differential scattering 
cross section as a function of the recoil angle y. 


integrated 








Total number 
of tracks 
counted 


Volts 
Ne Ne 
6.108 K 10" 6.325 K 10% 
6.004 10" 2.010 10" 
6.029 XK 10" 6.927 X 10" 
Fe 4.955 x 10" 
6.050 10" 6.964 10" 


10.39 
33.02 
11.38 
81.40 
11.44 


y= 78°, we obtain 


78 


f da = 1.2785 K 10°" cm?. 
be 


VIL. ESTIMATE OF ACCURACY 


The errors contributed by each factor in Eq. (11) 
will now be examined. 


(1) Errors in density of target nuclei N,.—The 


principal question of temperature measurement is the 


matter of thermal equilibrium (discussed in IIIA). 
It was coneluded that equilibrium was established to 
within 0.5°C corresponding to an error of 0.2%, 

The pressure measurement was made to within } in. 
of Litton diffusion-pump oil. The mercury barometer 
was measured to within 0.2 mm Hg. The error assigned 
to the pressure measurement is 0.2%, 

(2) Errors in beam integration N,.—The uncertainty 
in the correction for suppression of backscattered and 
secondary electrons from the mouth of the collector is 
0.2%. The slideback voltage and drift corrections are 
measured to 0.1%. The condenser was measured to 
0.3%, but a possibility exists that the value might have 
changed during the period between measurements. The 
maximum uncertainty in beam integration has been 
increased to 1.0% because of this." 

(3) Geometric errors.—-The machining tolerance on 
the plate holder is +0.001 in. on the plate spacing. The 
error in measuring the thickness of the glass and in the 
shrinkage factor is +0.0005 in. The resulting error in 
the offset is taken to be 1.0%. 

The separation of the plates in the y direction is 
measured to +0.0005 in. The swath width is measured 
to within 0.5 » and the total area scanned is checked 


* The capacity measurement which was made in vacuo some 
time after the exposures were made and it was apparent that the 
exposures were satisfactory, was 6% below the measurement 
made before the condenser was placed in the vacuum. No change 
occurred when the condenser was returned to atmospheric pres- 
sure. Test condensers subjected to repeated decompression cycles 
have evidenced no significant change in capacity. The initial 
measurement was made two and a half years ago and by only 
one method. The later measurements were made by three methods: 
1000-cycle ac bridge; comparison with condensers of known 
capacity; constant current source. The conclusion is that the 
initial measurement was in error due to factors which we have 
been unable to reproduce, and that the later value is the correct 
one. 





MEASUREMENT OF RADIATIVE 


CORRECTION 


Taste III. Data on cross section for each 2° interval from 54° to 78°. 


(iO). : 


11.832 0.985 
7.625 0.980 
5.182 0.975 
3.672 0.969 
2.686 0.962 
2.019 0.953 
1.550 0.947 
1.178 0.939 
0.962 0.930 
0.774 0.921 
0.629 0.913 
0.517 0.903 


Interval 


78°-76° 
76°-74° 
74°-72° 
72°-70° 
70°-68° 
68°-66° 
66°-6A° 
64°-62° 
62°-60° 
60°-58° 
58°-56° 
56°-54° 


to within 0.2% by the vernier scale of the microscope 
carriage lead screw. 

The combined error in the solid angle factor defined 
by the geometry of the plates is taken to be 1.2%. 

(4) Beam-centering errors.—The corrections to the 
data of Run 30 have been discussed, The errors in the 
corrections and the errors in centering of Runs 23 and 
29 are negligible. 


(5) Observational errors.—The question of scanning 


efficiency is a very serious one. About three-fourths of 
the tracks were read by Mrs. Donna J. Wilson, to 
whom the authors are greatly indebted; the remainder 
of the tracks were read by one of us (GWT); in addi- 


tion, one of the authors (GWT) reread about 30% of 
the tracks scanned by Mrs. Wilson. Although there 
was occasional disagreement on the measurements 
made on a track, no tracks were found to have been 
missed. Particular attention was paid to tracks of 
range greater than 100 u which were liable to be missed 
when they first entered the emulsion. Since the method 
of contiguous swaths was initiated, no loss of efficiency 
has been observed, About 10% of the tracks scanned 
by one of the authors (GWT) were reread by Mrs. 
Wilson with the same conclusion, A possible error of 
1% is assigned for the uncertainty in scanning efficiency. 
(6) Errors in range measurements and primary energy. 
Equation (32) gives the theoretical cross section as 
the function of the initial energy Z» and the lower and 
upper cut-off angles in the angular interval used. The 
larger cut-off angle (y= 78°) is in turn a function of the 
energy T of the recoil proton. Differentiation of Eq. 
(32) gives 
ba \? 6T\? bEo\? 
(~) =(1.17 ) +(0.29 ). 
a T Eo 
Numerical evaulation based on a range accuracy of 
0.3 w at 19 w range and a 0.5% accuracy in primary 
energy gives a value of d0/a of 1.46%, 
(7) Statistics.-A total of 2350 tracks have been 
tabulated in the interval 54°--78°. For the angular 


distribution, the tracks have been divided into 2° 
intervals. The statistical error varies from 3.5% at 77° 


(34) 


al 4 Forp 


11.894-0,42 
7.044+0,32 
5.144-0.28 
3.4340,23 
2.364019 
2.0140.18 
1.1640.14 
1,00+0.13 
0.62+0.10 
0.50+0.10 
0.47+0,10 
0.37 40.09 


0.985 
0.970 
0.978 
0.971 
0.971 
0.962 
0.960 
0.957 
0.953 
0.951 
0.943 
0.930 


to 23.6% at 55°. The statistical error for the entire 
interval is 2.06%, 

(8) Background uncertainly.—A correction of — 1.04% 
for background correction has been applied to the data, 
The uncertainty of this correction is 0.2%. 

(9) Other errors.—-Other errors that have been con 
sidered and found negligible are (a) errors in knowing 
the length of the area scanned on the plates (6.200 cm) ; 
(b) errors in the density of hydrogen within the volume 
of the beam due to heating by the beam; and (c) errors 
due to a possible deuterium contamination in the target 
gas. 

(10) Combination of errors. 
above are combined quadratically, the resulting error 
for the absolute cross section within the angular 
78° is + 2.09% (probable error). 


If the errors enumerated 


interval 54 
VIII. RESULTS 


The three scattering runs and the two background 
runs upon which these results are based are summarized 
in Table IL. All the data are listed except the detailed 
breakdown of the number of tracks counted in each 
angular interval, 


A. Angular Distribution 


The absolute differential cross section is obtained 
by adding the tracks counted on corresponding areas 
of symmetrically located pairs of plates. The cross 
section is calculated from the formula 


UM, 
d2 N.N,A(cosy) Fo 


do | 
(35) 


where JN, is the sum of all tracks counted in Plates 1 
and 2 in the angular increment A(cosy). The solid 
angle factor Pg weighting the number of tracks is 
calculated from the formula 


Fo LU tan“ (y./Z)— tan '(y,/Z) |, (36) 


where y, and y, are the distances from the geometri: 
center of the plate holder to the boundaries of the area 
scanned, A constant 2° interval is used, and the results 
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are given in Fig. 17. The solid curve shown with the 
points is the Rosenbluth cross section [ Eq. (3) ] 
averaged over the 2” interval and multiplied by the 
square of the form factor [Eq. (5) ] and the radiative 
correction (144) [Eq. (6) |. A summary of the data 
for each interval is given in Table III. No corrections 


for background or range straggling have been made. 


B. Integrated Cross Section 


The total number of events observed in the area of 
the plates scanned was 2363, when Run 30 is corrected 
for beam-centering errors, in the angular interval 
54°-78°. The result must be corrected for background 
and range straggling 

A total of 26 confusable background tracks was ob 
served in the background plates within an area scanned 
in which 2493 scattering events would have been 
expected, The net background correction is taken to 

1.04%. 

The correction for range straggling has been calcu- 
lated to be —0.16%. 

The acceptance area of the range-angle plane was 

defined in IIT to contain 98% of the scattering events. 


“ 


be 


Hence a 2% correction must be applied for those events 
excluded by the correlation criterion. 
Applying these corrections, we obtain for the cor 


rected number of events observed 
N,= 2381.9. (37) 


This is to be compared with the expected number of 
events predicted by the integral of Eq. (10): 


y=78° 
(N, vevef ( 
wailiah 


7 
where the integrand is given by Eq. (3). From the data 
on the individual plates for each run given in Tables I 
and II, and from Eq. (33), we obtain 


N, 


da 


) sinydy X Fo, (38) 
p 


dQ 


2557 (39) 


This result must be corrected for the inclusion of 
radiative events and the finite radius of the proton, 
These corrections have been evaluated in VI-B and -C 
to be 


2.74%, 


2.93% 


Arad 
(40) 


A term factor 
We thus obtain for the corrected number of events 
predicted by the Rosenbluth cross section: 


(N,)= 2412.0 (41) 


A comparison of (37) with (41) yields 


N,/(N)) = 0,98840.021 (42) 


It should be pointed out that no additional infor- 
mation on th¢ radiative corrections is obtainable by 
doing an experiment of comparable accuracy to this 
one with an order-of-magnitude improvement of energy 


WW. K. H. PANOFSKY 
resolution. It is true that by making Ag/q smaller, the 
radiative correction given by Eq. (6) becomes quite 
large; but this is due mainly to the effects of the low- 
energy virtual photons. The difference between the 
results of an experiment with “good” energy resolution 
and those of an experiment with “poor” energy reso- 
lution will be given exactly by the bremsstrahlung cross 
section, which can be measured more accurately by 
direct methods. However, if the resolution could be 
enormously increased (4g/g~10~°), one would begin 
to see details of the soft-photon limiting process due to 
virtual quanta which would constitute considerable 
additional information on the radiative corrections. 
The significance of these results can be evaluated 
by considering a less detailed calculation of the radi- 
ative correction. If we specify by ko the photon energy 
below which an electron-scattering event will be con- 
sidered “elastic,” then the correction for the inclusion 
of photons of energy less than ko is given by the integral 
of the Bethe-Heitler formula,”® which is essentially 


ky 
A~a In(qg me) f dk/k 
hin 


a{In(g/me*) |{Inko—Inkm}. (43) 


The radiative correction evaluates Ink, explicitly. 
Since in this experiment a In(g/mc*)~4%, the accuracy 
of the experiment determines the expression in curly 
brackets in Eq. (43) to within a factor of two. To 
improve upon this result significantly, it would require 
an order-of-magnitude improvement in accuracy or 
increase in energy. 
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The photoproduction of pion pairs (*~+*) has been measured by observing a 


signal from liquid 


hydrogen bombarded with bremsstrahlung of energies up to 600 Mey. The excitation function and r~ energy 
spectrum measured at 60° in the laboratory system agree qualitatively with the calculations of Cutkowsky 
and Zachariasen. The major part of the process corresponds to the emission of the r* in the resonant / state 
and the x~ in an S state. The net increase in the r* yield due to (w~+-*) and (#°+-*) pairs is also observed 


I. INTRODUCTION 


HE results of experiments on both pion-nucleon 
scattering and photoproduction of single pions 
from protons have indicated a strong resonance in the 
pion-nucleon state corresponding to the total isotopic 
spin /= 4 and the total angular momentum J =}3.' To 
obtain further evidence relating to the pion-nucleon 
interaction, one can investigate the state with two 
mesons and a nucleon: for example, experiments on 
photoproduction of pion pairs from hydrogen or in- 
elastic pion-nucleon scattering. Such studies may fur- 
nish information concerning a meson-meson interaction. 
Inelastic pion-scattering experiments have been done 
at Brookhaven using the r~ beam produced in the 
Cosmotron. Collisions of these mesons with protons 
have been observed in a hydrogen diffusion cloud cham- 
ber by Eisberg ef a/.2 A number of multiple pion processes 
have been observed. Also, Walker and Crussard’ ex 
posed nuclear emulsions in the r~ beam. The results, 
primarily the angular distributions, are said to be 
indicative of decay of an excited pion-nucleon system 
in the resonant (3,3) state. A detailed theoretical study 
of this work has not appeared.‘ 
Negative pions can be photoproduced from protons 
only in (r++~) pairs by the reaction 


yt poptat+r. (1) 


The first pion-pair photoproduction results were re- 
ported by two groups®* at the California Institute of 
Technology who observed the yield of x” mesons with 
500-Mev bremsstrahlung incident upon a high-pressure 


* Based on a dissertation submitted by R. M. Friedman in 
partial fulfillment of the Ph.D. degree, Stanford University. 

t The research reported here was spor yy by the joint pro- 
gram of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

t Now with the Lockheed Aircraft Corporation, Missile Systems 
Division, Palo Alto, California 

1 See H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2, for a summary 
of much of the literature. 

2 Fisberg, Fowler, Lea, Shephard, 
Whittemore, Phys. Rev. 97, 797 (1955). 
*W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 

‘See, however, the discussion of S. Barshay, Phys. Rev. 103, 
1102 (1956). 

*V. Z. Peterson and I. G. Henry, Phys. Rev. 96, 850 (1954). 

* Sands, Bloch, Teasdale, and Walker, Phys. Rev. 99, 652 
(1955). 
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hydrogen-filled target. Peterson and Henry,® using 
nuclear emulsions as detectors, reported preliminary 
results of (11+2)%, at a lab angle of 73° for the ratio 
of x to r* yields from the hydrogen gas. This measure 
ment included a range of pion energies with the mini- 
mum detectable meson energy 11 Mev. 

Sands ef al.* looked for negative pions from the same 
target and at the same maximum bremsstrahlung 
energy with a magnetic spectrometer and counters, 
nr ratio of (1.54-0.3)% 
for pion energies of 47410 Mev. The measurements 


Their results at 73° gave a w 


were repeated with 375-Mev bremsstrahlung (below 
threshold), and most but not all of the negative signal 
disappeared, Sands ef al. look upon the result as an 
upper limit for pair production. 

The measurements of the two California Institute of 
Technology groups seemed to be in poor agreement, 
and some doubt remained concerning the existence of 
the pion-pair process. When preliminary results’ of the 
work reported here were obtained, an explanation was 
indicated in terms of a rapid variation of the pair- 
production cross section with the wr” energy 

Peterson’ has subsequently published new results 
based on continued scanning of plates from exposures 
taken with 500-Mev bremsstrahlung. He reports the 
following values for the hydrogen w~/w* ratio: at a lab 
angle of 140", (2648)%% and (O+2)% for mean pion 
energies of 20 and 65 Mev, respectively; and at 73°, 
(16+6)% and (44+2)% for mean pion energies of 25 
and 54 Mev. These results are compatible with ours and 
serve as an independent verification of the peaking of 
the cross section at low wm” energies 

Measurements of the w~ yield from hydrogen with 
800-Mev bremsstrahlung are being made by Luckey 
and Wilson’ at Cornell University ; no results have been 
reported. 

Several experimenters have looked for negative pions 
from hydrogen below threshold: Jenkins et al.” at 
Cornell obtained a w/a? ratio of (14-4)% for 34-Mey 
pions at 90° in the lab with 310-Mev bremsstrahlung ; 

7R. M. Friedman and K. M. Crowe, Phys. Rev. 100, 1799(A) 
(1955) 

*V. Z. Peterson, Bull. Am. Phys. Soc. Ser. II, 1, 173 (1956). 

*D. Luckey and R. RK. Wilson, Bull, Am. Phys. Soc. Ser. I, 1, 
172 (1956) 


” Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 652 
(1955). 
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Fic, 1. Experimental arrangement shown in Setup II (60° lab 


angle with 45° deflection of pion beam) 


Littauer and Walker" reported a ratio of (445)% for 
654-15 Mev pions at 135° with 310-Mev_ brems- 
strahlung; White ef al.” at Berkeley obtained an upper 
limit of 2% for 322-Mev bremsstrahlung” which they 
believe is due to r~ production in the target walls and 
collimators 

Osborne at the Massachusetts Institute of Tech- 
nology measured the low-energy wt yield at brems- 
strahlung energies extending 20 Mev beyond the 
kinematical pion-pair threshold of 325 Mev for re- 
action (1), Note that the r* yield is due to single-pion 
production, production of charged pion pairs [reaction 
(1) |, and pair production of the type 


Yt pontat +r’. (2) 


No increase in yield which would have been attributed 
to pair production was seen within the statistical errors 
of ~5% 
Il. EXPERIMENTAL PROCEDURE 
A. Method 


The pion-detection system used in this measurement 
has also been employed in several other photomeson 
experiments. We will describe the system briefly here 
and refer the reader to a more detailed description."® 

The first part of this experiment was concerned with 


" R. M, Littauer and D. Walker, Phys. Rev. 86, 838 (1952) 

# Jakobson, Schulz, and White, Phys. Rev. 91, 695 (1953). 

4 Recent measurements show the maximum energy might have 
been as high as 340 Mev instead of the 322 Mev used for calcula 
tions of that paper [R. S. White (private communic ation) }. 

“4 1. S, Osborne, Massachusetts Institute of Technology Labora- 
tory for Nuclear Science Progress Report, August 31, 1954 
(unpublished) 

% Motz, Crowe, and Friedman, ‘Photopions from nuclei: minus- 
plus ratios” (to be published) 
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measuring the yield of x~ mesons from hydrogen rela- 
tive to the w* yield. Using the average value for the 
single .x* cross section reported by Walker et al.’* and 
Tollestrup, Keck, and Worlock," absolute values for 
the pair cross section could be obtained. 

The counting yield of positive pions from hydrogen 
for bremsstrahlung of upper energy Rmax is 


day 
Vo <0 Val 7 ) AQN ,Ak 
single 


dQ 


doy 
+9tWu( . ) AQAE,Q. (3) 
dQdE QT pair 
The first term is the contribution from single x* pro- 
duction, and the second from production of both 
(t+) and (x++ 7") pairs, reactions (1) and (2), 
respectively. Here 4* is the x* counting efficiency; 42 
and AE, are the solid angle and spread in energy 
accepted by the spectrometer; \,Ak is the number of 
photons of mean energy & within the interval Ak corre- 
sponding to AE,, where k is the unique photon energy 
required for photoproduction of a meson of given 
energy and lab angle; (da,+/dQ)singie is the differential 
m* laboratory cross section; Vw is the number of 
hydrogen atoms per cm’; (d’a,+/dQdEwQ) sir is the 
laboratory cross section for r* mesons from pair pro- 
duction; Q is the number of effective quanta defined as 


kinax 
RinaxO = f RN yk. 
0 


de 


" ul =" ) ANAE,(, 
dQdk, Vv pair 


where »~ is the w~ counting efficiency, and the cross 
section is that for #~ mesons from charged pair pro- 
duction, reaction (1), Equation (3) can be put into 
more convenient form for comparison with (5) by ex- 
pressing the single * cross section as follows: 


( Pay ) 
dQ EQ single 


(°") ( dk yy 
> dQ single k dE, O(Rmnax) ' 
Let R be the ratio of the pair x* cross section to the 


single #* cross section defined in (6). Now Eq. (3) can 
be written as 


(4) 
The wr yield is 


Y, (5) 


(6) 


da, 
Vy = Nu . ) AQDAE,O(1+R). (7) 
dE +O single 


* Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955). 
' Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 
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/x* ratio is 


Then, the observed r 


rn do,- day 
sade ( ) /( . ) (1+R). (8) 
Ve at \dQdk,-Q7 puis AQdE+OF single 


The second part of this experiment was to measure the 
increase in #* yield due to pairs to obtain values for R. 


B. Apparatus 


The experimental arrangement is shown in Fig. 1. 
The electron beam from the Stanford Mark III linear 
accelerator’® is doubly-deflected to eliminate neutron 
and gamma-ray impurities, and energy-analyzed.” The 
primary electron energy was defined by the magnetic 
field in the first deflecting magnet. This magnet has 
been calibrated” using the floating-wire technique to 
an accuracy of better than +0.5%. 

The analyzed beam is steered down an evacuated 
pipe and passes into the experimental area through a 
0,005-in. Dural window. A photon beam is produced 
by placing a radiator before a magnet which deflects 
out the electrons before they can reach the target. 
Usually an 0.010-in, Cu radiator was used (0,018 
radiation length), which resulted in a photon beam 
diameter at the target of the order of 1 in. For those 
runs where no deflection was made, the radiator could 
be placed in front of the target; this made possible the 
use of a larger radiator while keeping the beam size 
small at the target 

Monitoring of the beam intensity was accomplished 
by putting a secondary electron monitor” after the 
vacuum pipe, as shown in Fig. 1. For primary beam 
energies from 300 to 600 Mev, the response of the 
monitor was found to be independent of beam intensity 
and energy by calibrating it against a Faraday cup 
integrator.” The variation in response measured be- 
tween the two energy extremes was (— 1.4+1.0)%. 

The Styrofoam-jacketed liquid hydrogen target used 
is shown in Fig. 2. The inner cup was 2.5-in. wide, 
10.5-in. long, and 6.5-in. high. At equilibrium the loss 
rate was 2.0 liters/hr. The liquid hydrogen used was 
obtained from the Department of Chemistry, Uni- 
versity of California, Berkeley. The deuterium con- 
centration is the same as in distilled water, about one 
part in 6000; there were no other known impurities.” 

Pions were observed in an earlier arrangement, re- 
ferred to as “Setup I,” at 75° with a 30° deflection for 
the pion beam. Channels were constructed, as shown in 
Fig. 1, so that meson production could be studied for 
several pion lab angles. The aperture size used was 

1M. Chodorow et al., Rev. Sci. Instr. 26, 134 (1955). 

“W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 

® The calibration was performed by Professor W.M. Woodward 

1H, R, Fechter and G. W. Tautfest, Rev. Sci. Instr. 26, 229 
(1955). 

#K.L. Brown and G. W 
(1956). 

% 1D. N. Lyon (private communication), 


Tautfest, Rev. Sci. Instr. 27, 696 
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Fic, 2. The Styrofoam-jacketed liquid hydrogen target. 


44 in., and this could be decreased to any desired 
size by insertion of steel shims. Pair production was 
studied in this arrangement, ‘Setup II,” at 60° with a 
45° pion beam deflection. 

The analyzing magnet has poles 18in. long, 6-in. 
wide, with a 3-in. gap. Both the entrance and exit 
angles were set for normal incidence for all runs. The 
mean momentum of the pion channel was determined 
by the floating-wire method. In addition, in Setup II 
an electron-scattering calibration was made. The loca- 
tion of the lithium elastic-scattering peak gave an 
energy calibration relative to the primary electron beam 
energy calibration. The elastic peak gave a value of 
15% for the resolution full width at half-maximum 
(Ap/p) for the pion-analyzing system. In Setup II, 
pions of kinetic energies up to 100 Mev can be deflected. 
Absorbers were placed before the magnet to measure 
pions of higher energies. 

The plastic scintillator in which the mesons stop and 
decay is 10 in. long and 7 in. in diameter. The scintil 
lator is viewed with a 5-in. DuMont 6364 photomulti 
plier tube. The counter response was tested with a radio- 
active source, and the pulse height found to be uniform 
within 5% over its length. This technique would be 
unreliable for detecting end effects which could, for 
example, give rise to an increase in pulse height for 
particles stopping near the axis of the cylinder 

An independent and sensitive check of the energy 
calibration of both the accelerator beam-analyzing 
system and the pion-detecting system was made by 
observing single pion production in hydrogen near 
threshold. The result of this calibration for the 69-Mev 
magnet setting differs by an amount somewhat greater 
than the estimated errors, The discrepancy is equal to 
8% in pion momentum, or 8 Mev 

At the 69-Mev setting, pions are widely distributed 
along the axis of the plastic scintillator. Nonuniformity 
of light collection causing pions which stop nearest the 
phototube to be counted with higher efficiency would 
produce the observed effect. The existence of such a 
condition cannot be excluded by our uniformity meas- 
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urements, and we believe this is the most likely ex- 
planation of the discrepancy. 

We have adjusted the mean pion energy by +4+4 
Mev, the uncertainty of which is small compared to the 
resolution width of +11 Mev. The other settings have 
been similarly adjusted. 


C. Pion Counting 


The linear accelerator beam pulse was reduced to 
0.1-~sec duration. The positrons or electrons from the 
n-p-B decay were detected in delayed coincidence with 
the beam pulse. 

A block diagram of the electronics is shown in Fig. 3. 
The negative signal from the anode of the phototube 
was clipped and amplified with a gain of ~ 1000 and 
rise time of 2% 10~* sec. The pulses were fed into three 
paralleled fast discriminators, whose outputs were 
placed in coincidence with several delayed gating pulses. 
With the gate timings shown in Fig. 3, the ratio of the 
counts in Gate 1 to those in Gate 2 should be 2:1 if 
the signal was entirely due to muon decay. The delayed 
neutron background has a much nga period (> 20 
psec) and is scaled in Gate 3. 

For those cases where high counting rates were 
measured-——the w* yield from hydrogen-—a fast scaler 
was used, as shown in the lower part of Fig. 3. Its re- 
solving time (~30 mysec) made counting-rate correc- 
tions negligible. 

Pions were counted as follows: Positive pions stopped 
in the scintillator and decayed into positive muons. 
These muons had a range of only 1.5 mm and decayed 
into positrons with energies ranging up to 52.7 Mev. 
The signa! produced by the positron was then placed in 
delayed coincidence in the manner indicated. To count 
negative pions, the analyzing magnet current was 
reversed, Those negative pions that stopped in the 
scintillator were captured by the carbon nuclei pro- 
ducing stars, and no delayed pulses resulted. The 
target-to-counter distance is 12 ft in Setup II, so that 
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Fic. 3, Block diagram of the electronics. The upper circuit 
was used for all runs. The faster circuit shown below was used in 
some of the later runs. The gate timings generally used are shown 
below the respective gate generators. 
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a large fraction of the pions dec ayed in flight : 50% for 
34-Mev pions, 38% for 69-Mev pions. Only the 
decays in flight in which the u~ reached the scintillator 
were counted. The x~ counting efficiency was calculated 
to be ~} that of the #* for the 69-Mev setting of the 
spectrometer. The negative efficiency is also reduced by 
~IY, since the observed u~ mean lifetime is less than 
that for the u* due to absorption by the carbon nuclei 
in the scintillator. 

Figure 4 shows the calculated w* energy resolution 
for 69-Mev pions. The ordinate represents the relative 
fraction of pions at a given energy which produce 
positrons in the counter. The small high-energy tail is 
due to the decay-in-flight contribution. The calculated 
width of the resolution agrees with that observed in 
the electron-scattering calibration. 

The x~ resolution arises from decays in flight. The 
calculated spectrum™ for the 69-Mev setting is shown 
in Fig. 5. The calculation can be separated into decays 
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Fic. 4. The relative positive pion resolution for the 69-Mev 
magnet setting. The high-energy tail arises from the decay-in- 
flight contribution. 


before the magnet, and decays after the magnet: 
(1) Decay muons at a given lab angle come off with 
two energiés corresponding to decay in the forward 
and backward directions in the pion’s rest frame. Thus 
high-energy pions can produce muons of low enough 
energy to be deflected by the magnet into the counter. 
(2) The counting efficiency is greatest in the region 
directly in front of the counter. The pion resolution from 
decays after the magnet will thus be proportional to the 
direct part of the w* resolution. 

It can be seen from Figs. 4 and 5 that the largest 
part of the resolution arising from decays in flight is 
centered about the same mean energy and has the 
same width as the direct x* spectrum. As far as the 
observed yields are concerned, the effect of the second 
peak is almost negligible for positives, while for nega- 
tives corrections can be applied if the pion spectrum 
from the target is known. 


4 Similar calculations were performed by Professor R. L. 
Walker, California Institute of Technology. 
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D. Determination of Efficiency 

The relative x~/n* counting efficiency 4~/n* can be 
calculated to within ~+5°%. This efficiency has been 
measured by observing the #~/x* ratio from a carbon 
target and comparing the results with other measure- 
ments.*:!.25.26 The measured carbon w~/x* ratios are 
consistent with a constant value for the ratio inde- 
pendent of pion energy, angle, and the upper limit of 
the bremsstrahlung. This is plausible since carbon 
contains an equal number of neutrons and protons and 
the calculated production thresholds are within 3 Mev. 
For the angles and energies concerned here the x~/m*t 
ratio in deuterium is nearly constant.” We adopt a 
constant value of 1.174-0.05 for the carbon 9~/m* 
ratio, independent of pion energy. 

From our measured carbon ratios we can obtain 
values for 7~/n* at the desired mean pion energies by 


TABLE I. Hydrogen x~/x* ratios measured in Setup I (75° lab 
angle). See text for a discussion of the upper and lower limits, 


Measured ratios 
Lower limit (% 


Rinas 


Run (Mev) Upper limit (%) 


1 285 75 +1.3 +1.2 1.9 +2.5 

+58 +3.4 
-1,5440.84 
1.18+-2.00 


520 120 
520 75 
520 45 


+0.25+1,3 


0.10+0.15 
0.284-0.16 


475 75 
475 45 


+2.45+0.12 
+4,60+0.56 


+2.06+-0.48 


555 75 + 
+ +0.364-0.71 


54+0.45 
555 45 5 


3. 
5.5 +19 
565 125 42+0.38 


1 1.66+0.35 
565 75 +-3.464+0.35 


+-0.3840.45 


correcting for the effects of the second peak on the 


observed yields. To determine this correction, the 


calculated resolution curves were folded into carbon 
pion spectra measured for 300- and 500-Mev brems- 
strahlung.** Using the adopted value for the carbon 
ratio, the calculated ratios obtained agree to within 
5% with those observed over the range of pion and 


bremsstrahlung energies. 


/ 


The carbon w~/n* ratio was measured during each 


hydrogen run and used in reducing that specific run 


*% Peterson, Gilbert, and White, Phys. Rev. 81, 1003 (1951); 
Camac, Corson, Littauer, Shapiro, Silverman, Wilson, and 
Woodward, Phys. Rev. 82, 745 (1951); Feld, Frisch, Lebow, 
Osborne, and Clark, Phys. Rev. 85, 680 (1952); Palfrey, Luckey, 
and Wilson, Phys. Rev. 91, 468 (1953); J. Carothers, Phys. Rev. 
92, 538 (1953); D. Luckey, Phys. Rev. 97, 469 (1955). 

%* The details of our measurements will be given in reference 15. 

27 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 

**K. M. Crowe and R. M. Friedman (to be published). 
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Fic. 5, Negative pion resolution arising from decays in flight 
at the 69-Mev magnet setting. The ordinate scale can be com 
pared with that in Fig. 4 


Ill. RESULTS 
A. Hydrogen Ratios in Setup I 


The hydrogen wr~/rt ratios obtained in Setup | 
(75° lab angle) are listed in Table I.” The hydrogen 
data designated ‘measured ratios’’ represent the ob 
served hydrogen ratios divided by the observed carbon 
ratios. 

To obtain the upper limit, we took the difference of 
the delayed signals with liquid and gaseous hydrogen 
in the target and with the analyzing magnet set to 
count negatives. This should eliminate charged and 
neutral delayed backgrounds originating in the target 
walls, shielding, etc. However, any neutral background 
coming from the liquid hydrogen itself would still be 
included in this difference. 

The lower limit is the difference in liquid hydrogen 
signals with the analyzing magnet field negative and 
with the field off. It can be seen from Table I that most 
of the lower limits so obtained gave either negative or 
null results. This situation was unsatisfactory in estab- 
lishing the existence of a w™ signal. It was found that 
these magnet-off counts were mainly due to positive 
pions which scattered through the 30° deflection angle 
from parts of the magnet. These positive pions were 
probably deflected out and prevented from reaching 
the counter when the magnet field was set for counting 
negatives. In retrospect, it appears that the upper 
limits in Table I are valid measurements of the effect 

Increasing the deflection of the analyzed pion beam 
from 30° to 45° reduced the magnet-off background by 
a factor of the order of ten. All succeeding data were 
taken in Setup II with this larger deflection. 


B. Hydrogen Ratios in Setup II 
The hydrogen ratios obtained in Setup IT (60° lab 
angle) are listed in Table II. To obtain the corrected 


* Some of these results were reported by W. K. H. Panofsky, 
Proceedings of the Pifth Annual Rochester Conference (Interscience 
Publishers, Inc., New York, 1955), pp. 50-51. 
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Tasie II, Pair cross sections from yield of negative mesons in 
Setup I (60° lab angle). Results for Runs 6-11(a) are based on 
difference in negative signals with liquid and gaseous hydrogen in 
the target and thus represent upper limits. Neutral hydrogen 
background measured during Run 11 has been subtracted, giving 
the results shown as 11(b) which are lower limits 


Corrected (ross section 
ratio (10°-* em? 
Y, sterad-Mev-O 


6.3414 4.7411 


Measured 


ratio 


4.9410 


3,340.3 5440.7 4.5+0.6 
5.4+0.7 


0.6+0.3 


4.5+0.6 
0.5+0.3 


3.34-0.3 
0.540.2 
4840.8 8.0+1.4 6.741.2 
1.2+0,2 
1.2+0.2 
3840.4 
7140.8 
69+ 1.0 
9.9414 


1.44-0.2 
1.4+4-0.2 
4.5+0.5 
9541.1 


1,040.2 
1.0+0.2 
2.9+0.2 
6.0+0,5 
7,240.6 
12.5409 


0.9+0.3 
1.340.3 
3.9+0.5 
6.0+0.7 
0.9+0.9 
10.04-1.3 


O8+40,2 
1.04-0.2 
2.8+40.3 
44+0.3 
0,640.6 
93405 
12.442.0 
0.240.3 
0.540.7 
2.340.3 
3.94-0,3 
0.340.7 
8.7+0.6 
9442.2 


ratios, the measured ratios were multiplied by: (1) The 
adopted value for the carbon ratio, 1.1740.05. (2) The 
correction (1+-R) for the increase in wt yield due to 
pairs based on measurements discussed in Sec, IVC. 
For the 76-Mev pion ratios, this correction varied from 
1.08+0.03 to 1.174-0.03 for 500- and 600-Mev brems- 
strahlung. To obtain the correction at the other mean 
pion energies measured, the 76-Mev results were scaled 
according to the theoretical calculations of Cutkosky 
and Zachariasen” discussed in Sec. IV. The correction 
decreases as the pion energy decreases: for 19-Mev 
pions and 600-Mev bremsstrahlung, a factor of 1.04 
+0.03 was applied. (3) The correction to the observed 
hydrogen ratios arising from the high-energy tail on 
the resolution functions (see Secs. ITC and IID). This 
depends principally on the carbon and hydrogen r 
spectra. However, since the hydrogen spectrum cuts 
off at intermediate pion energies (Fig. 9), the correction 
is primarily due to the carbon except at the lowest pion 
energy. The calculated correction factor varies from 
1.20+0.04 for 76-Mev pions to 1.14+0.06 for 19-Mev 
pions 

The absolute values for the pair cross section were 


"R.E Zachariasen, Phys. Rev. 103, 1108 


(1956). 
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obtained as indicated in Eqs. (6) and (8), using the 
average m* cross sections reported by Walker et al.'® 
and Tollestrup ef al.’ Our measurements indicate a 
small (<10%,) contribution due to pairs in the results 
of Walker et al.'* who used “the magnet method” with 
500-Mev bremsstrahlung; Tollestrup ef al.!” obtained 
their results with the “‘counter-telescope method.” The 
two sets of results disagree internally, probably in excess 
of the pair contributions. The magnet data were cor- 
rected for this effect by subtracting the negative signal. 
Since the energy spectra of pion pair fragments are 
not equivalent, this procedure was only partly ade- 
quate. The counter-telescope results disregarded pairs 
entirely. However, these comments apply only to the 
low-energy pion results, and these are not heavily 
weighted in arriving at the average single + cross sec- 
tions used here. At higher pion energies, the pair 
contribution is certainly small in comparison with 
the errors.” 

For all except Run 11 in Table II, no neutral back- 
ground from the liquid hydrogen was established within 
the statistics; the results are based on the difference in 
liquid-gas negative signals and represent upper limits. 
For Run 11, sufficient statistics were obtained to show 
a small neutral background from the liquid; this back- 
ground has been subtracted to give the lower limits 
shown as 11(b). Since the two limits overlap in all cases, 
the exact nature of the background is of only secondary 
interest. There were insufficient data taken on this 
background to allow a meaningful estimate of the 
decay period, Part of the background could still be due 
to w* scattering, for example, as discussed in Sec. ITIA. 


C. Increase in x* Yield 


The excitation of 75+10 Mev positive pions from 
hydrogen in Setup I is shown in Fig. 6. A curve has 
been drawn through the experimental points to indicate 
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Fic. 6, Excitation function for 75410 Mev positive pions 
from liquid hydrogen in Setup I. The curve shown has been drawn 
through the experimental points to emphasize the positive slope 
at high bremsstrahlung energies indicating pair production. 


* We wish to thank Dr. Bacher, Dr. Peterson, Dr. Sands, and 
Dr. Tollestrup for clarifying these points. 
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the large slope at the high-energy end. We believe that 
most of this increase is attributable to pair production, 
since varying the upper limit of the bremsstrahlung 
spectrum beyond 400 Mev produces only a small 
change in the photon distribution in the energy range 
giving rise to single r* production. 

This effect was studied in more detail in Setup IT in 
order to obtain values for R. Two excitation measure- 
ments for 76-Mev positive pions from hydrogen were 
made, one using liquid hydrogen and the other a 
CH,—C subtraction, with the electron beam deflected 
out ; the results are shown in Fig. 7. The results of these 
measurements and of several other runs give values for 
R listed in Table II], based on the increase in r* yield 
as the bremsstrahlung is varied from 400 Mev (the 
kinematical] threshold is 410 Mev). Calculated correc- 
tions for the variation in intensity of bremsstrahlung 
involved in single r* production have been applied. 
Using curves for copper obtained from the Bethe- 
Heitler formula,” the fractional change in the number 
of photons was calculated to be 4.0, 6.2, 7.3, and 8.5%, 
as the upper limit of the bremsstrahlung was varied 
from 400 to 500, 550, 575, and 600 Mev, respectively. 
Absolute values for the pair cross section were obtained 
using Eq. (8). 

Table LII includes several runs made with different 
radiator thicknesses and with the electrons in and out 
in order to check on multiple scattering of the electrons 
affecting the size of the photon beam, as well as the 
effect of direct electron production of pions.” For these 
runs, thick radiators were used so that the electrons 
contributed at most 10% to the observed yield, Panof- 
sky estimates that the electron effect would contribute 


+ LIQUID HYDROGEN 


YIELD (ARBITRARY UNITS) 


$ CH,-C (NORMALIZED AT 
350 MEV) 


thf sea —we sus a0g 1th -shs—ah to 
PRIMARY ENERGY IN MEV 


| 


; ‘ ; + , 








Fic, 7, Excitation function for 7644 Mev positive pions from 
hydrogen in Setup II. The large slope in the experimental curve at 
high bremsstrahlung energies is due principally to pair production 


*H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, pp. 259 ff. 

* Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1392 
(1956); G. B. Yodh and W. K. H. Panofsky, Phys. Rev. 105, 731 
(1957). 

“W. K. H. 


reference 33. 


Panofsky (private communication); see also 
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TasBLe III. Pair-production cross sections from increase in 
yield of 764 Mev positive pions in Setup II (60° lab angle). 
The column Xr is the total number of radiation lengths in the 
path of the electron beam and includes in addition to the radiator, 
air, aluminum windows, and monitor foils; if the electrons were 
not deflected out, the Styrofoam and liquid hydrogen contribu 
tions are also added in plus the “equivalent radiation length” for 
electrons, ~0.020 radiation length. RX is the ratio of the cross sec 
tions for positive pions from pair and single production. The 
errors shown for the runs are counting statistics only (standard 
deviations) ; the errors of the Summary are computed by external 
consistency. 


Xr 
radiation Elec kimas RK 


Radiator lengths) trons Mev 


igh 575 0.7 3.5 
( i 7 
0.020-in. Ta 0.177 500 7.14.8 
000 
550 
500 


19.643.4 
19.4424 
4942.0 


0.021-in. W 0.209 


20.040,9 
14.740.9 
11.4409 


0.010-in, Ta| 600 
plus 0.090 550 
0.010-in, Cul 500 


600 


0.024 500 


0.010-in, Cu 


600 


0,021-in, W 500 


0.212 


0.010-in, Cu 0.028 out O00 


Summary 
kK ( rows section 
. (10°" om*/sterad.-Mev-Q 


a Variation in the single pion yield from 400 to 600 Mev 
of only 1-2%, 

The contribution to the increased yield of single 
positive pions due to the decay-in-flight tail of the 
resolution function can be calculated and is negligible 
Data shown in Fig. 6 made with Setup I (30° deflection) 
should be ten times more sensitive to the scattering of 
pions in the magnet than results in Fig. 7 made with 
Setup II (45° deflection), The increase in pions is, if 
anything, slightly smaller, giving a cross section of 
3.34 1.0 compared to 8,34 1.0K 10°” cm*/sterad-Mev-O 
for 500-Mev bremsstrahlung. If there is a high-energy 
tail to the w* resolution due to w* scattering, it can be 
safely ignored in the Setup-II data 

In summary, the results given in Table LIT should be 
considered an upper limit to the cross section for posi 
tive pion production from pairs, and we believe that 
we have corrected accurately for all the important 
confusable effects. Unfortunately, from our measure 
ments alone, we cannot eliminate entirely the possible 
spurious effect due to multiple scattering of the pri 
mary beam or a small but long resolution tail resulting 
from pion scattering off the magnet. Estimates of these 
effects, that they are probably 


however, indicate 
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Fic. 8, Pion-pair excitation function based on the yield of 
7644 Mey negative pions in Setup II (60° lab angle). The data 
shown were obtained from Table II using the results of Runs 
6-11 (a) which are interpreted as upper limits. The graph indicates 
a neutral background from the hydrogen of the order of 1.04+0.2 
in plotted units which should be subtracted. The theoretical curve 
has been drawn in accordingly 


negligible for the 500-Mev point and certainly so for 
the higher-energy points 


IV. DISCUSSION 


Figure 8 shows the measured excitation function for 
76-Mev negative pions at 60° in the lab using the 
from Table II Run 11(a) 
been plotted with these for the other runs so that no 


data The results of have 
subtraction for neutral hydrogen background is in 
cluded in the The thus 
interpreted as upper limits on the pair cross section 
Note that the small values for the cross section ob- 
tained at (400 Mev) 
null results if a subtraction of 1,040.2 in the plotted 
units were applied. The neutral hydrogen background 
measured in Run 11 was 0.74-0.3 units, and is clearly 
consistent with the value estimated from the graph 
lo compare with the data, the theoretical curves dis- 


data shown numbers are 


threshold would be reduced to 


cussed below have accordingly been drawn starting 
from this background level 

The negative energy spectra from hydrogen for 595 
and 575-Mev bremsstrahlung are compared with the 
theoretical curve for 600-Mev bremsstrahlung in Fig. 9. 
Here the neutral hydrogen background has been sub- 
tracted out. A peaking of the pair cross section at low 
x energies is shown by these results. Within the sta- 
tistics, the high-energy w~ cross section is observed to 
be very small compared to the value at the peak 

The results can be compared to calculations of 
Cutkosky and Zachariasen® who have applied the 
static cut-off theory of Chew and Low® to photo- 
production of a pair of pions, They assume that 
bombarding energies are low enough so that one of the 
pions is produced in an S state and the other in a P 
state. They obtain expressions for the process in terms 
of the P-wave scattering phase shifts, assuming the 


* G. F. Chew and F. Low, Phys. Rev. 101, 1570, 1579 (1956). 


AND &. &. 


CROWE 


S-wave pion-nucleon interaction and the meson-meson 
interaction can be neglected. The cross section for 
producing both in § states has been calculated by 
Bincer®* to be very small compared with these results. 
The processes in which both pions are in P states are 
presumably not yet important at these photon energies. 

Cutkosky and Zachariasen consider the three possible 
reactions: y+poptat+me ; yt+popta'+at; and 
y+ pop+ar +n. In each case the first pion is in the 
P state, the second in the S state. For low energies the 
partial cross sections for these processes will be in the 
ratio 9; 2:1, in complete analogy to the pion scattering 
theory. They have calculated cross sections in a 
center-of-mass system in which recoil has been neg- 
lected. These cross sections were then folded into a 1/k 
bremsstrahlung spectrum and the resulting quantity 
compared with our preliminary data.’*’ The maximum 
energy of the bremsstrahlung was then related to the 
laboratory bremsstrahlung by making the usual c.m. 
transformation. Unfortunately, this cross section must 
be transformed into the laboratory cross section before 
a comparison can be made with our data. Although no 
theory treats the recoil adequately, we can approximate 
the purely kinematic transformation effects, which are 
themselves not at all negligible. 

We have recalculated the theoretical curves shown 
in Figs. 8, 9, and 10 by transforming the Cutkowsky- 
Zachariasen cross sections back into the laboratory 
frame using the c.m. transformation and integrating 
over the 1/k photon spectrum. It should be emphasized 
that in the Cutkosky-Zachariasen calculations” the 
proton has been treated as being infinitely heavy and 
its recoil neglected. This neglect makes the reaction 
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Fic. 9. The spectrum of negative pions from hydrogen in 
Setup II (60° lab angle). The results of Runs 10 and 11(b) from 
Table II have been plotted. In the former case, the neutral 
hydrogen background has been subtracted out using the value 
indicated in Fig. 8. The curves at the bottom of the graph indicate 
the width of the energy acceptance spectrum for the spectrometer 
setting. 


% A. M. Bincer, Massachusetts Institute of Technology doc- 
toral dissertation (unpublished); see also A. Petermann, Phys 
Rev. 103, 1053 (1956). 

" See Fig. 2, reference 30. 
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Fic. 10, Pion-pair excitation function based on the yield of 
76+4 Mev positive pions in Setup IT (60° lab angle). The average 
values from Table III are plotted. The standard deviations shown 
are calculated by external consistency. The theoretical curve 
includes the contribution from (#*+-2°) pairs. 


threshold used in their calculations higher than that 
obtained from a proper kinematical treatment including 
the proton recoil. 

Figure 10 shows the excitation function for 76-Mey 
positive pions from pairs at 60° in the lab from the 
data of Table ILI. The cross section for 76-Mev positive 
pions from pair production is approximately three 
times as large as that for negative pions of the same 
energy. The pair rt energy spectrum has not been 
measured since for low energies the pair cross section 
decreases relative to the single-production cross section, 
making detection by the subtraction technique much 
more difficult. 

A shift of the theoretical excitation curves of the 
order of 50 Mev toward lower bremsstrahlung energies 
would bring the theory into agreement with the data. 
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his is an indication of the possible effect on the theory 
of neglecting recoil and is not surprising. The theory 
also ignores any pion-pion interaction which might also 
affect the absolute scale for the curves. Unfortunately, 
the approximate nature of the theory combined with 
our limited accuracy precludes any experimental conclu 
sions concerning the importance of such an interaction 

In conclusion, the results agree with the theory of 
Cutkosky and Zachariasen in regard to (1) the slow 
initial rise in the excitation function, indicating that at 
least one pion is emitted in a P state; (2) the general 
shape of the wr” energy spectrum; and (3) the favored 
emission ol positive pions al high energies This sug 
gests that there is a strong resonance between the 


in a P state and the nucleon. 
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The higher order radiative corrections are examinec 


in the infrared region, and Schwinger’s conjecture 


regarding the functional dependence of these corrections on the energy resolution is proved 


high-energy electron scattering experi 


ECEN' 


! have been carried out under conditions 


ments 
for which the radiative corrections are quite large in 
magnitude, although their effect on the relative angular 
distribution is not too important. Schwinger’s* original 
calculation of the radiative correct to 
lowest order in both the fine-structure constant and the 


corrections, 


external potential, resulted in a fractional correction to 
the elastic cross section Tol computed without regard 
for radiation 


6 7/0 (1) 


, 


0(6,E, AL) 


vhere, in the high-energy limit, 6 is given by 


hor 2E sind/2 Dp 
nf ) In ; (2) 
w m Ak 


The various quantities occurring in Eq. (2) have their 
usual meanings; in particular, MZ is the upper limit of 
the energy that can be radiated by the electron if it is 
to be recorded by the detection system. The occurrence 
of AE in 6 is a consequence of the well-known infrared 
divergence associated with the bremsstrahlung and the 
fact that real and virtual photon processes must be 
considered together 

The restriction of the validity of Eq. (1) to the 
lowest order of the 
by Suura,® and explicit calculations by Newton* and 


scattering potential was removed 


Chrétien® confirmed Eq. (1) for the special case of 


the second Born 
Coulomb potential, Schwinger noted that if the energy 
were improved (Le., AH 
(1) would 


approximation to scattering in a 


resolution of the detector 


decreased), 6 would become large and Kq 


lose validity. He pointed out that under these condi 


tions higher order radiative corrections would become 


important . and on the basis of Blox h Nordsieck® Lype 


* Supported in part by the Air Force Othee of Scientifn 


Research 

t On leave from Hiroshima University, Hiroshima, Japan. The 
work was completed during the summer of 1956 while this author 
was a visitor at Stanford University 

! Experimental and theoretical results on high-energy electron 
scattering are summarized in R. Hofstadter, Revs. Modern Phys 
28, 214 (1956 

* J. Schwinger, Phys. Rev 76, 790 (1949 

'H. Suura, Phys. Rev. 99, 1020 (1955 

‘R. G. Newton, Phys. Rev. 97, 1162 

*M. Chrétien, Phys. Rev. 98, 1515 

*F, Bloch and A. Nordsieck, Phys. Rev 


1955 
1955 


- 98, 1514 


52. 54 (1937 


arguments, he conjectured that the proper form for 
Eq. (1) 


would be obtained by the substitution 
1-6. (3) 


In this note we shall re-examine the question of the 
infrared divergence and show that Schwinger’s con 
jecture is asymptotically true for small AE (AEE). 

Starting with Bloch and Nordsieck,® the infrared 
divergence problem has been considered by many 
authors. For references and discussion of earlier litera 
ture, we refer the reader to Jauch and Rohrlich,’ who 
have recently given a comprehensive quantum-electro- 
dynamical treatment of soft-quantum processes. In 
this paper we shall examine in somewhat more detail 
how the statistical independence of the soft quanta 
arises. The complicated overlapping of the real and 
virtual soft quanta will be disentangled by symmetriz 
ing over the order of their emission and absorption. 
rhe importance of this symmetrization procedure for 
emission of real photons was pointed out by Gupta® in 
a discussion of multiple bremsstrahlung. These detailed 
considerations will be presented later in two lemmas, 
and the main features of the proof of Schwinger’s con 
jecture (assuming the statistical independence of the 
soft photons) will be given first 

For a given electron energy £ and scattering angle 6, 
we seek the asymptotic dependence of the cross section 
a(0,£,AE) on AEF in the limit ARE. As a device for 
handling the infrared divergence, we introduce a mini 
mum photon momentum A,,.’ As shown in Lemma I, a 
Poisson distribution is obtained for the emitted photons 


and the desired cross section is given by” 


Zki=Ak 
. (aA)" dk, dk dk, 
wean... oe. 
Km nd nn! . ky hk» ky 
Kum 


o'(0,E,Km), (4) 


} Jauch and F. Rohrlich, Helv. Phys. Acta 27, 613 (1954); 
Theory of Photons and Electrons (Addison-Wesley Press, Cam- 
bridge, 1955), pp. 390-405 

*S. N. Gupta, Phys. Rev. 98, 1507 (1955); 99, 1015 (1955) 

* This is the usual quantum electrodynamics with photon opera 
tors for momentum & less than K,, omitted from the theory. This 
procedure is not invariant, but for the present purpose it is 
simpler than introducing a photon mass 

” We use units in which h=c@=1 
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where o’(6,E,K,,) is the renormalized cross section for 


scattering without emission of real photons, and where 


Pn Pn 
pk pk 


Equation (4) expresses the usual 1/k dependence for 
the emission of soft photons, and the factors A are the 
result of the integration over the angles of the emitted 
photons. According to the definition of ¢(6,2,A), the 
total energy of all the emitted photons must be less 
than AE." 

If the photon energies occurring in Eq. (4) could 
individually range between A,, and AF, a very simple 
result would be obtained since the series would reduce 
to exponential form. The actual limits of integration 
can be handled easily by a method used previously by 
Jauch and Rohrlich’ in which the upper limit of in 
tegration is expressed by means of an integral 


1 pe” expliA(1—ks/AF) | 
f dr 
21 A\—1e 


-& 


(! if > ki <AE 


(6) 
lo if Sk> AL, 


where ¢ is a small positive number. When one uses this 
integral representation, the series can easily be summed 
to give 


a (0, EAR) 


<o'(0,E,Km). (7) 


The asymptoti value of the 
brackets (for K,,<<AE) 
a(0,E. AE) takes the form 
a(O,BK, AK) 


Ak 
F (aA) lim exp( as In )o" OEKm), (8) 
Km { 


m 


l p@ dh 1 da 
| e' exp aA f (e° 1) 
dri A—1e 0 4 


s ) 


expression mM square 


can now be extracted and 


where 


(aA) 


pyr (aA )*-+ 


It is. shown in Lemma II that, in the limit of small 
K,», 0’ satisfies the differential equation 


Od OK» (aA 


K,,)o" 10 


lhe limit in Eq. (8) therefore exists, and we can infer 


that 
JOE AE ea Indt 11 


i The series in Eq, (4 
(nKm < AF While this would seem to introduce difficulties, it 
actually causes no trouble as A,, 
“converges” before the last term 
from the fact that the last term is less than 
N is the largest integer less than (AE/K,,). 


terminates after a finite number of terms 


becomes small since the series 


is reached rhis may be seen 


aA InN)*/N! 


whe re 
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Because of the nature of Lemma II, the dependen e ol 
the constant of proportionality on £ and @ cannot be 
determined by this type of analysis; only the fun 

tional dependence on AE£ is fixed. However, it is con 
venient to express the cross section in terms of the 
elastic scattering cross section and an unknown integra 

tion constant (0 


JOE, AE (12) 
Some of the higher order radiative corrections appear 
explicitly in the a of Eq. (12); other radiative corre 
tions, such as /(a@A), are contained implicitly in £(@ 

If we ignore the higher-order radiative corrections 
contained in £(0), we can expand Eq. (12) to the first 
order in wand compare the result with previous calcula 
tions; this will fix #(@) to zeroth order in a. Comparing 
with Schwinger’s result, Eqs. (1) and (2), which treated 
the external potential to lowest order, we find 


InAé(@<Ink. (13 


this. In 
case the external potential is too strong for the Born 


Schwinger’s conjecture follows directly from 
approximation to be valid, (0 might be expected lo 
depend on the potential. However, the radiative cor 
rections are associated primarily with the soft photons 
which are emitted and absorbed far from the scattering 
center and /(@) is in the nature of an upper limit to 
the energy of the virtual photons which make an im 
portant contribution, Since the final result is insensitive 
to the precise value of (0), we expect that even when 
the Born approximation is not valid, a good approxima 


tion to (8) is given by 


KOE, (14) 


Phis assumption is strengthened by the explicit calcu 
lation of references 3, 4, and 5 
part of the proof 

We shall show that 


for the emission of m soft photons of momenta k,, ky 


This « ompletes the main 


Lemma I the matrix element 


k, and polarizations ¢1,¢@ 6, 8 
totically (Sk i< Kk) by 


given asymp 


M,.(p',p; ky,ko,°° kn) 


ce Ci Pp i p’ 
in ( yj oe: CS 
li (2k) SINR p ke pF) 


where M(p',p; Ky) is the 
tron to scatter from 4 state of momentum p to one of 
momentum t’, including all the virtual processes. The 
that all the real 
photons are dynamically independent of each other and 


matrix element for an elec 


remarkable fact about Iq. (15) is 


Poisson dis 
(4) and 
(5) follow directly upon squaring the matrix element 


of the virtual photons. This leads to a 


tribution for the emitted photons, and Kas. 
and averaging over the polarizations. Equation (15) 
vas derived for the case of one-photon emission by 
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ric. 1, Diagrams representing the emission of n real photons 
obtained by inserting the nth photon (momentum &, and polariza 
tion ¢,) before (a) and after (b) the first vertex of the diagram for 
(n—1) photon emission. The photon (momentum / and polariza 
tion A) can be either real or virtual. M,_, represents the remaining 


part of the diagram for (n—1) photon emission after its second 


vertex 


Newton” and Jauch and Rohrlich,’ who showed that 
the infrared divergence arose from the emission of the 
photon from an external electron line. Neglecting vir 
tual photons, Gupta*® derived the expression for an 
arbitrary number of photons. The essential step in 
deriving Eq. (15) is the symmetrization of the order of 
emission of all the real and virtual soft photons, as 
was done by Gupta for the real photons, the infrared 
divergence arising from those emissions which are ex 
ternal to the main scattering process 

Because of the difficulties associated with the over 
lapping of the emission of real and virtual photons, we 
shall examine the derivation of Eq. (15) in some detail 
Phe proof will be by induction on . In the various 
diagrams contributing to M,, we assign momenta so 
that the initial electron momentum p appears in every 
electron line before the first potential scattering, and the 
final momentum p’ in every electron line after the last 
We a particular 
diagram contributing to M,,, say M,,_,, and insert the 


potential scattering first consider 
emission operator for the mth photon in all possible 
Ways 
(ky.@n) before the 


may be written 


Ihe matrix element for the emission of a photon 


first vertex y, of M,,, (see Fig. 1) 


1 


k,) 
p—l-k, 


1 


Ya (16) 
p k,.—im 


x é Gi, 


where M,,_,“ represents the part of M,,., after the 
second vertex, / is the momentum of either a real or 


virtual photon, p= >> ,p,y,, and G;, is either (1/P) or 
[e/(21)*}. Rationalizing the last denominator and put 


"R. G. Newton, Phys. Rev. 94, 1773 (1954). 


AND H. 


SUURA 


ting k,,=0 in the first denominator, we obtain 


e¢ _ 1 en’ p 
M,. 1 (p’, p—ka) nf " Jo (17) 
(2k,)$ p—l—im kn p 


The difference between Eqs. (16) and (17) is 


e 1 
M,. a) ( ? - Ry) 
ro aaa is 


1 en'p 
KR, n( Jon (18) 
- p- l—im kap 


We have omitted a term k,@, from the last numerator 
in both (17) and (18) since it would give a contribution 
of order AE to the cross section. Expression (17) with 
k,, set equal to 0 in M,.,™ together with a similar 
expression obtained by considering the emission of the 
nth photon after the last vertex of M,, would give 
the desired result [Eq. (22) below]. However, even 
though expression (18) would not lead to an infrared 
divergence for the mth photon, it cannot be neglected 
because the infrared divergence associated with the 
photon of momentum / has been increased (it would in 
fact lead to a 1/K,, rather than a log K,, term in the 
cross section). We compare (18) with the matrix ele- 
ment for the emission just after the first vertex (Fig. 1): 


| 
M1 (p', p—Rn) 
i p-l k,,—im 


G1. (19) 


im 


Xen 


Now, moving k., to the left of (p l—k,,—im)™ in 


expression (18), we obtain 


1 
{—R,[ p—l—im]+2k,:p 
k,)*+-m’? 


2kal}. 
(p—l 
The first term in the numerator cancels the second 
denominator of (18), so that it does not lead to a higher 
infrared divergence with respect to an / integration. 
The last term of the numerator is proportional to /; 
hence it cancels the low-momentum singularity of the 
denominator (p—l—im). Thus as the singular term of 
(18), we have 
e 2en' pf 
M1 (p’, p—kn) ba 


(2k,)! (p—l—k,)?+m’ 


1 


x (20) 
p—l—im 


VG 


In the same way, moving @, to the left in Eq. (19), we 
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obtain the singular term 


é = 2en'p 
M1" (p’, p—Ra) 
(2k,)! (p—l—k,)? +m? 


1 
yo yaGi 


p—l—im 


(The term in k,@, is actually not singular.) Hence 
expressions (20) and (21) cancel each other completely. 

Next we compare (17) with the matrix element for 
the emission after the second vertex. By the same argu 
ment as before, the singular terms of both matrix 


(21) 


elements cancel. We proceed in this manner until we 
reach the first potential scattering. Assuming that the 
momentum transfers delivered by the external potential 
0 in the 
part of the matrix element after the first potential with 


are large in comparison to k,, we may set k, 


out introducing any further singularities. The special 
case of the Coulomb field may be treated by the methods 


“*) 
ka p 


as the infrared divergent contribution. In a similar way, 


of reference 3. The result is 


— 
M,, (ro 


(2k,)? 


if we start from the last electron line, we obtain 


- én pf’ 
M, r'.#)( ) 
4 kp’ 


Combining these and summing over all possible dia 


(2kn) 


grams M,,_, contributing to M,;, the final result is 


k,,) ( 
(2k,,)* ka p ky? 


KM n-1(p',p; ky 


M,(p’,p; ky ,Ro,: 


(22) 


which leads immediately to Eq. (15) 

Lemma IIWe that 0(0,E,AE) is 
actually independent of K,,. The result is obvious from 
the work of Bloch and Nordsieck,® but we prefer to 


have to show 


give a more modern treatment. From Eq. (8), we see 
that o’ must have as a factor exp(aA logK,,) ; any other 
dependence on K,, must approach a finite limit as 
K,,-»0. The lemma to be proved may therefore be 


conveniently expressed as 


00’ /0K m= (aA/Km)o’ 


(23a 


’ 


OM’'/OK,,= (aA 2K,,)M’ 


We use the same type of proof as in Lemma I. The 


matrix element for elastic scattering with radiative 
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Fic. 2 
when one of the virtual photons has its magnitude of momentum 
fixed equal to | 
mentum is fixed 


rhree classes of diagrams contributing to 6, Eq. (25 
rhe single-photon line is the one whose mo 


Shaded area represents the remaining part of 


the elastic scattering diagrams 


corrections may be written 


= 2 
y | E ful Agim (0; qiga Yn), (24) 
n= nm! Py 


Km 


M'(0,E,Km) 


where m(6; q;) is a symmetric function of the virtual 
photon momenta 4), g2, ** gn. Differentiating Eq. (24 


with respect to A,,, we find terms of the form 


fen m(O; 1 Jn—1yK )5 K Ky) 


Kw 'b_14 by 


(25) 
where the b’s are functions of q, Yn-1; # equal terms 
occur in the derivative so that the factorial in Kg (24 
1)! the 


same type of analysis as in The result is 


becomes (" In order to obtain b 1, we use 


Lemma I 
effectively that the photon of momentum K terminates 
on the external electron lines and K is set equal to zero 
, and 2(c) 


inside the basic diagram as in Figs. 2(a), 2(b 


The diagrams (b) and (c) arise from the differentiation 
with respect to K,, of self-energy parts on the external 


electron lines, The result for b_, is 


b l K(aA mB; qi Qn-t (26) 


The 


show 5 


symmetrization procedure discussed in Lemma I 
that the later integration over the q’s will lead 
the b’s of 


should dominate as 


to no worse divergence than (InK,,)"' in 
Kq (25). The first term of hq (25 
K,,-»0 unless 


leads to a more singular behavior 


the sum of the remaining terms over n 
If the latter possi 
urred, it would seem to indicate a fundamental 
the K,,-0 
Ignoring this possibility, Eq. (23b) is 


bility Oct 


difficulty with the theory since limit as 


would not exist 
obtained 


We have so far considered only the infrared diver 
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gence. However, because of Ward’s identity, there is 
not actually any ultraviolet divergence except that 
which is associated with the mass renormalization and 
the charge renormalization due to self-energy insertions 
into the photon lines. Since these renormalizations are 
Iree of infrared divergencies, our 


argument 1s not 


alles ted by the in 
DISCUSSION 


Hesicle 


veryvence, 


showing the cancellation of the infrared di 
Jauch and Rohrlich’ considered the 
correction factor for electron scattering. In the latter 


also 


the electron as a 
The effects of 
produced by 


considerations they treated 


given 
the real 


a distribution 


Classical current distribution 


and virtual photon such 


cancel automatically 


in the infrared region, but the 
virtual photons must be cut off arbitrarily in the ultra 
violet This leads to 


region a correction factor of the 


form 
(aA)" 6x 
In (27) 
n! Al 


If the cut-off parameters ¢, are all set equal to E(@), 
the (12 In their 
hook, Jauch and Rohrlich seem to make the mistake 


same result as our Kq is obtained 


AND H. SUURA 


AE, thus obtaining b(AZ) 
this is clearly incorrect. 


of setting €, 1 for AE#0; 

It is obvious that the derivation given here could be 
applied to inelastic electron scattering without any 
difficulty; A would be changed slightly because the 
final electron energy would differ from the initial. Of 
course, if the nuclear system is excited to a continuum 
(e.g., electron production of pions), the extra complica- 
tion of folding in the distribution functions for the two 
mechanisms of energy loss would be involved. Finally, 
as long as EAE, our results are not restricted to high- 
energy @ectron scattering. We had in mind _ high- 
energy scattering because the corrections are largest 
there and offer the best chance of an experimental test." 
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‘3 Note added in proof 
corrections to high-energy electron scattering from hydrogen 
[R. W. McAllister, Phys. Rev. 104, 1494 (1956) and G. W. 
Tautfest and W. K. H Panofsky Phys Rev. 105, (1957) } 
seem to confirm the lowest order correction, Eq. (1); but the 
higher order corrections have not yet been investigated experi 


Recent experiments on the radiative 


mentally 
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1956) 


Exact relations are used to determine parameters like the cutoff and the unrenormalized coupling constant 
| 


which are consistent with the low-energy scattering data. Under general assumptions about the Hamiltonian 


some inequalities are derived. For the Chew model those parameters can be determined with great accuracy 


If one 


with those 


uses a Yukawa source function 


relations 


(1) INTRODUCTION 
GREAT 


done on the static model for pions 


amount of theoretical work has been 


A 


which is characterized by 


Chew mode! 


iT’ (Am fof at (x)@° VU rabal(X) (1) 


Many approximate results' obtained with this model 


*Now at the Enrico Fermi Institute for Nuclear Studies 
University of Chicago, Chicago, Ilinois 

t Now at the Department of Physics, Massachusetts Institute 
of Technology, Cambridge, Massachusetts 

1S. M. Dancoff and W. Pauli, Phys 


Chew, Phys. Rev. 95, 1669 (1954 


62, 85 (1942); G. I 


Rev 


the cutoff must be 


1.7 and f,?=0.22 in order not to be inconsistent 


have been compared with experimental data, although 
it had never been shown whether those approximate 
solutions were anywhere near the true solutions. In 
particular the most promising approximation, the 
Tomonaga method,’ has recently’ been shown, in its 
controllable results, to deviate from the exact solution 
by a factor 2 to 10, 

However, by using a calculation technique developed 


by Low* and by W ick,® relations could be obtained 


*In particular, M. H Rey. 100, 1494 
1955 

*R. Stroffolini, Phys. Rev. 104, 1146 (1956 

‘F. Low, Phys. Rev. 97, 1392 (1955 


*G. C. Wick, Revs. Modern Phys. 27, 339 (1955) 


Friedman et al., Phys 
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which do not rest on mathematical approximations.* 
They contain observable quantities such as cross 
sections, and one question is whether they can be 
satisfied by inserting the experimental values and 
making some assignment for fo U(x) in (I) 
Furthermore those results make also some predictions 


and 


about quantities, such as the mean number of virtual 
pions around the nucleon, which are not directly 
observable but are of 
relations do not contain, of course, as much information 
as the complete solution. The latter, however, is not 
available at present, so one has to be content with 


some interest. Those exact 


some incomplete theoretical predictions 

In this paper we shall collect and discuss critically 
all of those relations. Even though those results are a 
rigorous consequence of (I), it is not clear to what 
experimental data those predictions should be compared 
since (I) obviously does not describe the whole physical 
situation. We list the relevant physical phenomena 
which are certainly not contained in (I) : (a) S-wave scat 
tering, (b) recoil, (c) heavy mesons and hyperons, and 
(d) antinucleons. These phenomena will interfere with 
mesons in the pstate, partly directly, partly through their 
coupling to spin and isotopic spin. At the present state 
of our theoretical knowledge one cannot predict safely 
how big the influence of those effects is. Generally one 
assumes it will be small. Nevertheless we felt it worth 
while, for a precise comparison with experimental data, 
to separate those relations which hold only for the static 
model from those predictions which are correct even 


in the presence of the disturbing effects listed above. 


So far we have discussed the limitations of the theory 
Now let us see what experimental data it can be sup 
posed to explain. About electromagnetic phenomena 
such as magnetic moments, electromagnetic radii, and 
photoproduction the theory cannot make any definite 
prediction because of its non-gauge-invariant nature 
The theory can be made gauge-invariant by introducing 
currents in the core, but this procedure is not unique 
The only statement concerning those phenomena which 
can be made in spite of this ambiguity is the Kroll 
Ruderman theorem. We shall therefore use on electro 
magnetic data the Kroll-Ruderman coupling constant 
only, but shall not expect the theory to give in ad 
dition, for instance, the magnetic moments exactly 
We shall quote theoretical and experimental figures in 
this respect just for illustrative purposes 

What remains of experimental material which can 
be used for a severe comparison is p-wave scattering. 
Because of its nonrelativistic nature the theory should 
be applied for low energies only, say 300 Mev; therefore 
what we really can use are the two following facts 
(1) the increase of the phase shifts at low energies 
101, 1570 


Rey 1956 
764 (1956); S. Fubini 


The latter papers will be quoted 


*(,. F. Chew 
M. Cini and § 
Nuovo cimento 3 
as (A) and (B 


by other authors (see reference 15 


and F, E. Low, Phys 
Fubini, Nuovo cimento 3 
1425 (1956 


respectively. Similar relations have been obtained 
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this gives another determination of the coupling con 
stant; (2) the position of the 33 resonance and the 
absence of a 11, 13, 31 resonance 

It might appear that, by using so little information, 
it is impossible to get any relevant result, especially 
since all those relations contain also quantities referring 
to higher energies. As mentioned above, we shall not 
use the high-energy experimental data but shall treat 
the corresponding quantities as arbitrary. It turns out, 
that 


information we can exclude certain forms of the source 


however, even with this restricted amount of 
function and derive inequalities for several constants 
Since the relations do not express the whole content of 
the theory, we cannot prove that with a certain choice 
of the parameters the theory describes m mesons cot 
rectly. The definite statements are only on the negative 
side, that 1s, they exclude some possibilities Neverthe 
less one might think that it is more than a coincidence 
that with U~ne*''/r, fe=0.22, and f*=0.08, all 
consistency ¢ hecks are satisfied 

The essential assumption in all our calculations will 
be that p mesons are coupled to the nucleon only 
through (1 


made about other couplings involving spin, Isotopl 


At the beginning no assumptions will be 


spin, and other mesons unless we state them expressly 
A Hamiltonian describing all observed processes will, 


for instance, contain terms like 


& $) + r 
D*, Did Tre 


j 
yr Wa Da 


. 
a) f dev (ala) ele 


We shall speak of the linear-coupling model when we 
that 
distinction to the Chew model (1) where only p’ mesons 


or 


mean p-mesons are coupled only linearly, in 


are coupled. Relations in the derivation of which only 
commutation of the p-meson field and the Hamiltonian 


is used and which therefore also hold in the linear 


coupling model will be referred to as “strong relations.” 

Unfortunately it is impossible to incorporate recoil 
corrections rigorously. As suggested by Chew and Low,® 
by replac fh Wy by w,” a); 
the 


for 


one can simulate them 


+ (k?/2M 


meson -> nue leon 


correct energy one 


This 


results 


which gives 


in the center-of-mass system 


correction would not change our numerical 


appreciably 
It has 


relations which depend explicitly on the cutoff since in 


been remarked that one should not consider 


theory they correspond to infinite re 
We this 
renormalization philosophy and do not consider the 
Hamiltonians (1) and (IIT) as 


theory 


a relativisti 


normalization constants do not believe in 


the limit of Hamiltonians 
Accordingly W ¢ 
ince they 


in a renormalizable do not 
hesitate to use cutoff dependent relation 
will enable us to determine the cutoff. From our point 


of view the unrenormalized coupling constant and the 
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cutoff are parameters physically as significant as the 
renormalized coupling constant 


(2) PHYSICAL NUCLEON 


In this relations 


involving the expectation values of some operators in 


section we shall deduce general 
the physical nucleon state 

As it is well known,® the expectation values of o and 
r operators are given by 
(Vi0V,ern (sia: s’), (VyreVe =n s| tal 5’), (1) 


/ 
TAS'OiTa § 


‘The 


renormalized and unrenormalized coupling constants 


constant 2 represents the ratio [/fo between 


In the Chew model, r){=1r," 
lhe physical nucleon state is composed of a bare 
a meson cloud whose total angular 


nue leon, and ot 


momentum and isotopic spin can take only the values 

zero and one. We shall obtain rather stringent limita 

tions on the acceptable values of the r’s by requiring 

the four possible states not to have a negative proba 
; 


bility. Let us consider the operators 


ho’ =ho+L, 42’=44+T, (2) 
- Land T 
are the angular momentum and isotopic spin of the 


Since the nucleon is a (4,4) 


representing the total spin and Isotopic spin 


meson cloud dressed 


eigenstate of o’ and +’, a and 7’ will operate on the 
dressed nucleon wave functions in the same way as @ 
and ¢ operate on the bare nucleon ones, The projection 
’ 7 on the four (L7 


be written as [ see hg (2) 


operator / states of the cloud can 
167, 4( 2 ')(2—T? 
16P9=4(2—-L)7? 
16P\o= 4L?(2— 7?) = (3 
16P);,=4VT' = (3 


(14+o-0')(1+4+4-2’), 
(14+@-0')(3— 4-2’), 
oa )\(14+4-'), 


) / 


oa )(3—4-*') 


The probability for the cloud to be in any (LT) state 
must be positive, therefore the expectation values of 


— dw, Img, (wp) 
bn f?e prv'(p) 


1+ 49r,4+-4r.—9r/? 


*(k)kdkt f? 


es 


2(k)kidkt f° 1 
Sqr 


/2 


"(k | 


W THIRRING 
the projection operators defined in (3) must lie between 
zero and one. Using (1), we get 


(a) 16> 14-37;'4+-37r,'+-9r,>0, 
(b) 16/3>14-39)'—11"—3r72>0, 
(c) 16/3>1—7;'+ 397," —3r.>0, 


(d) 16/9>1—9r)'—97,"+72.>0. 


From the inequalities (4), it is easy to get the follow- 
ing relations which will be useful in the next section: 


(a) —4<7,<1, 
(b) —4<r2 <1, 


(c) 14+2r,—3r2.>0, 
where 
r) b(r,’ try"). 


If the nucleon is part of the time dissociated into 
hyperon+heavy meson, the inequalities (4) become 
even stronger, since then 


0< (W,P.7¥) <const <1. 


In (A) and (B) it has been shown that for the linear- 
coupling model there is a close connection between 
several quantities referring to p-mesons. In particular 
the expectation values of the total charge Q, of the 
total number of mesons N, and of the magnetic moment 
wm of the cloud and of the self-energy FE of the physical 
nucleon can be expressed in terms of scattering ampli- 
tudes g,. All those relations are strong relations provided 
that ge is interpreted as the average of the (1,3) and 
(3,1) scattering amplitudes. This follows from the fact 
that in their derivation only the commutation relation 
between p-mesons and the total Hamiltonian and the 
connection between scattering amplitudes and or has 
been used. Both relations are the same in the linear- 
coupling and Chew models; however, in the former the 
scattering in the (1,3) and (3,1) states will not be 
identical and there will be contributions from other 
virtual particles to Q, SM, and E 

We quote all those results for sake of completeness. 


f Im[g1 (wy) + £2(wp) — 2¢3(wy) |dwy 
l 


pv" (p) (we } Wp)? 
* Im[_gi(wy) +4 ¢2(wyp) +4 ¢3(w,) dw, 
p'v" (p) (wet wy)? 


mi) 


2we+wy) Im[gi (wy) — 2g2(wyp) + £3(wy) |dw, 


p*v"( p) (wat wy)? 
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EON INTERACTION 


The self-energy of the physical nucleon can also be written in terms of scattering amplitudes: 


BR (W FTV) 4 (VY HH’), 


where 


(WV Ho) 


0 


6 e® v(k)Rdkp f? 1 
f 
WT 6 ) Wk 


Wk 


3 x f? 1 
f vw (k)k*dk + f 
1 w. 3, 


(W,H'V) 


From Eqs. (9) one can deduce a sort of “virial 


theorem” for meson theory: 


(YAW) < (WH). (10) 


The equality sign holds if the corrections to the lowest 
order perturbation result can be neglected. One can 
also use Eqs. (8) and (9) to get a lower and an upper 
limit for E. It is easy to show that for any w, and w, 
larger than 1: 


0< 
( 


Wp + Wi )? 
Then, using Eqs. (6), we get 


3 *~(k)k‘dk »o(k)k*dk 
pf <i je f 
T 0 wi vy WwW 


The exact value of the self-energy must therefore lie 


(11) 


between the lowest order perturbation results calcu 
lated with renormalized and unrenormalized coupling 
constants respectively 

In this connection it is worthwhile mentioning that 
the classical meson theory’ gives 


<a v(k)k'dk 
T ye? 


(12) 


(3) STRONG SUM-RULES 


We shall now investigate what one can obtain by 
demanding that the exact relations of the linear-coupling 
model reproduce the experimental findings to the extent 
outlined in the introduction. The value of the renormal 
ized coupling constant is fixed by the p-scattering 
experimental data®* and by photoproduction’ to be f? 

ro" fo’ =0.08+15°77. About the source-function earlier 


investigations'® showed that a smooth cut-off function 


allowing for some high-energy tail has a better chance 
of not contradicting the empirical facts. It seems most 


7™W. Pauli, Meson Theory of Nuclear Forces (Interscience 
Publishers, Inc., New York, 1948 

®*M. Cini et al., Nuovo cimento 3, 1379 
Schaim, Phys. Rev. 104, 1113 (1956); W. ¢ 
Goldberger, Phys. Rev. 104, 1119 (1956) 

*M. Beneventano et al., Nuovo cimento 4, 323 (1956) 

”W. Thirring, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, New 
York, 1956). The values for r; and r. given there could be excluded 
by using some new relations 


See also M. Cini and S. Fubini, 
Phys. Rev. 102, 1687 (1956 


(1956); U. Haber 
Davidon and M.-L 


* Im[g:(wp) +4¢2(w,) +423(w,) |dw 


p 


(9b) 


reasonable to discuss a one-parameter family of source 
a Yukawa-shaped cutoff: 


(k?+ £2) 


functions, i.e., 


U(xy)~we'/r, vik)=# (13) 


In cases where such a cutoff is not strong enough, we 
shall assume that for very large values of k, say k>12, 
(k) goes to 0 faster than any power of k. Since only 
the general shape rather than the analytical behavior 
enters in our formulas, this seems general enough 

We shall, first of all, see what values for & are ruled 
out by the scattering data. Secondly we shall get some 
limits for the r’s, that is, some information about fo 

Having used the increase of the phase shifts at low 
energy for determining f we still have the resonant 
behavior of the (3,3) and the nonresonant behavior of 
the other p-phase-shifts available. The first information 
is expressed by the (33) effective-range relation, which 


stems from the Low equation® 


(14) 


 _— a dw» Im[4¢1(wp) +4 ¢2(wp) + 10¢5(wp) | 


4 Sor I pw yr" (p) 


where wy is the (33) resonance energy whose value is 
about 2. For the part of the integral between 1 and 3 
! (),2u-4(1.5) 
will be treated 


we insert the experimental data and get 
1.8. The quantity (1/39) fy*dw, r 
as an arbitrary parameter; however, we must have ¢20 


For different values of the cutoff, Eq. (14) gives 


i 3 3.5 1 5 


1.52 1.40 130) 061,18) 1 (15) 
0.005 0.02 0.03 0.05 


v*(1.5) 
( negative 
Thus we get 23.5; a lower cutoff is incompatible with 


’ 


the (33) resonance.” 


ses As pointed out in (B), integrals of the form 


| a Img “ 
J, pr (pf 


/ 

[where F(w) is any smooth function of w] are given in good 

approximation by 0.02F (1.8) /#(1.5 
Even though the contribution of the 

integral (14) appears to be small 

stantially bigger than zero at higher energies. This fact has been 

demonstrated in (A) by using Eqs. (6) but is also implied by the 

Low equations If one considers 


BPP (g) , Pr Cg) he die 5 [ Mi (us 
’ Mh 

swe On Ji kP(h) Wa uy 

, bi (we) Ky (we) + l6g (ids | 


ws? wy 


to the 
Ime,(w) must become sub 


high energies 


and one inserts in the right-hand side only the low-energy contri 
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In the expressions for the effective ranges of the 
other phase-shifts, the integral from 1 to 3 gives a 
negative contribution, in agreement with the observed 
The experimental material 
about those small phase shifts is, however, too poor to 


absence of a resonance 
give any significant information,”* 

About the magnitude of / 
the third of (6) 


»f i ‘dus 


0.181 


we can learn something 


from Kas Using 27,;>3r2—1 and 


S do 


, we get" 


(1.5) f- 79? + 272-2 <0 (16) 


This gives, for different £, the following upper limits 
lor fy 
5 t 


0.55 0.57 0.60 (17) 


‘1 he _ 


cutoff and they tell us 


Or 2 v?(1.5) ' 
rn<4Al l+r, <47 14 0.55, 
4v*(1.5) 9 


This upper 2v7(1.5)/9; 


higher values of ro, r; must be even lower 


not depend sensitively on the 
that fo?> 4} 


inequalities do 
Furthermore, 


(18) 


limit is reached for fr» for 


(4) RELATIONS IN THE CHEW MODEL 


In the Chew model, where the Hamiltonian consists 
of Ho and H’ [ Eq. (1) |, the influence of (IT) being 
more conditions can be 


supposed small, stringent 


obtained, In this case the nucleon is the ground state 


of Mot (1) 


energy given by (9) must be lower than the expectation 


Consequently the exact value for the self 


value of the Hamiltonian obtained by using any trial 
function. We have calculated (9) with a Yukawa cutoff, 
inserting for the g’s the (3,3) resonance. The contri 
butions of the unknown high-energy parts can be 
estimated with the limits for ¢ given in Eq. (15). They 
turn out to be less than 10° of the result. We find 
3 4 5 
(19) 
Ki 3.6 8 15 


It is now interesting to note that the classical self 


f [ k*y" (k)dk 


a 


energy, 


Evelece (20) 


bution, one gets 


gv q 


for cutofls €>3.5, is violated for wy~2.6. We 
conclude that Img; (« an essential contribution to the 
integral. This indicates a strong (11) interaction at high energies 
There is no experimental support to this feature of the theory, 
which emphasizes that the applicability of the theory is limited 
to low energies 

8 See, Puppi, Proceedings of the Sixth Annual 
Rochester Conference on High Energy Physics (Interscience Pub 
lishers, New York, 1956); A. Stanghellini, Nuovo cimento 4, 168 
(1956) 


Phis inequality 
must give 


however, (& 


W. THIRRING 

can be obtained by a corresponding trial state and can 
be used as an upper bound. For this purpose we expand 
the field in a complete orthonormal set 


L 


Y gia (k), 


djalk) (21) 


where 
v(k) 
gi n n 
w,! 


n being a normalization constant. We take for the 


ground state 


7 V exp > (Gja" folia)? II exp( 2 Ja’) e), (22) 


where |e) is the singlet state characterized by (e| raa;|e) 

l,; and the l,; are three orthogonal unit vectors. In 
the classical case the exponentials are replaced by 6 
functions. Taking the exponentials gives the classical 
result plus the usual zero-point energy, which has to 
be subtracted from Hp. 

The expression (20) differs from (9) in the following 
ways: (a) it contains the factor fo; (b) it is less than 
the first term by a factor 3; and (c) it lacks the second 
term. 

In (19) the contribution of the second term was 
almost exactly as much as the first term, so we get 
fo? / <6 or re> 0.41, 

It should be remarked, however, that the trial state 
(22) is very poor, not even being an eigenstate of 
angular momentum and isotopic spin. A much better 
limit is obtained by comparing with investigations’ in 
intermediate coupling, where more elaborate trial states 
are used, They obtain for the relevant values of fo and 
t a self-energy twice as big as (20). This gives us a 
limit r2>0.57. The corresponding limit for 7; can be 
obtained by (5c) and is r,;>0.36. The lower limit for 
r. allows us to make (18) more stringent, so we get 


0.59>972>0.57, 0.38>9r;>0.36. (23) 


This value for r; enables us within the Chew model 
to determine ¢. In this case the total charge is given 
by the nuclear charge 4(1+-73) plus the charge of the 
p-mesons (7). This gives us the equation 


I+r; =f kdkv*(k)p f? 
+ 
) TT 6 Wk Wh 


“ 


0.04v-7(1.5) 
(24) 
(wet 1.8)? 


Here we have again inserted the (3,3) contribution 
only, the high-energy part being negligible. Evaluation 
of (24) yields 

é 4 
0.44 0.23 


5 5 

(25) 
vr; 0.55 
93, 333 (1954); 


Rey 


“F, Harlow and B Tr Phys 
G, Takeda, Phys. Rev. 95, 1078 (1954) 
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Equation (25) supplies us, in connection with (23), 
the value 

t~4 7, 


One might try to use the Tamm-Dancoff method for 
getting a better trial function. With this method one 
gets the same expression as the first term of a Brillouin- 
Wigner perturbation theory, namely 


3fo? f* kdkv*(k) 
inf 
T We Wy + E’ ) 


E'| <| E| gives, however, a limit which is weaker than 
the one obtained from (23). For =4 we find, for 
instance, r2>0.35. This indicates that the Tamm 
Dancoff method is a rather bad method, worse than 
the Tomonaga approximation.® 

Other sum rules are obtained by considering 


> V(r) all (ar) aV,) 8(V,H'Y,), 


or 


(V,,(07) HH (ar) W,)+c.c.= (,,[ | (o7) 1,’ |(or)2 W,). 


Working out the right-hand sides gives us: 


1p dusts 16 fi dpp'*(p) 
f Im(g:+4¢24 $23) p f 
sar J) p'v" (p) bar Wp 


0 


- ur, Im(g; t 4p, t 4e3)) 
(26a) 
k'v? (Rk) (wy tw.) 


£4) p 


8 fo’ f dp p'v*(p) 
jr Jy Wp 


dw, Im(gi— 2f2+ £3) 


(26b) 


~{ 
srv 


Those sum-rules, together with the effective ranges and 


k'v? (Rk) (wp t-we) 


Eqs. (6), enable us to calculate the three moments 


* w” Imgi(w,) 
Ww, “ dw », 1 
p'v* (p) 


of the quantities Img,(w,)/p'v"(p). We get the con- 
sistency condition: 


i (0) "2 
Fy 7 


J 


Those conditions give new inequalities for ro. They are 
weaker than the ones we used already and are well 
satisfied with our values 


5) CONCLUSIONS 


Assuming that pions in the p state are coupled to 
the nucleon linearly, we found that if the theory is to 
be in agreement with the low-energy experimental data 
the parameters must satisfy the following relations: 


f?=(),08+15%,, > 3.5, 


(27) 
7 <0.59, 7, <0.55 


PION-NUCLEON 
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In the Chew model only the following choice of 
parameters is not excluded : 

t=4.7, Is 

v; 0.37, fo? 


0.58, 
(28) 
().22 
With those values we have 
Ek 11; N=1; Hy 
1 8: Ma 1 4 


(29) 


Mineson=1.3; Mp 


In obtaining the magnetic moment we have assumed 
that 
sponding to the observed mass. Using the bare mass 


the bare nucleon has a Bohr magneton corre 


would given even lower values | see Miyazawa’? |. ‘Those 
low values indicate that if the theory is consistent, 
other effects like nucleon pairs or processes like p »Ay 
+K*t and n—>~+K* must give a significant contri 
bution. 

The values for r; and ry are almost independent of 
the shape of the source function. The values given in 
(29) may be changed by about 20°) by taking extreme 
shapes for v(k) like a square cutoff 

It is further worth while remarking that on the 
assumption of a universal #-coupling constant one can 
make some predictions about the constants r; and fr." 
One gets r;=0.65 and r,= 0.77 in striking disagreement 
even with the values deduced by the strong sum-rules 

Whether the values (28) deduced semiempirically 
using the experimental g’s really follow from the theory 
is an open question. It does not look likely if one uses 
currently employed approximation methods, For in 
stance, for (28) the 
approximation predicts the first 33 level of the nucleon 
this crucial 


those parameters ‘Tomonaga 


at w,=6.2. However it seems to us that 
question cannot be settled on the basis of methods of 
unknown accuracy. ‘Thus the result of our investigations 
stresses only the need for a solution of known validity 
for the Chew model 


results is that we have determined the possible values 


The only merit we see in our 


for the various parameters so that now one can see in 
what direction approximations can be made 
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6H Miyazawa, Phys. Rev. 97, 1413 (1955 
In the latter paper, sum-rules as discussed in 
to determine r,=0.65 and r,;=0.28. This discrepancy from our 
values comes from the fact that in this evaluation the high-energy 
part has been neglected. In those 
fewer powers of wy in the denominator than in the expressions 
for Q and £, the high-energy part will be important. In fact 
Miyazawa’s values for r; and rz contradict (5¢ 

6B. Stech, Z. Physik 145, 319 (1956). In this paper, as in 
K. Sachs, Phys. Rev, 87, 1100 (1952), the sum of the magnetic 
moments of the proton and the neutron was used to obtain r; 
We do not believe that this is a reasonable thing to do because 
small difference of 


- 101, 1564 (1956 


(A) have been used 


sum rules in which one has 


it depends critically on the two quantities 


and there may be many effects that spoil this relation. See also in 
this connection M. Ross “Pion effects or 


(Ph Rey., to be published) 


Fermi interaction,” 
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A simple description is given of the quantum-mechanical theory of multiple scattering. The separation 
of the scattered wave into “coherent” and “incoherent” parts is discussed in greater generality than has 


been done previously 


the refractive index of a medium which is “polarized” 
and also of a medium which has correlated structure (critical opalescence 


I. INTRODUCTION 


N several! previous papers, a technique was developed 

for the description of the scattering of a given 
particle by a system of particles.'-* The derivations 
given were somewhat complex and lengthy. In the 
present discussion, a much simpler and more straight 
forward development will be given of the previous 
results. At the same time, a more comprehensive study 
of the separation of the scattered wave into “coherent” 
and “incoherent”’ parts' will be made. 

In an important series of papers, Brueckner and his 
collaborators’ * have applied techniques of scattering 
theory to the formulation of the energy eigenvalue 
problem for many-particle quantum-mechanical systems 
in connection with a theory of the structure of atomi: 
nuclei.’ An extension of these methods has been made 


to statistical mechanics," including a “‘nearest neighbor” 


expansion for the energy ol a homogeneous system.” 
These techniques for calculating the energy of a many 
particle system are in many respects similar to those 
used for the multiple scattering problem. There are 


important differences, however, which we wish to 


emphasize 

lo aid in the understanding of the multiple scattering 
problem, we should like to discuss a number of appli 
cations. These include a description of the propagation 
of a wave packet through a sequence of scatterings, a 
formula” for the 


derivation of a ‘“‘Lorentz-Lorenz 


discussion of the energy 


10 


index of refraction, and a 


levels of the w-mesonic atom 


* Work performed under the auspices of the U. S. Atomic 
Knergy Commission 

t On leave from the University of Wisconsin, Madison, Wis 
consin 
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7 A discussion of the Brueckner method has recently been given 
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Levinson, and 


Brueckner and C, A. Levinson, Phys. Rev. 97, 1344 


Rev. 102, 492 


reading of the present paper 


Applications to transport theory are described, Specific calculations are made of 


by the scattered particle (Lorentz-Lorenz formula) 
Other applications are given 


Il. FORMAL DEVELOPMENT OF THE MULTIPLE 
SCATTERING PROBLEM 


The notation of reference 2 will be followed insofar 
as possible. The scattering medium consists of a large 
number .V of equivalent particles." This medium is 
supposed to have an angular momentum J with a z 
component J,= M. Its states will be represented by the 
indices ‘‘(y,M)” and its wave functions by 


Br, m(&), (1) 


where £ is some appropriate set of many-particle coordi- 
nates. If //y is the Hamiltonian for the medium, then 


Hygy,m=W ygy, m, (2) 


where W,, is the energy of the medium when it is in the 
state (y,M). It will be convenient to suppose that the 
energy W, is not degenerate, except for the (2/+1) 
values of M. This restriction is in no sense important 
for our following discussion, however. 

The incident particle is described by a complete set 
of plane wave functions A (q,v) and q is its 
momentum and + is its spin orientation. Then 


q, Where q 


hr q= €g\<: (3) 


va 


Here h is the kinetic energy operator for this particle. 
The interaction of the incident partic le with the 
target medium is written as 


7 
V=> Va, (4) 


a=~l 


where V, is its interaction with the ath particle in the 
If we now define 


Hy= Hy +h, (5) 


medium 


the Schrédinger equation which describes the scattering 
Is 


(Hot+V)Va= Ewa. (6) 


Equation (6) has the boundary condition that at large 


distances from the scatterer 


V, >210,M Aq a). (7) 


“This restriction may easily be relaxed. We shall usually 
suppose our units chosen so that #=1 in the following 
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Here (7o,Mo) represents the ‘‘ground state” (or, more 
generally, the initial stale) of the scattering medium 
The scattering will, in general, lead to changes in both 
the states (yo,Mo) and qo. 

In the usual manner, the Moller wave matrix {2 is 
introduced as folldws 


WV = 2g y0,MoAg = 1) a). (8) 


A relatively complete discussion of the formal features 
of the scattering was given in Sec. II of reference 2. 
This included a very general definition of the ‘optical 
model” problem, or that of determining the refractive 
index of the medium. We shall not attempt to reproduce 
that discussion here 

The Schrédinger equation (6) for V, may be con- 
verted, as is customary,” into an integral equation for 2: 


1 
Q=1+-V2Q, (9) 
a 
where 


a= E,t+in— Ho (10) 


(Here » is the usual” positive, infinitesimal parameter 
introduced for performing integrations across the pole 
of a.) 

We wish, at the outset, to separate the solution {2 to 
Eq. (9) into parts “coherent” and “incoherent” with 
respect to the incident wave. For this purpose, we write 

=F, (11) 


and define F and Q¢ as the solutions to the equations: 


1 
PF =] + ( V O)F, Qe 1 t ON. 
a—0O a 


(12) 


The matrix © will be specified presently; for the 
moment, we define it to be diagonal with respect to the 


” describing the medium: 


indices ‘“y 
(y'M'| O|yM) =6,-,(yM’)| O|yM), 

(13) 
(y'M’"|Qe|yM) =64-4(yM"|Qe|yM). 

One readily verifies that Eqs. (11) and (12) provide a 
solution to the Schrédinger equation (9). We shall refer 
to Qe and (F—1)Q¢ as the “coherent” and the “inco- 
herent” waves, although this departs somewhat from 
customary notation. For instance, if the spin orientation 
of the scattering medium or of the scattered particle is 
changed, as may be permitted by Eqs. (13), the scat 
tered wave will not interfere with the incident wave." 
For experimental reasons, it seems desirable, neverthe- 


4 See, for instance, B. Lippmann and J. Schwinger, Phys. Rev 
79, 469 (1950) or M. Gell-Mann and M. L. Goldberger, Phys 
Rev. 91, 498 (1953). 

4 We might, of course, have defined © to be also diagonal with 
respect to M’ and » if this were desirable. 
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less, to keep the “spin flip” amplitudes in © and Qe." 


Were the degeneracy of the energy W’, greater than we 


the extra states 


have assumed, transitions among 
might also be kept in © if so desired 
lo continue, we wish to rewrite the first of Eqs. (12 


for F as 


(14) 


where / is an operator acting on VF which is yet to be 
spec ified.'® In order that Ka (14) prov ide a solution to 
the first of Eqs. (12), we must have 


(1—P)VFQe| a) = OF Ne | a), (15) 
as is easily verified by substitution of (14) into (12) 
Here we have anticipated that / is to operate on Ye a), 
according to Eqs. (8) and (11) 

Equation (15) represents the fundamental restriction 
on the operators ? and © which must be satisfied if 
Eq. (14) is to provide a solution to the original 
Schrédinger equation 

Equation (14) is now of convenient form for intro 
ducing a “multiple scattering’ solution.’ Indeed, we 
easily may verify by substitution that Eq. (14) is 
exactly satisfied by 

1 N 
I+- 2) PtaF a, 
d a=\ 


IN 
F, 1 { PR Ptyk 4, 


d pra 


Here 
(17) 


and the two-body interactions V4 were introduced in 
connection with Eq. (4). In the next section, we shall 
discuss the interpretation of these equations, including 
the “two-body” scattering operators lq 

To satisfy Eq. (15), a number of choices for P are 
For obtain the solution of 


possible, instance, to 


reference 1, we set 


P Pwop, Prola | (18) 


where Pwp acting on l, vanishes for elements diagonal 


in the y states and is otherwise unity. Explicitly, 


Pup (y'M' |\ta|\yM) = (y'M' \talyM) for 


0 for y'=¥ 


YY 
(19) 


4 As was observed in reference 2, this seems particularly useful 
for the description of the elastic scattering of particles by nuclei 
More recently, this point has been developed in greater detail 
for example, E. Fermi, Nuovo cimento 11, 407 (1954) 
© A similar operator and technique have been used in references 
1 and 2 The present notation 


was introduced in reference 9 


but in a quite different notation 
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Pyp does not, however, act on the states q ol the 
scattered particle. Now, 


(1—Pwp)le@lea, (19’) 


where fc, represents the matrix elements of te which 
are diagonal with respect to the states 7 
lo see if we can satisfy Eq. (15), we note the general 
relation" 
VF =) altel. (20) 


YD alcal’ Qe|a 


re-expressed as (for brevity, we 


This 
frequently omit matrix indices other than y) 


may be 


| 1 
(Y pa loal a Yo/ (vy » Se € 1+ > Ta 


a\ra 


cos 
de d 


; 


yidve f (22) 


a 


Here 5 


2a means that we omit from the sum over a 
that one lerm which occurred in the previous scattering 
in # (if there was a previous scattering). The last step 
in Eq. (22) involves only a reordering of the sums taken 
From Eqs. (21) and (22) it is clear that Eq. (15) is 
satistied if we take (again suppressing indices other 
than y) 
Day VF ive be Y (23) 
When .V is large we can usually simplify Eq. (23) in 
that > 


> can be replaced by doa. In doing this we 
violate Eq. (22) by adding a redundant term of O(1/ ) 


That is, the added terms are of the form 


l 
> (y|\ lee v7 Tat QM «) ~O(1/N), (24) 
a d | 


since the /,’s are of O(1/.V) (this will be demonstrated 


in Sec, ILL). ‘Then we may take 


= 


) Y M’q’ te 


ie ~" 


(y'M'q'| O|yMq 
lal ¥ M q). (25) 


Equation (25) appears to be an adequate approximation 
to Eq. (23) except for media having a definite crystalline 
structure. In this case a second scattering from the 
omitted particle in Eq. (23) may be heavily weighted in 
Eq. (25). When this happens the correct Eq. (23) must 
be used 

With Eq. (25) we have obtained the form of the 
multiple scattering equations introduced in reference 1 
and used subsequently 
1, O=0, 
Eq. (18) provides the simplest form of P which has 


Except for the obvious possible choice P 


1 Equation (20) is easily verified, using Eqs. (16 
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been found. We may, however, easily generalize Eq 
(18) to a class of operators which control virtual states. 
For example, we may forbid the repetition of a y state 
after one or two scatterings, one or two or three scat- 
terings, etc. Carrying this to the limit of all previous 
scatterings, we obtain 


P= P», (26 


where Py forbids any repetition whatsoever of a y state 
which has occurred after any previous scattering (that 
is, following any previous ¢ matrix). In other words, 
(y| Pola(1/d)lg-++|\yo) vanishes for terms in which y 
appears as an intermediate state following a ¢ operator. 
When ¥ has not appeared previously, Pola=ta in this 
expression 

The converse of this is expressed by the statement 
that 

(y| (1— Po) do « tal’ «| Yo) 

has the state y occurring someplace prior to the last 
scattering. It may occur at one previous scattering, 
before the second previous scattering, etc. Formally, 
this may be written explicitly as [see Eq. (20) } 
(y|(1—Po)d- a tal’ a| Yo) 


(y | ( 1 Po) VF Yo) 


1 
El ltal 9) 7 i+ > Poton4 nas w) 


| 1 


a a\xa | < 


«Qt ys . 


Polar ii (27) 


; ») { 
Now, each of the factors on the right is just (y| F'| yo 
except for the omission of a single scattering. Just as 
was done in Eq. (22), we may rearrange the sums so 
as to make these factors equal to (y| | yo) by omitting 
the term from the first factor instead. (The origin of 
restricted due to the 
restriction that no two successive scatterings may be 
from the same particle.) 
Then Eq. (27) may be rewritten as 


agra d 


this summation is of course 


a 


| 
~P) VF | yo) = ( > [1 7 ae ve 


a\ra d 


1 1 7 
+ DY —Polar LY —Polart:-: v) | rlFl0) 


alta d ayral d 


(y| doa tel a’'|yXv|Flv0). (28) 
Here the notation ---’|y) means that we must restrict 
the summation to the left in such a manner that the 
does not occur from the same 
[This is of 


first scattering in F,\7 
particle as the last scattering in (y F 
course just what we did in Eq. (23). | 
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Again, the single scattering omitted in Eq. (28) is of 


( 


except for crystalline 


the order of 


+8 Vital 


a 


(29) 


media. Thus we may ordinarily 
(28 


ummiation in Kq 
(28) that Eq. (15) is satisfied by 


ignore the restricted s 
It is clear from Eq 
taking 
7 Md’ © ¥Y My ¥Y My roe Vm iy y Vg ( 
(50) 


Chis is just the “optical model potential,” as introduced 
in reference 2 

Other forms for the operator P are possible. For 
instance Pyp, Po, etc. might have been defined with 
respect to states other than the states vy. To illustrate 
this we consider a medium with particle-particle corre 
lations extending over distances comparable to, or 
larger than, the wavelength of the incident particle 
Let us suppose the energy of the incident particle to 
be large compared to the spacing of states of the medium 
Following a collision which “knocks a particle from the 
the medium certain relaxation 


medium,” requires a 


time to settle into a new eigenstate. This process is 


described by a “wave packet” of y states. The scattered 
particle than travels in an “optical potential” appro 
priate to the “wave-packet state” following the scat 


tering——and because of the assumed correlations, this 
potential may be different near the “hole” left by the 
scattering than elsewhere in the medium.!’ This modi 
fied optical model potential is described most naturally 
by defining P?yp as nondiagonal with respect to this 
wave-pac ket state 

In several respects, our formalism is more general 
than is indicated by our application. For example, the 
index a may refer to some other property of a system 
than its ‘particles.’ 
(11), that the 
operator 1» effects a separation into “coherent” and 


That 


’ 


It is evident, in accordance with Eq 


“incoherent” waves (as discussed above) is, 


when P= Po, F satisfie 
(31) 


(We again suppress the indices (M,q,v), since P> does 


not affect these Consequently, 
(32 
and 
(33 


Phe 


is a factor ol Kq 


wave function ol 
(33) 


describes the elastic scattering 


the medium, go, and may be 
that t 
M.A 


in the appendix 


his phenomenon was 


\ 


'TTt is a pleasure to acknowledge 
called to my attention by Professor 


complete discussion is given 


Ruderman more 


S<, 


ATTERING 


removed by detining 


(34) 


that Pe, satisfies’ the single 


particle “S« hrédinger equation” 


we see 


From hq 


fha+Ve We, wPea, 


depending only the variables (M,q,v). Here V, 


M'q'v'|\Uc| Mqpv) detines the “optical model.” 


Vor a large, uniform medium, Uc takes the approxi 


on 


mate torm 


Vem (q' — q)(M qv’ | v¢| Mqv (36) 


When Ve does not depend on the spin orientations 
(Mv), we may also define an index of refraction n for 
medium. In the nonrelativistic case, / 2M, 


qo’/ 2M, and Eq. (35 


i 
t 


reduc es to 


(q/qo=n 1— (2M / qo?) (37) 


(The relativistic case was treated in references 1 and 2.) 


I 


Ue appears in the propagator d', we see that 


Similarly, ( 1) describes the inelaslic scatterings 
since © 
between inelastic scatterings, the particle “propagates 
in a dispersive medium.” 

implies that 


It 


portant to note that the complete set ol plane wave 


since Ve is in genera! complex, hq { $7 
the ‘momentum vector” q is also complex is im 
functions A, (Eq. (3)) in terms of which our operators 
are described does not, of course, involve complex q’s 
Equation (37) appears only when we evaluate integrals 
the Le 


in the medium, it is convenient to consider the complex 


ovel states. Since the wave propagates as ¢4"* 


a momentum, however 


INTERPRETATION OF THE SCATTERING 
EQUATIONS 


In this section, we should like to discuss the operators 
t, and to make some descriptive comments concerning 
the inelastic scattering operator F 

We have remarked in connection with Eqs. (24) and 
(28) that the /, are of O(1/\’). It seems apparent from 
Kq (16) that P 
and V, the same order of magnitude 
to 


will give L, 
we shall 
V. has singular 
the 
The average particle 


a useful choice for and ¢ 
and 
the case (unles 
Let 


medium to occupy a volume 1 
then 


assume this be 


matrix elements us also suppose scattering 


density in the medium i 


p ( (38) 


which we consider to be not necessarily “large or small.” 
The local dens ity of parti les in the s attering medium 
is then (we consider Z, 10 be the space coordinate of 


the ath scatterer 


p(Zaq) Vf *o7_| dr as 


(49) 
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where by [dr], we mean that d*z, has been omitted 
from the volume element of integration. We also 
consider that 
p(Za)™po, (40) 
when Z, is in 1 
The order of magnitude of tc, is then, since we are 
taking 1,=O0(V, 


Va Yop) 


(p’ tn p) > (yop 


1 
[arcteradrvex Zaje€ ai 
(29)* 


(p’ V | p) 
[olsen expl—i(p’—p)-ta], (41) 
y 


») ¥ fy 


where 


(42) 


(p'| V! p) = (2m) +f ev aye ss iat hia? 


Actually, of course, we should replace (p’| V' p) by the 
exact (p’\t! p) in Eq. (41). 

Except for crystalline media, when (p’— p) satisfies 
a Bragg condition, the integral in Eq. (41) is of order 
unity compared to V; so 


tc=O(1/N), 


II. Even for crystalline materials, 
(41) is effectively of order unity 


as was stated in Sec 
the integral in Eq 
when either p’ or p is an integration variable (as was 
the case in our applications in Sec. II). Finally, the 
matrix elements of the 1, for inelastic scattering will 
not be of a larger order of magnitude than those of te. 

rhe discussion just given shows that we can replace 
the defining Eq. (16) for t, by 


(43) 


rhat is, we can in general omit the operator P?. The 
reason for this is that ? deletes certain y states from 
the sum over virtual states. Any finite number (actually, 
any number <.\V) of such states will not affect the value 
of Eqs. (16) and (43). To see this, we write Eq. (16) as 


P)ta, 


and consider the last term as a perturbation. We have 
that fa~V,=O(1/N\). Thus the last term 
above O(1/N*) unless the number of y-states 
permitted by (1—P) is of O(N) 
not so for P= Pyp. It will also not be true for P= Po 
unless the scattered particle makes a number of inelastic 


just seen 
is of 


This is manifestly 


scatterings which is of the order of the entire number 
of particles in the medium. For cases of practical 
interest to 4a multiple scattering theory, this would 
not seem likely to occur. Henceforth, we shall, therefore, 


consider Eq. (43) as replacing Eq. (16), 
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It will also be sometimes possible to at least partially 
ignore the P operator even when it stands between 
two tq’s. 

The approximation of Eq. (43) is closely related to 
the “impulse approximation” of Chew, Wick, and 
Goldberger'* and would seem to be valid whenever the 
impulse approximation is. Indeed, we should like to 
reformulate the impulse approximation as that by 
which Eq. (16) for t, is replaced by the two-body 
equation 


1 
tf = Vat V a ' é.°, 
d 
(44) 
d= ego? +-in—h—ha—(y\ ©\), 


640° = €40— (W, on W 50). 


Here we suppose ¥ to be the state of the medium at the 
time the scattering begins to take place and A, to be the 
kinetic energy of particle a. For the impulse approxi- 
mation to be valid, this state y is not necessarily left 
unchanged. That is, we suppose there to be many 
states which lie close together in energy and which 
describe the recoil of the particle a—and which leave 
the remainder of the medium essentially unchanged. 
Then the evaluation of (y| O|y) for the single state y 
is valid in Eq. (44). 

To see the conditions under which Eq. (44) is valid, 
we define 

AW [d—d"}. (45) 

AW then represents the excilation of the medium (ex- 
cepting the kinetic energy of particle a) during the 
single scattering. Expanding Eq. (16) for ¢, to first 
order in AW and using Eq. (44), we easily obtain 
[neglecting P, as implied by Eq. (43) | 


1 1 
1m] 1+1,°—AW je 
d° d° 


The second factor in square brackets is just the Chew- 
Wick-Goldberger'® correction term. Its order of magni- 
tude is expected to be!® 


(46) 


[fluctuation in potential energy of particle a 
due to the remainder of the medium | [ energy 
of the incident particle (= ego) |"! (47) 
When this ratio is small, the impulse approximation is 
valid—which means that we neglect the effect of the 
medium on particle a during the scattering. For the 
applications in this paper, we shall assume the validity 
of the impulse approximation. (At the same time, we 
shall not bother usually to keep the superscript 0 
on ¢,’.) 

Finally, the scattering operator /,’ may 
transitions of the medium from a state y to a state y’. 


lead to 


8G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952); 
G. F. Chew and M. L, Goldberger, Phys. Rey. 87, 778 (1952) 
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According to the impulse approximation, we must 
evaluate the two-body operator /,° from Eq. (44 
before evaluating the matrix element” 


Y)™ (Ly taky) (48 


A rather obvious first correction to the impulse 
approximation is to add to A, in d°® [Eq. (44) ] the 
dispersive energy of particle a moving in the medium 
of the other particles. In this case, one must find the 
depth of the “optical model potential well” for particle 
a. This correction will often not greatly increase the 
difficulty of the calculation. [The first-order AW 
correction in Eq. (46) will now vanish. | 

Even when the impulse approximation is not valid, 
the operators fq of Eq. (43) have physical meaning as 
the scattering operators from bound (rather than free) 
particles. They are also “‘physical observables” in the 
sense that for “thin media,” or for “glancing collisions,” 
the wave matrix is given by a single term such as 
Q=1+(1/a)la, etc. In principle, of course, one needs 
to know the wave functions g, of the medium in order 
to evaluate the /, when the impulse approximation is 
not valid. In the absence of simplifying models, this 
will in general considerably increase the difficulty of 
obtaining the /,. 

To provide a simple illustration of the scattering 
Eqs. (16), we consider a large, uniform medium con 
sisting of scattering particles which are much heavier 
than the scattered particles and which are arranged at 
random positions in the medium. We also suppose the 
scattering particles to have states of excitation sepa 
rated by energies small compared to that of the scat 
tered particle. Using the form of the scattering equations 
given by Eq. (18), we have 


(49) 


1 1 1 
W=[1+- >> J.+- 0 Ip- ¥ Tat-++ Mela). 
d a d i 


d a¥p 


For massive scatterers, we may take /, to have the 


form 


(50) 


(| Ta! ko) = (ke}t/ ko) expl —i( k—ky)- 2. |, 


where ky and k are the respective momenta of the 
incident particle before and after the scattering and 
(k|¢\ ko) is the scattering matrix for a scatterer located 


at the point z,=0. If we neglect the recoil energy of the 


(heavy) scattering particle, neglect possible spin inter 


actions, and set Uc™.Vie [see Eqs. (25) and (36) | 


d~d° ve(k) = (2r)*N (kl tik). (51) 


€q0 vol k Jy 


2M 
In accordance with Kq (7 
a (lw) 'e'4o (52) 
“Tt appears somewhat ambiguous as to whether one should 
take y or some aluating d°, according to 


Eq. (44). Actually, if the impulse approximation is valid, this 
should make no difference 


combination for ey 
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fe e3 
By omitting the wave function gyo, our wave function 
W is an operator involving the coordinates (#;:++2y) 
of the scatterers. At a later stage, we may reinsert the 
Ryo by periorming an appropriate average over the 
positions of the scatterers 


he coherent wave, ®e,, is! 


) 


$e, 2=Q¢\a (ln (5.3) 


where ko is in the direction of qo and &o is the root of 


the equation 
ki? 
(54) 


ky has a positive imaginary part and may be written 


in terms of real and imaginary parts as 
ko kor (1/2X) 
When | t¢|<qo?/2M, we have 


Vo. (56) 


total 


incident particle on one of the target particles.” 


is the scattering cross section for the 


where a 
Now, one easily verifies, as usual in scattering theory, 
that for Jo|X— Za >I1, 
1 exp(tkoR,) 


] .Pea= exp (ik: 2.) 
d (2r)'R, 


{(fNra.Mo) (57) 


’ 


and the scattering amplitude / is 
{(fhpra Mh (29)*?M* (ki fina| lt kofto) 


Finally, M* is the “effective mass,” 


M de 
M* u / (1 t ) 
ko dko 


We suppose a second scattering to take place at 


(61) 


x= Z, and define a “small distance” y by 
X= 4Zgty (62) 


Then kag (57) becomes 
1 exp(ikga y) 
I .Poq= exp (ik: 2) 


(29)! 


exp(tko Za Za\) 
x [(hga,fo) 
Za La 


(64) 


vector in the 


We 


dire tion of (Za 


introduced fig, as the unit 


Za) and kya koh. 


have 


” See for ¢ kample reference 2. Kquation 


which states that 


2(2n)* | 


“optic al theorem,” 
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For the second scattering [for example, see the 
we let (1/d)/g operate on the 
(57) 


second term in Eq. (49) | 
(lr lexp(ikga y) 


we obtain 


state By analogy with Eq ; 


| a 
Is 1 e 
dd 


exp(tkoRg) 
exp (iky La) {(Anp Aga) 
(2r)'Rs 


exp(thko| Zg—Za\ ) 
x {(Aga,fo) 
Za Za 


(64) 


In this manner, we may obtain as many terms as we 
need in Eq. (49). We have assumed, of course, that the 
average distance between scatterings is large compared 
10 q , 
Instead of 
packet for a 


a plane wave, we may choose a wave 


(here / is the time) 


ta— Vt) exp{il qo: (x— 24) — eal }} 


Here g(u) is a “smooth” function which vanishes for 
u>R, the “radius of the wave packet.” We suppose 
that R>go' and R*?>h'D/ MV, where V= qo/M~ko/M 
and PD is the distance which the wave packet travels 
during the time which we observe it. Then the spread 
in the wave packet is negligible. We may also suppose 
the density of the medium to be low enough that the 
mean free path ADR 

Then it is easily shown that 
exp(ikoR,) 


exp (— teqol) {(hra fo) 


1 Pear 
d (2r)'R,, 
Vi! ). 


(65) 


Ke(| Raho 


the scattered from a 


Q and spreads out as a spherical 


This tells us that first wave 


appears at time / 


wavelet moving with speed V and local amplitude 


exp(tkoR,) 
{(n Rasfo) 
(2r)'R, 


A second scattering from 8 will appear when this ripple 


passes the point zs. This in turn will appear as a 


secondary spherical wavelet. These will give rise to 


tertiary waves, etc. The wavelets from such successive 
scatterings are obtained on repeating the calculation 
which led to Eq. (65), i.e., we let the expression (65) 
represent the “incident wave” for the next scattering, 
eu 

The connection with classical transport phenomena 
is easily obtained, as was shown in reference 1. When 
A>>qo', we may neglect the interference of wavelets 


scattered from different particles in the expression 
Ds V 
* Extensive use of wave packets in the development of scat 


tering theory has been made by Francis Low (unpublished lectures 
at the University of Illinois, 1953) 


WATSON 


for the density of scattered particles. Using the integral 
equations (16), the appropriate classical transport 
equation is obtained.” The quantum-mechanical theory 
of transport phenomena is contained in the general 
transport equation satisfied by p, 


IV. OPTICAL MODEL POTENTIAL 


We consider the choice P= P») of Eq. (26) in this 
section. Then the elastic scattering is described by 
Q\a) and the inelastic scattering by (F—1)Qc¢)\a) as 
was mentioned in connection with Eq. (35). 

The “optical model potential” Uc is given by Eq. 
(30). The appearance of Uc in d in F and the F, tells 
us that the particle propagates between scatterings in 
the dispersive medium as determined by Uc. Thus, for 
instance, Eq. (30) is a nonlinear integral equation for 
L f 

A zeroth approximation (the one used in Sec. 
1 in Eq. (30). Then 


III) is 


obtained on setting F, 


Vc=(y| da lal y)by4, (66) 


which is just Eq. (25). Corrections to this equation 
arise because of correlations between scatterers in the 
scattering medium. These correlations may be induced 
by the scattered particle or may be an intrinsic property 
of the An example of the former type of 
correlation is the polarization” in the 
Lorentz-Lorenz formulas for the refractive index of a 
gas. The manner in which the latter correlations affect 
reference 2. In general, these 


medium 
“dielectric 


Uc was discussed in 
phenomena will be interrelated 

To illustrate the effect of polarizing the medium, 
the of Sec. III, supposing the 
scatterers to be much more massive than the scattered 


we shall use model 


particle, to have closely spaced excited states, and to 
be randomly distributed in a large, isotropic uniform 
medium. As before, we shall take 


hk? 
e(k) { vc(k), (67) 
1 


d €40 e(k) { in, 


and suppose ky to satisfy 


€(ko) €q0. (68) 
We define 
I . 

Po > LgV g, 
d pra 


VY, eiko x + (69) 


so by Eq. (30) 


(k’ vc ky (70) 


Lal Yok’ | taVa| YojKo). 


This may be written explicitly as 


y 
(k’ | ve| ko Jf Teslero(a, Zn) |? 
v=1 


«(k's taWa! ko), 


ka @ 


(71) 


using the wave function gy, of Eq. (2). 


In reference 1, this was done for the special case of point 
scatterers. The same method works in general, however. 
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To calculate V,, 
tering medium to be so dense that the chance of 


we suppose the states of the scat 


repeating a previous state is negligible for all but very 
small angle scatterings. The scatterings at sufficiently 
small angles will not lead to a change of state of the 
medium and must be explicitly excluded by the /o 
operator. Also, the mean free path for scattering is 
considered to be much greater than ky! 

To evaluate Eq. (71), we must solve Eq. (69) for Va 
It is apparent that we need V, only for X= Za, which is 
the position at which the next scattering occurs. Let 
us make the assumption that V, has the form 

V,= ei, (72 


where Q is independent of a for x~zq. As will be seen, 
this implies a homogeneous medium. Also, as in See 
III, we suppose the distance between scatterings to be 


1 


large compared with ko! and 


(k| ta! ky) = (kt) ko) exp[ —i( k—ko)- 2, | (73) 


J 


Then we obtain 


Sp P otge*™ . 


d*k exp(ik- Rg) 
f (k t ky) exp (iky- 24) 


€got+i— e(k) 
exp(tkoRg) 
~{(fArp,Ao) exp(iko: 2s), 


(74) 


just as in Eq. (57). Here Ry, Ara, i, ete have been 
defined by Eqs. (58), (59) and (60) 
Equations (72) and (74) may now be substituted into 


Eq. (69) and the resulting equation solved for Q: 


Q=[1-4}", 
where 
; exp (ikoRg) 
A a Pof (hirano) 


Bra 


exp(—iko- Ry). (76) 


In the expression for A, we suppose that x= 2,4, so 


R, (La 


, 


homogeneous, we 


zs). By our assumption that the medium is 
that A 


aS was assumed in connection with 


com lude 


, and thus Q, is 
independent of a 
Eq. (72) 
Equations (72), 
for Va, 80 Eq. (71) may be evaluated as 


(75), and (76) provide the solution 
. 
v% © fT es gyoler-- a) . 
a vel 
exp[ — i(k’ — ko) +a }(k’ | t| ko) 
1—A 


Cia 


x (77) 


If we assurne complete randomness in particle positions 


we may set |gvo\?=U-*% when all the 2’s are within 
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the volume VU and | gy,./?=0 otherwise. Also, we may 


take 
fo 
1 


and change 


i(k’ — ko) tq (29) (k’ — ko), 


a exp 


to the Rg for the remaining variables to 


obtain 


N 
(2ar)95(k’ — ko) (kg! ¢| Ko) 


J 


(There is no a in the integral above, of course.) The 


I], dR, 
(78) 


A(R, Ry) 


refractive index nm may be obtained from Eq. (37) 
Exact evaluation of the integral in Eq. (78) does not 
appear feasible. The only approximate treatment which 


we shall discuss is the rather crude one of substituting 


7 Po | dé 8 no Rs 
pra . . 


in Eq. (76) for A. Here po= N/V, as before 
Phen 


exp (tkoR as) 
L/(Anp,fo) exp! 


A~ Po | d'Rg iky Ry) | 


, 
Rs 


dRz 
2m f exp (ikoRs){ f( 


ik, 


fiy,fo) exp(ikoRag) 


{(Nho, fo) exp(—ikoRs)) 4 (79) 

We now recall the presence of the operator /’9 in 
Kq (71) 
do not lead to a change of stale of the scattering medium 
(79) 


/’) instructs us to discard all scatterings which 


The second term in curly braces in describes 
forward scattering, which will not excite the scattering 
medium, and must, therefore, be omitted 
Because k 


set the upper limit in the integral equal to infinity to 


has a positive imaginary part, we may 


obtain 


{(— fo,fo) (80) 


From Eq. (77 we evaluate tc a 
{ 


’ 


(ko l ko) 


(k’| v¢| ko) = 6(k’—ko)| (29)"pg (81) 


From Eq. (37), we obtain the refractive index a 


M_{(fo,Mo) 1" 
dor po /\1 pof(—fo,fo) |. (82) 
M* qo kf 
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This is similar in structure to the Lorentz-Lorenz 
formula for the refractive index of an isotropic medium 

We must recognize that a number of approximations 
have been made in obtaining Eq. (82). First of all, we 
have made an approximation in treating the /’y operator 
on which (ko\t\ko) operates in Eq. (78). In other 
words, we must suppose this represents only ‘“‘nearly 
forward scattering.” Next, we have kept only the first 
term in an expansion (obtained by partial integration) 
in (koRg)'.™ A more accurate treatment is beyond 
our present scope 

lor a medium in which correlations between pairs 
of particles are important, but for which the induced 
polarization is negligible, we may write, approximately 


1 
1 c— Yo a la Yo) t ae De Yo bay Polar %), 
a a, agai d (83) 


; 


I~ eqo + in— eth) 


We shall neglect the term v¢ in ¢ as well as spin inter 
actions. In carrying out the sum over virtual states in 


the second term above, we must omit the state yo. Thus,” 
| J 
, 
k Yo lay Polae koyo 
d 
> [een nat P (%a},La2) — P(ta1) P (Zaz) | 
i(k’ 


k) «Za; | 


J 


(k’\t! k)(k/| 1] Ro) 
Je 


| 
éqo + n e(k) 


Kexpl—i(k—ko)-ta2 |. (84) 


If the P(aa;) is the probability of finding particle a, 
at the point Za, P(%a1,%ay) 18 the joint probability of 
finding particles a; and ay at points Za; and Zas, resper 
tively 

We may conveniently write 
P(ta1) P (tay) 


P(tay,%ea P(ta,)g(r), 


(85) 
r= Za) 


Zax, 
for an extended isotropic medium. g(r) represents the 
pair correlation function for the scattering medium 
(84) 
given in reference 2, When the phase shifts are suffici 


Some discussion of the real part of Eq was 


ently small that the /’s are real, we obtain for the 
imaginary part of Eq. (84) 


| 
& & tm 7} P olag ”) 
a aya, d 
da 
5(k’ k»)/ } pot R fa fon pok\r) le i(k ko) or 
dQ 


* Such an expansion requires a cut-off distance for all but the 
lowest order term. This expansion need not be made, of course, 
if one performs the angular integration in some other manner in 
Eq. (79) 


WATSON 


where the differential scattering cross section is 


da (2n)* ; 
fens €o) (ko l k)(R\t\ Ro), 


dQ UR 


and ¥,» is the velocity of the scattered particle. Com- 
bining this with the first term of Eq. (83), we obtain 
for the imaginary part of the refractive index: 


1 da 
Im(n)~ mf 1D) 1 ton f reine i(k—~ Ko) | (86) 
dk dQ 


aKO 


This expression for the absorption coefficient is 
familiar from the theory of critical opalescence in optics.™ 

If we extend the series (83), we obtain a dependence 
on three-particle correlation functions, etc. It is a 
characteristic of our description of multiple scattering, 
that the structure of the scatlering medium is assumed 
to be known in the calculation of the scattering. At 
just this point, the formal similarity between the 
scattering theory and Brueckner’s*® theory of the 
nuclear many-body problem breaks down, since the 
aim of the latter method is to obtain a detailed theory 
of the medium. Brueckner’s work has recently been 
extended?’ to include a method for the evaluation of the 
equation of state of gases and liquids. Applications of 
this method can be made to calculate correlation func- 
tions such as g(r). When the physical medium is not in 
a pure state (i.e., has a finite temperature), an ensemble 
average must be performed over its spectrum of states. 


V. ENERGY OF A PARTICLE INTERACTING WITH A 
SYSTEM--LEVEL SHIFT OF THE z-MESONIC ATOM 


In reference 9, a perturbation theory for the energy 
of a system of \V interacting particles was described in 
a manner formally identical with the expression for the 
optical model potential. The energy of a single particle 
interacting with a system of particles was also obtained.’ 
This was identical with our expression for 4+ Uc except 
for the absence of the in [see Eq. (10) | in the propa- 
gators. Indeed, we can write Eq. (35) as 

€g=h(q)+ (gro) tcl €¢) | GY0)- (87) 
The solution of this equation for ¢, gives the energy of 
the particle. The first approximation (Eq. (66)) for v¢ 
gives the expression used, for instance, in theories of 
the level shift of the w-mesonic atom.”*”* 

The fact that the level shift is essentially given by 
the optical model potential has perhaps been insuffici- 
ently emphasized. This point is worth making since the 
approximations used for the level shift have seemed 
somewhat crude when applied to the calculation of the 


“See, for instance, L. Rosenfeld, Theory of Electrons (Inter 
science Publishers, Inc., New York, 1951), p. 80. Compare also 
M. Lax, Phys. Rev. 85, 622 (1952) 

% Deser, Goldberger, Baumann, and Thirring, Phys. Rev. 96, 
774 (1954) 

* K. A. Brueckner, Phys. Rev. 98, 769 (1955). 
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optical model potential.?” Indeed, neither the “self- 
consistency” correction associated with the presence of 


‘ 


Uc in the propagator defining the /, nor the “correlation 
corrections” discussed in the last section is likely to be 
negligible in a quantitative theory. 

Brueckner*® has observed that the level shift of the 
m-mesonic:atom should include a correction for true 
absorption of the meson. This correction also occurs in 
the calculation of the pion-nucleus optical model 
potential—and was indeed given in reference 1 in the 
form used by Brueckner 

When the absorption can occur via an “absorption 
operator” R, then Eq. (87) is corrected as follows 
[see Eq. (72) of reference 1]: 


‘2 
€g=h(q)+ (or — nm) +(qvo| Veleg)|qrvo). (88) 


The propagator d occurring in Uc should also be 
replaced by' 


1 
D=d—R-R. 
d 


(89) 


Karplus** has observed that the level shift R(1/a)R 
does not include all the terms which arise from meson 
field theory. Using field theory, the “absorption cor 
rection” must be calculated by the method of potential 


construction in quantum field theories.” 


VI. SCATTERING FROM A SMALL NUMBER 
OF PARTICLES 


When the number of particles in the scattering 
medium is small, it is often convenient to take O=0, 
so Qg=1, F=Q and P=1 in Eqs. (12) and (16). Let 
us again use the model of heavy scatterers of Secs. III 
and IV, so 
(k?/2M). 


d a €40 


If we let the second of Eqs. (16) operate on e'%"?, 
we obtain 


1 
V,=e'Wt+— FY tyWs. (90) 


a fra 


Fe'e'* }, 


[Wa 
lo solve this equation, we define 


I 
Sa laV 4 ’ 
a 


and write (as before R,=x—z,) 


. exp(igoR,) 


Vp= ei t+ Opy, (92) 


y78 1 
27 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956) 
**R. Karplus, reported at the Sixth Annual Rochester Conference 

on High-Energy Physics, 1956 (Interscience Publishers, Inc., New 

York, 1956). 

*K. A. Brueckner and 

(1953) 


K. M. Watson, Phys. Rev. 90, 699 
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where Qs, is independent of x. For x—2s, we may 


rewrite this as 


_exp(igoRgy) 
W g(xo~zg)—~e'v r + > 


rr Rs y 


<exp[iks,:(x—2s) Op, 


Here kz, 


gofg, and 


fay = (29—2,)/| Ba— By 


Also, Rg,= | t4p— 2, 


If we substitute Eq. (93) into Eq 
(our model supposes the s attering mean tree path to 


be much greater than go!) 


(91), we obtain 


exp goR) | 
Ry 4 


Ss {(Arp,Ao) exp(tqo: Zs) 


s ex] »( igoRg y) 
> {(AnaAay)Opy (95) 


ra 
, 
yrs Rs, 


as in kq. (57). Here / is the scattering amplitude, as 
defined by Eq. (60) (now M*=M, of course, since 
UL, 0) 

Now, substituting Eqs. (95) and (92) into Eq. (90), 
there results (with x~z,) 


Oap= [(Map,fo) exp (iqo %s) 


exp(igoRg,) 
+ 2. {(hap,fpy) Us, 


ia Ra, 


(96) 


This represents a set of coupled algebraic equations for 


the Oag’s. The « omplete wave function W is then 


(97) 


V= (C+D a Sad groll 
lor this problem, the multiple-scattering equations are 
solved algebraically 

APPENDIX 


In See 
model potential of a finite “relaxation time’ of the 


If we described the effect on the optical 


medium following inelastic scatterings. We here 


develop this in more detail 


rhe incident particle with energy eg scatters from 


particle “a” at point a4. The particle ‘a’ is ejected 
suddenly from the medium. We suppose the medium 
to normally have particle-particle correlations extending 
distance D 


removed, the particles within a distance D of aq are 


over a When particle “a’ is suddenly 
expected to readjust themselves with a relaxation time 
r. The excitation energy of the medium associated with 
the removal of particle a we suppose to be of the order 
of AEy 

Now if D>»>4q the 
particle, this particle will leave the disturbed region 


momentum of the scattered 
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around the point z, before it has a definite energy and 
will consequently interact with an optical potential 
which is that of the undisturbed medium, On the other 
hand, if h/D<q the particle will interact until it has 
traveled the distance D via an optical potential which 
is peculiar to the locally excited region near 2. This 
assumes, of course, that D/v<r (where v is the velocity 


of the scattered parti le), a condition which will be 


met if «,>AKy, the spacing of levels of the medium 
lo develop this from our scattering formula, we write 
La (ql q (A-1) 


ta = exp| —1(q— qo) 


Now 
5 


bgt*"* B14 


a 


d eft *g,(q| t] qo) 
7g 
(A-2) 


x (gy, expl—i(q— qo): 2a’ \gvo). 


Since we assume that particle a is ejected, we may write 


fy = hy explip: ta)/(2r)', (A-3) 
where p is the momentum of the recoil particle a and 


g, is an eigenfunction of the residual medium (with 
particle a gone) 


We must p to be 


momentum In yo, 80 


large compared to the 


p™ (q 


uppo Cc 
averaye 


pecifically, 


Cxp(1p* Za) 
(¢,, expl —i(q— qo): 2a \gv0) 
(2r)! 
exp[ —1(q— qo) + Za (gy £70), 


where no integration is performed over Z, in 


q). More 


WATSON 


Phen 
_ expliq: (x—2.) J 
By" Cy (ta) 
d 

X (q/t} qo) exp(tqo-Za). (A-6) 
The physical interpretation of this is quite apparent 
The phase of the wave at z, is just exp(iqo-Z.). The 
additional phase change in traveling to point x is 
Energy conservation is determined 


exp iq: (x— Za) |. 
is very large. When 


by the pole of d when R@ |\x—2, 
this distance is much larger than h/q, the uncertainty 
in €, is ~AE=vh/R. Even when AE/e,<«1, AE/AEw 
may be 1. This condition will obtain for some range 
of R if e, is large (as we have assumed) and then 


Dy By Cy (ta) Ryo 


which follows from the completeness of the g,’. This 
’ as it was before a 


(A-7) 


means that the medium is “frozen’ 
was ejected. As the scattered particle travels farther, 
R becomes large and eventually AE/AEy«1. Then 
the medium has settled into a definite eigenstate. 

Now Eq. (A-7) describes a “wave-packet” state of 
the medium having an uncertainty in energy ~AEFyw. 
The relaxation time of the medium is determined by 
the time required for AE to become comparable to 
AEw. As discussed in Sec. II, it is in terms of the 
“wave-packet state” that it is desirable to define Py p. 
Then the which make up the 


“elastic scatterings” 


“optical potential” are “elastic” with respect to the 


wave-packet state. 

We emphasize that this change in the definition of 
Pyp is only important if the medium has strong 
correlations between particles. Had we used the origina! 
definition of Pyp in terms of y states, it would have 
been necessary to sum over many “slightly elastic” 
scatterings to obtain this result 
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Pair Production of s-Wave Pi Mesons*t 
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A theory for pair production of s-wave » mesons is constructed along the lines of the Chew-Low-Wick 
formalism, A bilinear s-wave interaction of the form (Ao/u) @ @+ (A/u")*: OX # as used by Drell, Friedman, 
and Zachariasen is added to the p-wave interaction (49)'(f/ujo-Y*-¢ as used by Chew and Low, It is 
shown that if the s-wave interaction is limited to the Ao term (scalar pair theory) the cross section for pair 
production of s waves vanishes 

By using both the A» and A terms, the cross section for inelastic scattering of a p-wave meson into two 
s-wave mesons, near threshold (total energy of the produced mesons <350 Mev), per unit energy of one 
of the produced mesons is determined to be of the order of millimicrobarns/Mev; for photoproduction the 
corresponding number is ~1000 times smaller 

A comparison is made with the work of Cutkosky and Zachariasen and it is concluded that if there is 


no meson-meson interaction s-wave pair production may be neglected except possibly as the very threshold 


I, INTRODUCTION and H,' of s-wave mesons only, it is convenient to 


RELL. Friedman. and Zachariasen' have shown ¢*P@2d the meson field in terms of spherical waves. 


recently how the fixed source theory of the 

p-wave pion-nucleon interaction of Chew and Low? can 

be extended to include s-wave pion-nucleon interactions. JJy5= 5° w, >(—)4 aq'(p)a_4(p) 
a 


The various terms in the Hamiltonian (1) then become 


We report here an analysis of pair production of s-wave ? 

m mesons based on the work of above authors. In 

particular we study the inelastic scattering of a p-wave = (—)™ag!(pm)a_o(p—m) 

meson into two s-wave mesons and the photoproduction sl! ’ . 

of s-wave meson pairs near threshold for these processes 
The Hamiltonian is taken to be 


H=Hot+H'; H'=H,'+H,. (1) 


’ 


e +l 
td db (—)™a,'(plm)a_4(pl—m)]} (2) 
r 


2 m=—| 


Here Ho is the Hamiltonian of the free meson field (the f° Vpn (p) 41 
» ds > 


energy of a physical nucleon is taken to be zero), H,’ is y po 
bh pe (Ow,y)* am 


)*( 
the interaction Hamiltonian as used by CL, and H,’ is 
the s-wave interaction Hamiltonian added by DFZ , 

The interaction Hamiltonian (1) serves as the basis XLa-4(p 
for discussion of inelastic meson scattering in Secs. I] Ao! ” N? v(p)o(p’) ‘ 


and III. In Sec. IV we discuss photoproduction of : > (—)*La,(p)a_4(p’) 
Mo pr’ Am (Awfoy’)* 4 


m)+d.g'(p—m)}, (3) 


s-wave meson pairs on the basis of the Hamiltonian (1) 
modified to in lude electromagnetic effe ts. A method +ay(p)a(p’) +-a4!(p)a—¢(p’) +ae!(p)a_o'(p’) ] 
for this modification is presented which preserves the 

gauge invariance of the theory without introducing any Ys N* o(p)o(p’) 

gauge currents if one works in the Coulomb (¥V-A=0) T 2 
gauge. In Sec. V the equations derived in the preceding 

sections are solved approximately and various cross Wy Wy')>. Tol a,(p)a,(p’) —a,'(p')a,"(p) | 


a 


= 
Me’ pp’ 4dr (4w 0p)! 


sections are calculated ¢ 
In view of the fact that H/,’ is responsible for the ; 
: (, } : / ; / , ; 
interaction with the nucleon of p-wave mesons only b (Wp twp) 2. rel ar(p)a,'(p’)—a,(p’)a,'(p) }}, 
q 
* This work was assisted in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Commis 


sion 
t Part of a Doctoral thesis submitted by A. M. Bincer to the ‘The phases of the creation and annihilation operators 


(q,7, 5= cyclic permutations of —1, 0, +1) (4) 


emery pasate at te Reamicmesetts cnsttete of Tech above are chosen so that the only nonvanishing com 
nology ’ 4 

t Present address: Department of Physics, Brookhaven Na 
tional Laboratory, Upton, New York 

' Drell, Friedman, and Zachariasen, Phys. Rev. 104, 236 (1956), | ag(plm),ay'(p'l'm’) j= (—)*0™), «Sm, —m/b1, by, ». (5) 
hereafter referred to as DFZ 

2G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 (1956) , 

4 » #B) ’ , ’ , » the » g : St 

hereafter referred to as CL. G. C. Wick, Revs. Modern Phys We use the system of units in which h=c=1. f° is 


27, 339 (1955) the nonrenormalized p-wave coupling constant of ¢ # 
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mutator is given by 





1400 ADAM M 
Ao’ and )° are the nonrenormalized s-wave coupling 
constants of DFZ. N is a normalization constant which 
also enters into the expression for the density of states 
in phase space and which cancels out in the final 
expressions for cross sections. « stands for the rest mass 
of the m meson and wy=(p’+y’)' is the energy of a 
meson with momentum p. v(p) is the Fourier transform 
v(p)= fulrje'?''dr. 


+1, are Pauli spin matrices 


of the nucleon source density u(r) 
om and Ty, M, g 1, 0, 
acting in spin and isotopic spin spaces respectively 
a,'(plm) is the creation operator for a meson of charge 
ge, energy w,, square of angular momentum /(/+-1) and 
z component of angular momentum m; whereas a,(plm 
is the annihilation operator for a meson of charge — ge, 
energy w,, square of angular momentum /(/+1) and 
(Note the 
minus signs in these definitions.) Finally a,(p) is a 
shorthand notation for a,(p0O) and a,(pm) is a short 
hand notation for a,(pim). 

We note that a,(plm) and (—)**"a_,'(pl—m) 
each others Hermitian not a,(plm) and 
a,4'(plm). The reason for this choice of phases is that 
now d,(plm) [as well as a,'(plm) | 
component of an irreducible tensor of rank / as defined 
by Racah* 
component 


z component of angular momentum m 


are 


conjugates, 
behaves as the m 


under rotations in and as the gq 


space; 
of an irreducible tensor of rank 1 under 
rotations in isotopic The relation between 
a,(plm) and its Hermitian conjugate is also in agree 


ment with the notation of Racah 


Spin space 


l'o complete the discussion of the notation, we turn 
now to the symbols used for the description of the states 
of the system. We use the symbols A, B, C to describe 
nucleons; other symbols used in a state vector refer to 


mesons use the symbols R, S to 


In particular we 
describe s-wave mesons, and the symbol L to describe 
a p-wave meson. Each symbol stands for an aggregate 


of quantum numbers, thus R represents the aggregate 


R= the isotopic spin, 

p= component of the isotopic spin, 

R’ = angular momentum (orbital or spin), 
p'=2 component of angular momentum, 


r= magnitude of linear momentum 


(The last quantum number is always assumed to be 
zero and therefore omitted, when referring to nucleons.) 
Thus, for example, when dealing with inelastic scatter 
ing we need a matrix element of the scattering matrix 
denoted by 


BRS {i “ (/) 


because the initial state of the system consists of a 
nucleon (A) and a p-wave meson (LL), whereas the final 
state of the system consists of a nucleon (3B) and two 
s-wave mesons (R and §). The superscripts + and 

are used to denote the fact that the corresponding states 


*G. Racah, Phys. Rev. 62, 438 (1942); Biedenharn, Blatt, and 
Rose, Revs. Modern Phys. 24, 249 (1952 


BINCER 


are scattering eigenstates of the total Hamiltonian 
defined by the boundary condition at infinity of only 
outgoing or incoming waves respectively. 

In a manner entirely analogous to CL and DFZ, 
we find for the states entering Eq. (7): 


AL* {a,'(1’) 


(H—w,—ie)| H’,a,"(Id’) }}| A), (8) 


BRS {a,'(r)a,'(s)— (H—w,—w,+ie) 


x (H’,a,'(r)a'(s) |}|B). (9) 


II, SCALAR PAIR THEORY 


It has been shown in the work of DFZ that both the 
Ao’ and A° terms are necessary to account for the experi- 
mental s-wave phase shifts and therefore we will use 
both terms. However, we would like to show first that 
the Ao’ term alone leads to zero transition amplitude 
for the process that we are considering. 

Substituting Eq. (9) into Eq. (7) gives 


(BRS~| AL*) 
+ H’,a_,(r)a_o(s) |(H—w,—w, 


(B\ (—)*t*{a_,(r)a_,(s) 


1e)"}|AL*). (10) 


In a manner analogous to CL and DFZ, one obtains 


a_,(r)a_,(s)|AL*) 


(H+w,+w,—1t€) "| Ha AL*). (11) 


p(7)a_o(S) | 
Hence Eq. (10) becomes 


(BRS~|AL* 


2915 (wi—w,—w,) (—) Pt? 


(B\(H’,a_,(r)a_.(s) || AL*). (12) 


From Eq. (12) we see that the appropriate element of 


the transition matrix for our process is 
(—)*t(B\[H’,a_,(r)a_,(s) || AL*). (13) 


This element of the transition matrix can be written 
as follows: 
(B\ LH’ ,a_,(r)a_,(s) || AL*) 

(B| (a_,(r),LH’,a_.(s) | J+ (LH’,a_,(r) Ja_o(s) 

+[ H’,a_.(s) ja_,(r)| AL*) 
(B\(a_,(r),LH’,a_.(s) J) 
+L H’,a_,(r) |(H+w,—wi— ie) “LH ,a_,(s) | 
+LH’ a—6(s) |(H+-w,—w,— ie) "LH ,a_,(r) || AL*) 
(B|[a_,(r),CH',a-o(s) JA L*) 
(<8 [H’,a_,(r) |N*)XN 
+2, 


N* | En t+w,— wile 


\[H’,a (Ss) |AL*) 


(B|(H’,a_.(s) N*N*|(H',a_,(r) JAL*) | 
+ 


(14) 


Ent+o, Ww] lé€ 


where we have inserted a complete set of eigenstates of 
the Hamiltonian with the + convention denoted by 





PAIR PRODUCTION 


OF 


WAVE MI 


R s t a oie RS A 
a 2 WZ 
b a ts) b — 
¢ r) 


Fic. 1. Two-vertex diagrams. 


N+, and used two relations of the following kind: 


a_,(s)| AL*) 
(H+, 


Ww] (15) 


ie) | H’ ,a_,(s) ]| AL*). 


In the special case of the scalar pair theory, one 
finds readily : 


(M*|[H’ ,a_.(s) ]| N*) 


—U,>,U(M*|a_.(p)+a_."(p)|N*), (16) 


with 


U,= (do°)* (4a)! N0(x). (17) 
Here |M*) and |N*) are any two eigenstates of the 


system with the + convention. We construct next 


(V-—1,)* a + (H+w,- En—ite)™ 
X(H',a_.(p)]|N*), (18) 
+ (H Wp En le) 


x (H’,a_.'(p) || N*), 


a o(p) Nt) 


1 


a_,'(p)| N+)= | (N+1_.)* 


(19) 


where | (N—1,)*)6,,* represents an eigenstate obtained 
from | N*) by removing an s-wave meson of momentum 
p and charge oe [if the state |N*) did not 
such a then |(N—1,)*)é,p%=0] and where 
|(N+1_,)*) represents an eigenstate containing in 
addition to what |N+) an s-wave meson of 
momentum p and charge —ge. 

Using Eqs. (18) and (19), we obtain from Eq. (16): 


contain 


meson, 


was in 


(M*+|(H’,a_.(s) N+) 


Usp Uo} (Mr (A 1,)*)5op™ 


(M+|CH’,a-6(p) *) 
uM Ey 

(M* [ H' a a'(p) \N*) | 
t 


Ey En 1€—-Wy 


+-(M+|(N+1_.)*)+4 


1e+Wp 


(20) 


It follows from Eq. (20) that U,-(M*|[ H’,a_.(s) |N* 
is independent of the momentum s and therefore 
- (M+|(H’ ,a_.(s) JN*) 
U, DL» ULM" (A 1.)* Bey” 


+(Mt| (N+1_,)*)] 


. . (21) 
| 1-230, U,heg/l (Eu—En—ic?—«,%) J 
Disregarding the singular case when the value of 9° 
is such as to make the denominator in Eq. (21) equal 
to zero, we find that (M*|[ H’,a_,(s) |N*+)=0 unless the 


) 


FiG Ihree-vertex diagrams 

M+) and |N*) differ by one s-wave meson of 
charge oe, but are the 
summation over NV* in Eq. (14) vanishes. What remains 


states 


otherwise identical. Hence 


in Eq. (14) is the double commutator 


Md) ( 22 ) 


a 


(a_,(r),{ H’,a_.(s) } ] oll i 


This is a ¢ number which can be pulled out and we are 
left with (B|AL* 


two eigenstates 


0 owing to orthogonality of these 
This completes the proof that the 
transition amplitude for our process vanishes for a 
scalar pair interaction 

We observe that above result can be anticipated if 
the process in question is pictured in terms of a series 
of diagrams grouped together according to the number 
of vertices involved. We have the two-vertex diagrams 
pictured in Fig. 1, the three-vertex diagrams pictured 
2, etc. (Only one class of diagrams is shown, 
be obtained by 
and S.) The diagrams are to be read from right to left. 
The horizontal line represents the nucleon, the other 
are At the vertex a the p-wave 
meson L is absorbed. Hence the operator in question 
At all the other 


vertices s-wave mesons (R,S,K) are scattered or created 


in Fig 


others can interchanging mesons R 


lines meson lines 


as far as the nucleon is concerned is or 


in pairs. Hence the operator in question as far as the 
nucleon is concerned is simply unity (scalar pair theory) 
Therefore all the it 
matter whether we write ab or ba. The only difference 
the 
same number of vertices is in the energy denominators 


vertices commute and does not 


between the contributions from diagrams with 


and one sees easily that the contributions from all such 
diagrams add up to zero 


The crucial point in this “proof” by diagrams is the 
commutability of vertices, valid in the scalar pair 
theory. We note that if not all diagrams with a given 
number of vertices are considered, the mutual cancel 
lation will not take place. This is what happens in 
methods such the ‘Tamm-Dancoff 


approximation as 


method,‘ leading to erroneous results 
III. INELASTIC SCATTERING 


the 
In 


We the (7) for 
relevant matrix element of the scattering matrix 
by Ka (9) 


this approach was dictated by some special features of 


start again with expression 


Sec. II we proceeded by replacing (BRS 
the scalar pair theory. In the present case we proceed 


in the orthodox way of replac ing |AL* by Ee. (8) to 


‘I. Tamm, J. Phys. ( 
Phys. Rev. 78, 382 (1950) 


S.S.R.) 9, 449 (1945); S. M. Dancoff, 
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The functions O, N, M, F, and EF. The 


the complete physical interaction 


blob indicates 


obtain 


BRS-\AL* 


2916 (wi— Ww, 


W,) BRS [ H’,ay* (1d’) |A 
w,)(BRS|F,(7,1)| AL). 


2916(wi—w, 
We recognize that the coefficient of — 2916(w,;—w,—w,) 
is just the required matrix element of the transition 
amplitude in view of the relation between the scattering 
matrix and the transition amplitude matrix 
Sat bab 2716 (WwW, wr) T ab. (24) 
(We are dealing with an off-diagonal matrix element of 
S and therefore the 6,, term does not appear.) 
can use for | BRS the 


Instead of Eq. (9), we 


‘equivalent expression 


(H—w, 


W,-t te) 


| H',a,'(r) || BS 


BRS~)= {a,"(r) 


(25) 
Using Eq. (25) the transition amplitude becomes 

BRS\F (7) | Al BS~ || H’,(—)*a_,(r) |(H—w, 

ie) | H’ ay" (IN) 4 Want (D’) | 

x (H+w,) "| H’,(—)’a_,(r) || A 


Ws, 


(26 


Equation (26) is the basic equation of this problem ; 
however it is not very useful unless certain approxi 
As in CL and DFZ, we proceed by 


using closure to introduce into Eq. (26) a complete set 


mations are made 


of eigenstates of the Hamiltonian with the — convention 


and then make two approximations 
the “one-meson approximation,” 
the “} 4 approximation.” (b) 
(a) By the “one-meson approximation” we mean the 
same approximation as that used by CL and DFZ. In 
the present work, the actual details are different since 


BRS~) which is a 


two-meson state However, the spirit of the one meson 


we must deal with states such as 


approximation is maintained by allowing only such 
two-meson intermediate states in which only one meson 
is rescattered, the other being identical with one of the 


two mesons in the final two-meson state. 
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(b) By the “} 3 we mean the 
assumption that all p-wave scattering phase shifts may 
be assumed to be equal to zero except for the phase 


approximation” 


shift corresponding to scattering in an eigenstate of 
total angular momentum J and total isotopic spin T 
equal to the eigenvalues $. 
As a consequence of these approximations our basic 
Kq. (26) becomes 
(BSR|N,(s)|CXC|O(D)| AL) 
(BRS|F,(r,D)\|AL i 


Wet, 
(BOW) |CLACSR|N,(s)| A 
wtu, 
(CK | M,(k)| BR)“CKS| F,(k,D | AL) 
CK 


(BS) (RD) |CKLYCKR|N,(k)| A 
(27) 


CK 


Equation (27) is an integral equation for the function 
F, Of the quantities appearing in it the function O is 
related to the absorption of a p-wave meson and can 
be obtained from CL; it is defined by the relation 


C\O(D)|AL)=(C\ CHa," (IN) JA (28) 
The functions M and N are related to the scattering 
and pair production of s-wave mesons and can be 
obtained from the work of DFZ; (see Figs. 3 and 4) 


they are defined by the relations 
CK \M,(k)| BR (29 


(BSR) N,(s)\C 


(CK [H’,a '(r) |B), 


e 


BS~|(H’',(—)*a_,(r) |C). (30) 


The function £, however, is unknown. It is defined by 
an equation similar to Eq. (26) 

BS\ E,(r,l)| ARL (BS~ |[H',a,"(r 

w,— te) | Hay" (1d’) | 

KX (H — w+ te 


(H { Wy 
T H’ ay" (1d’) } 


Ha,‘ r) \\A (31) 


Subject to the same approximations as used in obtaining 
Eq. (27), Eq. (31) becomes 


(BS| M,(s)| CR) O(l)| AL) 
(BS| E,(r,))| ARL)=>~ 


C 


1 2 
Ws Wr ttle 


(BIO) | CLYXCS|M,(s)|AR 
— 
c W,— Wye 

- (BS| E(k, | CKL\CK 


K Ws WwW, TT1e 


M i(k) AR 


(CKR|N,(k)| BYYCKS | F(R) AL 
(32) 


Wek T Wy 
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Thus Eqs. (27) and (32) form a system of two coupled 
linear integral equations for the functions E and F 
which must be solved. (See Figs. 5 and 6. 

First, however, we dispose of the dependence of / 
and £ on the magnetic quantum numbers which merely 
represent the geometry and not the physics of the 
problem. By making use of well-known orthogonality 
and symmetry properties of the Clebsch-Gordan and 
(27) 


Racah coefficients,’ one obtains in place of Eqs ] 


and (32) the following: 


V,3(s) 
OL) 


V,4(s) 
Fr D=A 


) 


Wr TW, 


\ (hk) ECR) | 
+A 


} : 
{ Wk Wr l€ Wk T Wr 


J M *(k)F (k,l) 


and 
M,*(s) 
AA 


M,}(s) 
E,(r,D) O(L) 
Ws lé 
V*(R)F (RD) | 
+A - (44) 


bie ote 


M (Rk) E, (RD 
>| 
k | 


Wy A 


Equations (33) and (34) are matrix equations and the 
meaning of the various symbols is explained in the 
Appendix. 

As stated, the functions O, M, and A 
From the definitions (28), (A-1) and (A-4) as well as 


are known. 


and (5), we obtain 


from Eqs. (3 


L\A 


Oil) i "ra 5) No(l) (240) MM, (35) 


where (4!| fra!|4) is the reduced matrix element of f°ro, 
as defined by Racah,’ taken between physical nucleon 
states. But this last quantity is simply a multiple, say 
f/f, of the same matrix element taken between bare 


nucleon states: 


Mrg } fra 6}. (36) 


b) bare 
From the work of CL, [= 0.08 

The functions M and N are not found as easily 
DFZ derive a set of coupled nonlinear integral equations 
to determine these functions. Solving these equations 
‘approximately, they find 


N*0(s)o(r) | ] 
( ) 2ea( 
Au(wytoy)! | 1 


M,}(s) 
M,*(s) 


The meaning of our one-meson approximation as 
keep diagrams like 


Fic. 4 
applied to two-meson intermediate states 
(a) and disregard diagrams like (b 


OF 


n MESONS 


SR ‘ 
\ / 
4 + 
6 ¢ d 
We 


x % 
ed 
= a 


CK a ( A 6 


us 
A C 


6 


5. Equation (27 


bic 


) 


in terms of diagrams 


(;) 
bu(ww,)? i | 1 


Wr We Wet, 
e| Cy 
bu 


0.14; C«* 


Viv(s)u(r) | 
) 


oo 
VN As) 


0.01 


Mb 


0.04; ¢ 


aT) 


IV. PHOTOPRODUCTION 


In the presence of electromagnetic fields the Hamil 
tonian H as given by Eqs. (2), (3), and (4) goes over 
into H1(A), where A is the vector potential. (A) must 
have a structure which is gauge-invariant. ‘This means 


that the following equation must be satisfied; 


eH (Aje (40) 


dD facenoe 


Here p(r) is the charge density of the system, given in 


Hi A t VG), 


where 


(41) 


this case by 


p(t) = pelt) +4(14 ro)ed(r), (42) 


the charge density of the mesons and 
of the 


assumed to be located at the origin of the coordinate 


where Pra! 1S 
l 


h(1+ro)ed(r) is the charge density nucleon 
system 

The function G(r) 
elec tromagnetu field operator which commutes with A 


is a scalar gauge function-—any 

If it were not for the source function u(r) the transi 
tion H-»H(A) could be accomplished by the standard 
prescription 


Vo,(r) Ae { iegA)p,(r), (43) 


‘ be Ss he 
VW + oo / » or 
6 A " 6 ( A 


$ \ A As ( 
7 ce 
cK iz) Cc A cr ” C A 


FIG 


6. Equation (32) in terms of diagrams 


*R. H. Capps, Phys. Rev. 99, 926 (1955 
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where @,(r), 4 1,0, +1, is the meson field amplitude. 
(ne easily verifies that the Hamiltonian modified 
according to Eq. (43) fails to satisfy Eq. (40). 

It is well known that the manner in which an extended 
source theory is made gauge-invariant is not unique.® 
‘The standard manner is to introduce certain exponential 
factors as multipliers of the meson field amplitudes 
@,(r), the conjugate momenta 2,(r), and the Pauli 
matrices r,, to imitate the operator properties of the 
nucleon field amplitudes P(r) ++ -y(r) which were elimi 
nated in favor of the source function u(r). 

We shall follow the same course except for taking a 
different exponential factor. Instead of the substitution 
(43), we take the following 


7 
7 


o,(r)—>L(r)o,(4), 


w,(r)—>L(r)x,(4), 


tq 7L(0)r4, 


“Lin v4 iegA(r) lp, (8), 


ieg ¢V": A(r’) 

f ie], 
4nJ |r—r'| 
(for the nucleon located not at the origin but at fo, r, 
is modified not by L(0) but by L(to) }. 

One easily verifies that the Hamiltonian modified in 


accordance with (44) satisfies Eq. (40) and hence is 


gauge-invariant,” provided one restricts oneself to 


q 
Vo,(r) 


where 


(45) 


L(r) exp 


gauge transformations such that ¥G(r)-»0 as r-« 
Since the Hamiltonian is gauge-invariant, we may 
choose a particular gauge to work in. The advantage 
of our formulation lies in the fact that if we now choose 
to work in the gauge (V-A=0) all the 
exponential factors reduce to unity 

Thus, in the Coulomb gauge, 


Coulomb 


(46) 


H(A)=H+H", 


where H is the Hamiltonian given by Eqs. (2), (3), 
and (4) and 
iad 7. 


one 


( ea [+ A(n)-vo a(njdr 
+ (4m) *(f? u) fuer gv A(r)o,(r)dr}. (47) 


interested in the element of the transition 


We are 
amplitude corresponding to the absorption of a photon 
of type k and creation of two s-wave mesons R and S. 
This is given by 


(BRS~|H,!"| A), (48) 


*1.. L. Foldy and R. K. Osborne, Phys. Rev. 79, 795 (1950). 
7R. H. Capps and R. G. Sachs, Phys. Rev, 96, 540 (1954); 
R. H, Capps and W. G. Holladay, Phys. Rev 99 931 (1955 

*We note that if the theory is made gauge-invariant in a 
manner different from ours, additional currents appear; however, 
at low energies their contribution is negligible. 
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where 7,’ is the matrix element of H’’ taken between 
states of the radiation field of one photon of type k and 
no photons. (We are treating electromagnetic effects in 
perturbation theory.) 

Just as @, was expanded in spherical waves to obtain 
Eqs. (2), (3), and (4), we now expand A(r) in spherical 
transverse vector waves regular at the origin. These 
are denoted by M,,,(r) and N,,,(r),” and we have 


A(r) =o 4 N(2k) ¥ im (—)™{ Mim (0) [c(kim) 


+c! (kim) \4+-Nim(r)[d(klm)+d' (kim) }}, (49) 


where N is a normalization constant and the sum over 
/ starts at 1. The c’s and d’s are annihilation operators 
for photons with properties analogous to the a’s 
meson annihilation operators. The parity of c(klm), 
c'(klm) is —(—)! whereas that of d(klm), dt(klm) is 
(—)! 

Since the states (BRS~| and (A| in Eq. (48) are 
both states of even parity and angular momentum 3, 
H,”’ is obtained from H”’ by simply replacing A(r) by 
the coefficient of c(k1m), i.e. 


N(2k)-*M imy (4) = N (2k) 49 & [Vim (Q,) ji(kr) ]. (50) 


It then follows that if we expand @, in spherical 
waves the only contribution to (BRS~|H,’’| A) comes 
from the p waves. Hence we may take for H,’’: 


Ay” => o(—) %eqN (2k) ] (4) 4(f°/w)A 
KD pm(2wy)4(—)™r_gLag( pm) +a,'(pm) | 
x fui jloryy, m(22,)0*M imy(r)dr 


+" 2. ymrm'l ag(pm)+ ag'(pm) | 


pm,p'm’ 


X La_g(p’m’)+-a_4'(p'm’) Lf inloryys m(S2,) 


(Aca p60») 


K Mime(r)-OLji(p'r) Vi m’(Q2,) ata (51) 


The explicit structure of H,’’ as given by Eq. (51) 
will not be used except for the following features: 


(a) H,’’ contains operators for p-wave mesons only ; 

(b) H,’ as far as rotations in space are concerned 
behaves like the m,-component of an irreducible tensor 
of rank 1; 

(c) H,” as far as rotations in isotopic spin space are 
concerned behaves like the 0-component of an irre- 
ducible tensor of rank 1. 

Keeping the above features in mind, we now compare 
(BRS~|\H,"| A) and (BRS~|(H',ao'(km,) JA) and con- 
clude that the following relation (similar to a relation 


*P. M. Morse and H. Feshbach, Methods of Thecretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1865. 
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of CL) must exist: 
i (fp—£nle/2M 


(BRS~|H,!'| A 


(4r)*(f/) (R/w)! 


x (BRS~|CH',aot(kmy) JA). (52) 
Here M stands for the mass of the nucleon and gy (gn) 
is the anomalous gyromagnetic ratio of the proton 
(neutron). (CL use here the full static magnetic mo 
ments, and not just the anomalous ones—the theory is 
not accurate enough to decide this question.) 

Equation (52) yields immediately the photoprodu 
tion transition amplitude once the Eqs. (33) and (34) 
are solved. 

V. RESULTS 


We were unable to solve Eqs. (33) and (34) exactly 
but obtained approximate solutions. Near threshold, 
the use of the approximate solution is estimated to 
If we define the 


N? O(L) 
( )i0n, 
12,’ (ww,)? 


then our solution can be written in terms of the /,(r) 
as follows: 


result in an error of less than 25% 
function f,(r) by 


F, (rl) (53) 


2.25 ps 2.5 us 


0,223 
().087 
0.114 
0.013 


0.241 
0.085 
0.123 
0.016 | 


We see from Eq. (54) that /,(r) is essentially constant 
near threshold, being independent of w, and w,. In 
obtaining the numbers given by Eq. (54) it was assumed 
that the cut-off functions v(s), v(r 
unity up to the cut-off energy wma. 
zero for higher energies 


, etc., are equal to 
4.5u and equal to 


In order to calculate cross sections, it is necessary to 
form actual physical states from the eigenstates of the 
total isotopic spin so far considered. Thus, suppose 


that we are interested in the reaction 


PT N+ +8" (55) 
The initial state of the system can be written in terms 


of isotopic spin states as 
pa-)=— (8) )-+ (4418), (56) 
and the final state can be written as 
nwa) 3) + (4)*| (9) + (45) 8), (57) 
where we omit the symbols for the z component of the 


isotopic spin and the quantity in brackets refers to the 
isotopic spin of the subsystem. Hence 
(AP Mr D+ (2/15)4F (7,0). (58) 


F oe one” 


OF 
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Taswe I, do/dw,, the cross section per unit energy of one of the 
produced mesons, in millimicrobarns/Mev 


0.08 

0.08 

0.86 1.9 
6.00«10" 16.3 «x1i0" 
0.39K10" 0.80% 10 
0.02«10" 0.0710" 


Similarly one may change from eigenstates of the 
total angular momentum to states with plane-wave 
mesons. After this transformation, the density of final 
states per unit energy interval is given by 


(d?n/dEdw,)dw, = 4V? (29) “rsw 0 dw, (59) 


where V is the volume in which the plane wave mesons 
are quantized and E=w,+w,= energy of incident meson 
or photon (i.e., we neglect any recoil of the nucleon) 
Expression (59) vanishes at the two limits w, 4 and 
E/2. Using 


this peak value we obtain the maximum value for the 


w, =, and reaches its peak value at w,=w, 
cross sections. In Table I we list da/dw, (cross section 
per unit energy of one of the produced mesons) for a 
number of possible reactions and for two values of £ 
near threshold. 

There are as yet no data available with which to 
compare ‘Table I. Some experimental data exist for 
higher energies, in particular for the reaction p+y->p 


‘ 


tat+ao~." Cutkosky and Zachariasen" obtain a good 
fit to these data by using the theory of Chew and Low 
(no interactions for s waves) ; their numbers are roughly 
10 000 times larger than ours. One 


numbers are so much smaller is that in order to produce 


reason why our 
two s-wave mesons the photon must be absorbed by 
the nucleon, whereas an s- and a p-wave meson (as 
assumed by Cutkosky and Zachariasen) can be pro 
duced by having one of the mesons absorb the photon 
For this reason our cross sections should be smaller 
than theirs by a factor of the order (M/y)'’~50. The 
fact that 
blamed on 


our cross sections are smaller yet must be 
the 


compared with p-wave interactions 


weakness of s-wave interactions as 

We conclude that the s-wave pair production may be 
neglected except possibly at the very threshold when 
phase space inhibits very strongly the production of 
an s-wave and a p-wave. We note that a meson-meson 
interaction (not considered in this work) could change 


the above results 
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initiating and stimulus and contributions 


we ork 


continuing 

to thi 
APPENDIX 

M,N, F,and E have been so defined 

both 

Therefore their matrix 


‘The functions O 


that they behave as scalars under rotations in 


pace and isotopic spin space 


clements taken between eigenstates of the total angular 
momentum J and total isotopic spin 7 are independent 
of the magnetic quantum numbers. Since the value of 


J is always 4 (the final state being a state of a nucleon 


and two s-wave mesons), the elimination of the angular 
momentum quantum numbers is very simple. We re 
write all state vectors as eigenstates of the total angular 
momentum (4a’| and then ignore this trivial dependence 


ly denoting 


\-1) 


pin 7. To 


nucleon and two mesons, it is not enough to specily the 


concentrate on the values of the IsoLopl 


pecify completely states consisting of a 


lolal isotope pin we must in addition specily the 


pin of the subsystem consisting of the nucleon 


IsOLOpl 
ind one of the two meson 


Let (Tr(T'r' 
pin / 


denote an eigenstate with total iso 
sub 


T hen 


lopic 8} component = 7) formed from a 


ystem with 4 olopic spin 1 component r’ 
we detine 
Tr T’r' I(r) Tr), 


Tr E, (rl) Tr(T'r') 


vhere the subsystem is formed with the meson whose 


meson R 


symbol appears first inside the bracket (i.e 


Since matrix elements of O and 
total 7 , we 


) 


in above detlinition 
V are aiways 
define further 


taken between states of 


OL) Le lO) 


ADAM M. 


BINCER 


The phase and normalization in Eq. (A-5) are chosen 
for convenience, the subsystem being formed with the 
meson whose inside the angular 


symbol appears 


brackets (i.e., meson S in above). Finally we define 


M,"(s Tr|M,(s)| Tr). (A-6) 


The possible values of 7 and 7” are 4 and 4—hence 
there are four different functions #77 and E7T’. We 
define therefore the following four-row, one-column 


matrices 


We also define the following diagonal matrices: 


M'o 0 0) Ni{0 0 
0MO O| 0 NI O 
0 0 MoO; 0 0 NI 
0 0 O M (0 0 0 


Vf 


(34) are 


matrices whose elements are combinations 


The remaining matrices in Eqs. (33) and 
numerical 
of Racah coefficients resulting from elimination of the 


magnetic quantum numbers 


f 


{4 ) 


} 
2v2 | 
l 


The crossing matrix A has the usual property 


4A 
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An extension of 
Hy 


scalar pair term of meson theory 


which a portion 


is applied to the 


INTRODUCTION 
NALYSES of 


basis of the approximation method of Chew and 


low-energy pion processes on 


Low! have proved valuable in correlating pseudoscalar 


meson theory with experiment. It is a new feature of 


this development that one deals directly with physical 


nucleon states (and renormalized coupling constants 
In this note we report an extension of these methods 
to interacting systems for which a portion of the inter 


action can be treated “exac tly ’ and 1s included in the 


zero-order problem. A simple example of this in ordi 
nary potential scattering is the analysis of proton 
attering in terms of Coulomb wave functions 


In potential scattering with Mpe=11,+ Hot Ho, the 


wo equivalent lorms 


proton S¢ 


S matrix can be given in 1 


Sre= bbe 


6 arid (ke Xa 


Lb 


Ilya, hy, 
Ho) Ga Kug 
Hoxa= axa 


i 


Che central result contained in this paper is the field 
Kq. (1 
only physical nucleon states, i.e., eigenstates of 
total Hamiltonian, //, 


An applic ation of this method to the 


theoretic analog of in which there appears 


the 


scalar pair term 


of meson field theory discussed and compared with 


earlier work 
DEVELOPMENT 


Consider first a Hamiltonian 
(3 


The operators a, and ay! destroy and create mesons in 


free particle states s} ed by quantum numbers k 
Let 0, Si be he ct tates ol 


complete ol een 


* This work 


Commissior 
1G, | 
? Drell 
1956 


}and th hh ! aval Kesearch 
Chew and F. E. Low, Phys. Rev. 101 
Friedman, and Zachariasen, Phy 
Hereafter referred to as I 


1570 
Rey 


1956 


104, 236 


Dre LL, Stanford University 


of the interaction can be treated exactly 


the 


P } 
\lanford, California 


AND 


{ California, Berkeley, California 


1956 


the method of Chew and Low is developed for interacting boson-fermion systems for 


and is included in the zero-order problem. It 


i phy ical 


Hf, q 


nucleon, 


corre sponding to the yround state i» et 


to a one-meson scattering state with 


outgoing (+ or incoming ( 


We choose Hygo=0. A state 


construcs ted out ol a state y, 


waves asymptote ally, 


et may then be 


by the re lation 


Here //y | Da and the 


in addition to the mesons of On 


State y, CONTAINS 


a real meson in the 


tate p If we define a new operator b by 


/ 


we can then write 


Cn+l . . (6 


With thi 


we 


definition, it is straightforward to show 1) 


Also have 


On nGr 
png 


that is, the operator b, acting on ¢ VIVES Zero 


unless one of the m mesons in ¢, is the meson p, in 


which case it gives the state with that me 


The 


preted a 


Moth hil 
be 


Hie 


ihipy 
may 


phy 


operator b, and 6,‘*)! thu intel 

destroying and creating 

the ex ol // 
The ol 


operators are Casily ve rified; namely, 


Wal On ih 


act scattering state 


usual properties creation and destruction 


h b y 


i 7 


and we find, as 1s to be « xpected 


H=) ed b ) 


r-_ 


It remain to relate the \ 


b ind b 
ng boundary condition 
Let k repre 


momentum | 


now ol operator 


0 kind 


corresponding to states with outgoing and 
ingol 
by the 


ke-ok, 


he complete 


ent a state specified 


thivuial 


mand the energy k; i. m. ‘The 


meson field may then be expanded in 1 


» tO Bpecily @ state o 


on of the states occupied 
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of scattering states of the Hamiltonian //; 


a! 


[ Dimke Ui . (*) V tm (Qs) TC. (10) 


Here the uy are radial eigensolutions (in the case of 
separable I] 


) or 


corresponding to plane waves plus out 
Now the 
radial 


ingoing (—) scattered waves 
the 


wave functions for the scattering is just 


going (+4 


difference between outgoing and ingoing 


tn? | exp] 216," (k) jun? (a (11) 
is the /th phase shift produced by the inter 


Thus 


where 6," 


action 1, 


we have 


Dimke®” exp| 216," (k) Dimke (12) 


Next let an additional interaction //, be added to 
the Hamiltonian //. Write 


Hy=Hy+Hit+ Mo, (13) 


with eigenstates Wo, Vy Denote by F&, the self 
energy due to the presence of //,. Thus, 
Hao 
Hy, 


EWN, 
(E, + wy, V, 


(14) 


etc. We suppose that the problem for the Hamiltonian 
Hey? the 
y, and the expansion of the fields in terms of the 
operators b, and b, assume that ex 
pressions like | //s,b, We also 
assume that the S matrix for //; alone is known 

Ihe S matrix for scattering due to both 47; and /7/, is 


is exactly solved; that is, we know 
state 
Thus we 


can be evaluated 


y ‘ (15) 


7] 


W riting 
(H]1> 


ble 


V, E,)¥,“ 


i] Wp 
and performing some algebraic manipulations, we are 
led to 

211) (Wy We 


A VY, (1, (17) 


alone 


first term here is just the S matrix due to //, 
This being presumed known, we confine our 


attention to the second term. Using 


18) 


and 


Z1g9=Vot—(1— Po) (Hi— E,) Vo, 


H 


where Zy=(¢o\Wo) and Pp» projects onto go, we 


‘We wish to thank Dr. S. Gartenhaus for a discussion of this 


point 
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construct 


(+) 


>) Pd ‘ ¥p ‘ Yq 


2n1 
6(Wp 4 Ww) (Vy 


(Ho,bo1]|Wo). (20) 


It should be noted that the two coefficients of 


2rib(wy—w,) in Eqs. (17) and (20) are not themselves 


equal unless w,=w,. The renormalization constant Z, 


may be incorporated into the coupling constant of H., 


thus including renormalization effects of 17,;. We there 
fore drop the Z» 
We define the transition amplitude 


rq(p)= (Vp | [aby tt] | Wo). (21) 


Again letting q p, et 
angular momentum /, we can write 


specify states of a given 


4(p)=T4.1(p,l) exp[ 218, (q) ], 
where 

T4.1(Pb) = (Vp | (2,b4" ]| Vo). (23) 
T now satisfies the usual type of Chew-Low integral 
equation,’ obeys a unitarity condition on the energy 
shell, and is therefore of the form siné,;@ exp/ 16, | 
rhe total scattering amplitude for a given / then takes 


the form 


‘ (" *s 1 } e e ) ("ee 9 
sind;"? exp] 16," |4 exp| 26," | sind; exp] 16, } 


sin (6;" +6, ) exp 1(6;") +6.) |, (24) 
the first term on the left-hand side being the scattering 
due to /7/,; alone. 

The interaction //, has thus been separated out from 
the problem. Its presence influences the equation for 
scattering by H, alone only in that the inhomogeneous 
term of the Chew-Low equation now involves [ 17),b,~" } 


instead of [ H»,a,' 


APPLICATION 


Let us now apply the above formalism to an explicit 
example We consider the pair term 


II, Mt fo) y(x)s(x)d*x, 


3/4ra*, |x! <a, 


(25) 


with the source density s(x) and =0 


for x >a. The eigenproblem for Ho o+H, can be 


solved exactly.*:* We write 


> (2wx) W bine 


. 


v.(Xx) ui? (r) Pi(cosé)+c.c. |, (26) 


*S. D. Drell and E. M. Henley, Phys. Rev. 88, 1053 (1952) 
*L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1955), second edition, p. 77 





CHEW-LOW FORMALISM 


and exhibit the ingoing radial solutions for /=0: 


top (9) 


C0869 sechBatyo(Br), r<a 


tanh8a 
C0869] Jo(kr) +kaf 1 


where 


pa 


With this expansion, 


WkD ike Dike 


H=>. 


okl 


so the bu‘? above are the required operators 


S-wave scattering due to this /7, alone is given by 


tanhfa 


tando(k) ka (30) 


(a 


Now we include a second coupling term 


Hy,=X* Lf e(xis(aax| x 


he Chew-Low 


[Eq. (23 


The inhomogeneous term in 1 equation 


for the transition amplitude describing 
S-wave scattering from /7, is 


| H2,b¢ 11% 


(Wo b, 


This term is the same as it would be in the absence of 


H,, except multiplied by r,’, with 


s * 
S(7) to irre | f s(r)jolkr)r'dr. | 


So far we have been guided by simplicity in con 


$2) 


sidering a source density® which is a square cutoff in 


coordinate space However, in the papers of Chew and 


Low, and in I, a square cutoff in momentum space is 
used. For comparison we have computed ry, both with 
a Gaussian cutoff, and have 
obtained very similar answers. We thus feel that the 
detailed shape of the cutoff may be safely ignored 


a square cutoff and with 


Also we treat 7, aS a constant independent ol 
energy to a good approximation fo! kas. 
with Eq. (24) 


multiplied by r,. Solu 


may 
The equation for 7, then, is identical 
of I, with Ap=O0 and with v(f 
tions to this equation give results quite consistent with 


I 
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the 
O4 pu 


constants 


Using the values for (re 


{ 
from | 
O.SS 


those obtained 


normalized namely A, 
O.4/y", 
Photoproduction with the couplings //;-+ 47, may also 

be di the The 

term is again multiplied by r,, so the effective coupling 

In the 


coupling 


we have fr, 


scussed on same basis inhomogeneous 


constant tor S-wave photoproduction is f, 


P-wave scattering, however, the effective 


constant becomes rf, where 


r, | S(r)uy bryrdr | | s(r) 7) (Rr) r'dr = 1.0 


If not 
that the agreement between the coupling constant / 
from ~P 


significant, it 1s nevertheless amusing to note 


obtained from photoproduction and wave 


scattering is improved.° 
The proof of the Kroll-Ruderman theorem may be 
carried through just as in I, using 6’s instead of a’s 


W As far as pion pair production i 


following comments may be made 


concerned, the 


(i) The theorem’ relating pair production to P-wave 
scattering 1 valid only in the absence of S-wave scatter 
ing Phe presence of IT, in the unpe riurbed Hamiltonian 
therefore destroys this theorem 

ii) The results of Bincer 
type of treatment of the //, term 
An exact 
possible using the methods of reference 5 
to and one P 
ol 


are not altered by thi: 
due to //, 
The 


wave pion Is 


(ili calculation of pion 


pal 
! 
aione 1 


contribution one S 


Waive 

down from the perturbation result Lawson" by a 
factor 
Ma(1—tanhBa/Ba) 

x<10"4, 

(2M “lg 


tir) 


corresponding to the parameter howing the 
effect of //,; alone to be negligible 
naturally to the 


ol 


methods also lend themselve 
ol 


catterinyg 


Phese 


Muslon Coulomb effect in the analysi pion 


interacts 


/ 
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Spectra of Halogen Solutions and V Bands 
in Alkali Halides 


Hresn 


Herurert N 
Zenith Radio ¢ Illinoi 


Receiver 


or poration, Chicas 


December 1956 

observed in alkali halide present key 
late physic We believe that 
these | 


knowledye of the 


bands 


Hk } 


problems in olid 


an insight into the nature of some of bands 


may be obtained as a result of 


pectra of halogens in various solvent the propertie 


of solid polyhalides and halide ions, and the chemistry 


of the interaction of halogen with alkali halide 


observations reported in this paper 
Mollwo’s V band 
pectrochemical phenomena not 
Some of the 


produced at room temperature or higher in 


tovether with the 
In particular, the 


main leatures of 


relate to well-known 


pecilically related to the Olid state 


| band 
KI, KBr 


produced by di Oilvily 


and KCI correspond to the absorption bands 


halogen In aqueous halide 


olution hurther the absorption bands 


(Hf and | 


TOllow the 


prominent 


produced at jow Ltemperature eem to 


ab orplion of haloven diatomic molecules or 


halogens dissolved in inert solvent 
2 $) sho the 


spectra of KI 
little 


higure | curve and 
and ( | ii 


rdded 


vater solution to which a lodine is 


colorle olution yellow-brown 


making the 


WAVELENGTH (77) (1) 


400 b tox 400 10 
, Y y — 
. (i) Tg IN KL (MOL LWO) 
\ 
\ “O (2)Ig IN KI (AQUEOUS 


“> (3) lp IN CsI (AQUEOUST 








‘ 
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| 4. 
Sho, | 
40 
PHOTON ENERGY (@V) 


talline pota 


dide solutior 


The peak wavelengths are strikingly similar to Mollwo’s 
An analogous situation prevails for KBr+ Br 
KBr+I. (or [Br)+water and Mollwo’s 
well as for KCI+Cle+ water and 
in solution are widely 


(curve 1 
tr water or 
KBr V bands, as 
irradiated KC] 
held to be due to the formation of poly halide ions such 
a I, P brs P [br 9 
donor acceptor interactions between 
They 
when an alkali halide aqueous solution is irradiated 
with 
ways in which we have produced similar spectra are 


These bands 
and Cl,;~, as a result of electron 


halide ion and 


halogen molecule are also formed in high yield 


ionizing “rays” or electrolyzed. Among other 


(] adsorption ol | onto cry stal urlaces, (2) x irradi 
ation ol poly rystalline alkali halides (shown to liberate 
free halogen which is then adsorbed on the surfaces) 

and (3) dissolution of colored crystals (making possible 
an analysis for halogen by well-known spectrochemica] 


methods related to the nature of the V centers them 
elves 

We conclude that the V» and V3; bands in KI and 
KBr, and the V2 band in KCI, arise from one center 
which linear array of halogen 


may be described as a 


molecule and halide ion in which the crystallinity of 
the alkali halide plays only a minor role. Such a con 
figuration is achievable within the crystal lattice and 


without (e.g., along dislocation sub-boundaries, etc.). 
Alternative descriptions of the actual fransilion depend 
on whether the electronic excitation 1s localized or not. 
Any part of the interaction complex X2—X 


considered optically active, rather than the complex as 


can be 


a whole.*® This requires the transitions to be localized 
in either (1) X 


similar to that given by X¢ or 


perturbed by X, or in a local field 
2) X, perturbed by X 
or in a local tield similar to that given by Y~, where X 
is any halogen atom 

lable I shows the similarity of the HW and V,; bands 
in potassium halides with the molecular absorption 
bands of the corresponding halogens. Grossweiner and 
Matheson‘ 


and Kinzig’ has obtained evidence for this molecular 


have obtained evidence for X.~ in water, 


ion in crystals irradiated at low temperatures. Kinzig’s 
work sugyvests that indeed the V; center is molecular 
like, and that our comparisons may not be capable of 
ascertaining the electronic nature of the molecule. The 


Tasie I. Comparison of V bands and halogen bands 


anc 
4008 


5200 
ligl) 4600 


Al24, 604 


134, 604 (1 
50, 2883 (19 
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spectra of the irradiated crystals suggest the formation 


of some kind of molecule which can “react”? under the 


influence of higher temperature or optical excitation to 


with halide ions and therefore V. 


form complexes 
centers, 


The analysis at the present state glosses over certain 


differences (e.g., between x-rayed and additively 


colored crystals) in order to point out similarities; it is 
hoped to extend these results so that they may form 
an adequate basis for explaining the more intimate 


details of V centers. 


Modern Phys. 26, 7 (1954) 
Brasted, Comprehensive 


Van Nostran 


1K. Seitz, Revs 

*Sneed, Maynard, and 
Chemistr The Halogen I) 
York, 1954), Vol. IIT 

H. N. Hersh, Bull. Am. Phys. Soc. Ser. I 213 

*R.S. Mulliken, J. Phys. Chem. 56, 801 

*L. I. Katzin, J. Chem. Phys. 23, 2055 (1° 

"L..3 1 M. S. Matheson 
2443 (1955) 

’W. Kdnzig, Phys. Rev. 99 
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Elastoresistance Constants of p-Type 
InSb at 77°K* 


J. TezzoLino 


Stud { Metals, Universit 


Chicago, [llinoi 


Institute f i CHtcas 


Received December 20, 1956 


has been carried 


PRELIMINARY 


out to measure the elastoresistance constants of 


experiment 


A 


single-crystal specimens of p-type InSb at 77°K. The 
that 


employed by Smith,' whose notation and terminology 


experimental arrangement used is similar to 
are used below in reporting the data 

A zone-refined single-crystal ingot of InSb was 
obtained from the Chicago Midway Laboratory through 
the courtesy of its semiconductor group \ Hall meas 
urement at 77°K yave a hole concentration of 3 10'* 
cm~*, Samples were cut from the oriented ingot in the 
form of rectangular rods of approximate dimensions 
30 mm X2 mm X2 mm. The 


samples at 77°K is 0.5 ohm-cm. 


nominal resistivity of the 


The piezoresistance constants IT,,, Iy2, and Iq, were 
effect of 
the 


four samples whose long 


determined by observing the hydrostatic 


pressure and tensile stress on “longitudinal”! 
resistivity of two sets of 
dimensions were either along the [110] or [111] 
direction. The order of magnitude of the tensile stress 
was 10’, dynes/cm?*; that of the pressure, 150 atmos 
pheres. The elastoresistance constants, relating the 
resistivity change to the strain, are obtained from II,;, 
II;2, Ilgs4, and the elastic constants.?* Table I gives the 
piezo- and elastoresistance constants at 77°K 

Dresselhau 


semiconductor,® we 


In the notation of * for the case of a 


“simple many-valley” may draw 
the following conclusions about the position of the 


energy extrema from these results: 


vith doubly degenerate, 


I’, or | 1 


l The point :. O00 


spherical energy surfaces ruled out since 
the elastoresistance is large 

(2) Points on the A or (111 ves are 
1) My 

(3) The points W, K = (29/a 104), 
the (100 

The energy band calculations of Dresselhaus‘ sugyest 


r he We the Brillouin 


zone as likely points for the occurrence of the extrema 


ruled out since 


and points on 
axes are ruled out since m4, is large 


the points and a general point in 
nondegenerate energy 
fourfold 

ibilitne 


In view of the above conclusion 


surfaces at a general point in the zone, or 
degenerate surfaces at I’ (1 
for the p-type InSb investigated 


Additional experiments measuring the piezoresistance 


remain a po 


constants of several of both » and p type ol 


InSb ol 


“ill ples 


different resistivities are now in progress, A 


preliminary measurement of the temperature depend 


ence ot these constant been completed more 


refined measurements reported in detail in the 
near tuture 


* This work w supportes 1 par y the Othee of Naval 
Research 
ic «¢ 


*L.H 


Smith, Phys. Rev. 94, 42 

De Vaux and F. A. Pizzarello, Phy 102, 45 
‘R. F. Potter, Bull. Am. Phys. So er. Il $ (1956 
‘G. Dresselhaus, Phys. Rev. 100, 580 (19 

(. Herring, Bell Sy Tech. J. 34, 237 (19 
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Moving Striations 


N. L. O_eson® anp A. W 


C OOVEI 
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ee ually been investigated 
by one only of the following method (1) obser 
such as Zaitsev’s,' of appearance; (2) use of 


vation 


Langmuir probe with a cathode-ra oscilloscope 


(3) optical studies, initially by rotating mirrors, more 


recently by photomultiplier tubes.*? 


In an investigation in progr here, measurement 


of all imultaneously, in 4 


these types is being made 
with three jine probes fixed at the 


Anode 


tube of 2-cm radius 


axis and a fourth capable of transverse motion 


and cathode are also movable 


Striations are observed by a photomultiplier moving 


along the discharge tube. A dual beam o Cilloscope 


displays simultaneously two instantaneous quantities 


e.g., light intensity, probe current, Striation speeds are 





1412 LETTERS TO 
measured by phase changes of the photographed traces 
as the photomultiplier is moved. Although the analysis 
of data is not yet complete, certain results have already 
seem worth reporting now 

of data taken with 13.5 ma passing 


emerged which 

Krom analysis 
through neon, the following results have been found: 

(a) At 2-mm pressure there is some evidence for fast 
negative striations near the head of the positive column 
‘These only appear al intensity minima, 48 in argon.” 
At 4.4-mm pressure no negative striations have been 
found 

(b) Positive striations with speeds from 25 to 500 
m/sec were found consistently in the positive column 
Variations in velocity occur near anode, probes, and 
the head of the column 

(c) An increase in brightness occurs near the anode 
ide of a probe. Whatever its origin, it introduces a 
new uncertainty in assessing probe measurements 

(d) Probe measurements in the positive column indi 
cate Maxwellian electron ¢ nergy distributions, ‘T emper 
atures vary between 28 0O00°K and 50 000°K at 2 mm 
21 OOO°K 10000°K at 4.8 
concentration 7% 10° 
4.3 10" cc 


pressure, and and mm 


and 
(4.8 


vary between 


1.910" and 


Electron 
$x 10°/cce (2 
mim) 

(e) Field intensity at a typical point in the column 
varies between 12 and 4.5 v 
and 14 v/cm at 4.8 mm 


(f) Nowhere in the column does the light intensity 
6.7 


mm) and 


cm at 2.0 mm, and —7 


fall to zero. This confirms previous results for argon 
(vy) Oscillations can be detected with probes several 
em inside the Faraday dark space, measuring relative 
to either anode or cathode. 
(h) The phase of voltage at which striations leave 


depends on anode-cathode distance, in 


Dieke’s 


the anode 
disagreement with Donahue and results for 
argon.‘ 

(4) Oscillation frequency depends on anode-cathode 
distance, with a roughly sinusoidal variation.! However, 
cathode movement caused greater change than anode 
movement, suggesting that tube geometry 1s significant 
‘Typical variations are 1260 to 1560 eps (2.0 mm), and 
1125 to 1450 ¢ ps (4.8 mm 

(j) Amplitude of voltage oscillations across the tube 
varies in a more complex periodic manner with anode 
cathode distance Amplitudes of 5 to 20 v occur. 

The over-all picture remains one of great compli 
cation, and our experiments indicate that the oscillatory 
properties are determined by conditions near both 
anode and cathode 

We wish to thank Professor K. G 


interest in the work. 


Emeleus for his 
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HE isotope fermium-253 was identified and meas- 
ured among the products of the reaction of 
californium-252 with 40-Mev alpha particles. A target 
of 2.510" atoms of Cf? was prepared by electro- 
plating the californium on a 0,002-inch gold disk. The 


>, 239 


californium was produced from Pu’ by successive 
neutron captures and beta decays.’ It contained also 
Cr, Cf, and Cf, The target was irradiated with an 
effective beam of 1 microampere of alpha particles for 
11 hours at the 60-inch cyclotron of the Crocker 
Laboratory. The products of the reaction were collected 
on a thin gold catcher foil by a recoil technique previ- 
ously described.? The fermium fraction was separated 
by using precipitation and ion-exchange techniques,’ 
and was electroplated on a 0,001-inch platinum disk. 
The alpha energy spectrum was measured in an ioni- 
zation-grid-chamber with a 48-channel alpha pulse- 
height analyzer. Figure 1 represents a characteristic 
pulse analysis four days after the end of the bombard- 
ment. The main fermium activity in the first days of 
measurement was due to 30-hr fm?” of 7.04+0.02 Mev 
alphas, being produced by the Cf**(a,4n) reaction. The 
decay of the 6.944+-0.04 Mev peak of fm?” was followed 
by a corresponding growth of a 6.64+0,03 Mev peak 
of E*. The alpha-particle energy emitted by the Fm?” 
was found in the range of 6.90-6.98 Mev. An earlier 
experiment carried ovt in this laboratory gave the same 
results. The growth of E?™ was found to result from the 
decay of Fm* with a 4.5+1.0 day half-life. Thus, the 
Fm** is the longest lived fermium isotope known; only 
the undiscovered Fm?**’ is expected to have a longer 
half-life. The activity of I'm?” produced at the end of 
the bombardment was 0.77 disintegration per minute. 
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Fic. 1. Alpha spectrum of fermium fraction after 4 
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The branching ratio of the two modes of decay of Fm*", 
i.e., E.C 
~89.5% decay by electron capture and ~10.59% by 


a, was found to be about 8.5—which gives 


alpha emission. It was not possible to measure the 


63 reaction because 


cross section for the Cf**(a,3n) Fm’ 
i'm** could also be produced from other californium 
1soLopes in the target. 

A previous publication on a possible identification 
of the Fm*" gave the values of 6.85+-0.04 Mev for 
the alpha-particle energy, and a half-life > 10 days. 

It is a pleasure to thank the crew of the 60-inch 
cyclotron for their extremely careful and skillful oper 
ation of the machine during the bombardment. We 
thank Professor Glenn T, Seaborg for his 
continued interest. 


wish to 
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‘Friedman, Gindler, Barnes, Sjoblom, and Fields, Phys. Rev 
102, 585 (1956) 


Rev. 93 


Ghiorso, Choppin, and Thompson, 


Experimental Test of Parity Conservation 
in Beta Decay* 
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N a recent paper! on the question of parity in weak 

interactions, Lee and Yang critically surveyed the 
experimental information concerning this question and 
reached the conclusion that there is no existing evidence 
either to support or to refute parity conservation in weak 
interactions. They proposed a number of experiments on 
beta decays and hyperon and meson decays which would 
provide the necessary evidence for parity conservation 
or nonconservation. In beta decay, one could measure 
the angular distribution of the electrons coming from 
beta decays of polarized nuclei. If an asymmetry in the 
distribution between 6 and 180° —6 (where @ is the angle 
between the orientation of the parent nuclei and the 
momentum of the electrons) is observed, it provides 
unequivocal proof that parity is not conserved in beta 
decay. This asymmetry effect has been observed in the 
case of oriented Co” 


® nuclei can 


It has been known for some time that Co 
be polarized by the Rose-Gorter method in cerium 
nitrate, and the degree of polari 


magnesium (cobalt 


zation detected by measuring the anisotropy of the 


succeeding gamma rays.’ To apply this technique to the 
present problem, two major difficulties had to be over 


rHE EDITOR 1413 
come. The beta-particle counter should be placed inside 
the the 


nuclei must be located in a thin surface layer and 


demagnetization cryostat, and radioactive 


polarized. The schematic diagram of the cryostat 1s 
shown in Fig. 1. 
lo detect beta particles, a thin anthracene crystal 


thick is 


cm above the Co™ 


4 


} in. in diameter yy in located inside the 


vacuum chamber about 2 source 


rhe 


window and a Lucite light pipe 4 feet long to a photo 


scintillations are transmitted through a glass 


multiplier (6292) which is located at the top of the 
cryostat. The Lucite head is machined to a logarithmic 
spiral shape for maximum light collection, Under this 
the Cs’ conversion line (624 kev) still 
retains a resolution of 17°). The stability of the beta 
checked tor 


temperature effects and none were found 


condition, 


counter was carefully any magnetic o1 
lo measure 
the amount of polarization of Co™, two additional Nal 
installed, one in 
the 


anisotropy 


gamma scintillation counters were 


the 


position 


equatorial plane and = one near polar 


used aS a measure of polarization, and, effectively, 


observed gamma-ray was 


temperature. The bulk susceptibility was also mon 
but 
to surface heating effects, 


secondary significance due 
the 


sotropy alone provides a reliable measure of nuclear 


itored this is of 


and gamma-ray ani 


polarization, Specimens were made by taking good 


single crystals of cerkum magnesium nitrate and growing 
on the upper surface only an additional crystalline layer 
containing Co™. One might point out here that since the 


allowed beta decay of Co™ involves a change of spin of 
1ocm 
LUCITE ROD 
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K1G. 1. Schematic drawing of the lower part of the cryostat 
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one unit and no change of parity, it can be given only 
by the Gamow-Teller interaction. This is almost im 

this The thickness of the 
layer used was about 0.002 inch and con 


perative for experiment 
radioactive 
tained a few microcuries of activity. Upon demagnetiza 
opened and a vertical solenoid j 


The 


The beta and gamma 


tion, the magnet is 


around the lower part ol the cryostat 
whole process take 
then 


on a 10-channel pulse-height analyzer with a counting 


raised 
sabout 20 sec 
tarted 


counting j The beta pulses are analyzed 


interval of 1 minute, and a recording interval of about 
1) second lhe‘two gamma counters are biased to 
wcept only the pulses from the photopeaks in order to 
discriminate against pulses from Compton scattering 

A large In big 
plotted the gamma anisotropy and beta asym 
field 
The time for disappearance of the beta 
with that of 


beta asymmetry was observed 2 we 


have 


metry time for polarizing pointing up and 


pointing down 


asymmetry comedes well gamma ani 


otropy. The warm-up time is generally about 6 minutes, 


and the warm counting rates are independent of the 


field direction, The observed beta asymmetry does not 
change sign with reversal of the direction of the de 
magnetization field, indicating that it is not caused by 


remanent magnetization in the sample 


GAMMA-AN TROPY 


G) EQUATORIAL COUNTER 
b) POLAR INTER 


}} ‘ 


W . : > 6°, 
e ae a4 2s. 
. e° * 


; + 


GAMMA: ANISOTROPY CALCULATED FROM (a 


wi" )~ w(0) 


% ) 


FOR BOTH POLARIZING FIELT 
UP & DOWN 


ASYMMETRY (AT PULSE 
HEIGHT IOV) 
E XCHANGE 
GAS| IN 


€ 6 
TIME IN MINUTES 
Fic. 2. Gamma anisotropy and beta asymmetry for 
polarizing held pointing up and pointing down 
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The sign of the asymmetry coefficient, a, is negative, 
that is, the emission of beta particles is more favored in 
the direction opposite to that of the nuclear spin. This 
naturally implies that the sign for Cy and Cy’ (parity 
conserved and parity not conserved) must be opposite. 
The exact evaluation of a@ is difficult because of the 
many effects involved. The lower limit of @ can be 
estimated roughly, however, from the observed value 
of asymmetry corrected for backscattering. At velocity 
v/c0.6, the value of @ is about 0.4. The value of 
/,)/1 can be calculated from the observed anisotropy 
of the gamma radiation to be about 0.6. These two 
the asymmetry 


approximately equal to 0.7 


give the lower limit of 
parameter Bla BU,)/T) 
In order to evaluate a accurately, many supplementary 
to determine the 


quantities 


experiments’ must be carried out 
various correction factors. It is estimated here only to 
show the large asymmetry effect. According to Lee and 
Yang’ the present experiment indicates not only that 
conservation of parity is violated but also that invari- 
ance under charge conjugation is violated. Further 
more, the invariance under time reversal can also be 
decided from the momentum dependence of the asym 
metry parameter 8. This effect will be studied later 
Ihe double nitrate cooling salt has a highly aniso 
tropic g value. If the symmetry axis of a crystal is not 
set parallel to the polarizing field, a small magnetic 
field will be produced perpendicular to the latter. To 
check whether the beta asymmetry could be caused by 
such a magnetic field distortion, we allowed a drop of 
CoC], solution to dry on a thin plastic disk and cemented 
the disk to the bottom of the same housing. In this way 
the cobalt nuclei should not be cooled sufficiently to 
produce an appreciable nuclear polarization, whereas 
the housing will behave as before. The large beta asym 
metry was not observed. Furthermore, to investigate 
possible internal magnetic effects on the paths of the 
electrons as they find their way to the surface of the 
crystal, we prepared another source by rubbing CoC], 
the surface of the cooling salt until a 
reasonable amount of the crystal was dissolved. We then 


allowed the solution to dry. No beta asymmetry was 


solution on 


observed with this specimen 
More rigorous experimental checks are being initi 
ated, but in view of the important implications of these 
observations, we report them now in the hope that they 
may stimulate and encourage further experimental 
investigations on the parity question in either beta or 
hyperon and meson decays. 
rhe inspiring discussions held with Professor T. D 
Lee and Professor C. N. Yang by one of us (C. S. Wu) 
are gratefully acknowledged 
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‘ Their arguments are as follows: From the He‘ recoil experi 
ment and from | 1 one that 
Cal®+jCa |* r\* *)<4. Hence, by comparing Eq 
16) of reference 3 | see Iso ke \.6 
cludes that the etry is possible only if both 
conservation ol parity j ! invariance under charge cor 


are violated 
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| KE and Yang!* have proposed that the long held 
—4 space-time principles of invariance under charge 
conjugation, time reversal, 
‘weak 
mesons, and strange particles 


the 7 


and space reflection (parity) 
are violated by the ‘ interactions responsible lor 


Pheu 


@ puzzle,* was accom 


decay of nuclei, 
hypothesis, born out of 
panied by the suggestion that confirmation should be 
sought (among other places) in the study of the succes 
sive reaction 


(1 


{nat 


They 


implies a polarization of the spin of the muon emitted 


have pointed out parity nonconservation 


from stopped pions in (1) along the direction of motion 


and that furthermore, the angular distribution of 


electrons in (2) should serve as an analyzer for the muon 


polarization. They also point out that the longitudinal 


polarization of the muons offers a natural way of 


determining the magnetic moment Confirmation of 


this proposal in the form of preliminary results on 


Wu et al 


B decay of oriented nuclei by reached us 


before this experiment was begun 


sy stopping, in carbon, the u* beam formed by for 


ward decay in flight of w* mesons inside the cyclotron, 


we have performed the meson experiment, which 


1< 


establishes the following fact 


I. A large asymmetry is found for the electrons in 


(2), establishing that our jl beam is strongly polarized 
Il. The angular distribution of the electrons is given 
measured from the velocity 


We find a 1 


by 1+a cosé, where @ | 
vector of the incident y’s with an esti 
mated error of 10%, 
III. In reactions (1) and 
IV. By a theorem of Lee, 


prove Ss 


(2), parity is not conserved 
Ochne, Yang,’ the 
that under 


and 


observed asymmetry invariance 
charge conjugation 18 V iolated 
V. The ¢g value (rat 


for the (free) u* particle | 


Oo Of magnetic Moment to spin 


found to be +2.00+0.10 
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VI. The 


) 


measured g value and the angular distribu 
ion In lead to the very strong probability that the 
spin of the wu” is } 

\ I] The ene ry cle pr ndence of the observed asym 
is not strong 
VIIL. Negative 
asymmetry (also leaked backwards) of a 1/20, i 

about 15% of that for Me 


[X The 


carbon, 1s 


metry 


muons stopped in carbon show an 


magnetic moment of the yp bound in 


found to be negative and agree within 


limited accuracy with that of the uw 


X. Large 


polarize d 


asymmetries are found tor the e* from 


uw’ = beams stopped in polyethylene and 


calcium. Nuclear emulsion (as a target in Fig. 1) yields 


an asymmetry of about half that observed in carbon 


65 MEV 
"PION BEAM 


ARBON ABSORBER — - 


STOP PIONS 


ARGON TANGE 


r 
’ 

NG 

6 


Co 
* ON 
5°, "lens 


Experimental arranger 


ad directly 


ertical 


hig. 1 


cyclotron 


The experimental arrangement is shown in 


The meson beam is extracted from the Nevi 


in the conventional manner undergoing about 120° of 


magnetic deflection in the cyclotron fringing field and 


about 30° of deflection and mild focusing 


the &-ft 


upon 
hielding wall, The 
10%, ol 


vicinity of the « 


emerging trom 


po itive 


beam contains about muons which originate 


principally | the clotron target by 


plon ay-in-tly yhit ine of carbon are used 


in i muotl the 


mean M th ; \Ne 


arrangement 


eparate the 
pion be ny i ol 


carbon bring a maximum number 


of muons to rest in the carbon target. The topping ol 


iwnalled by a fast 1-2 coincidence count 


a muon 


The subsequent beta decay of the muon is detected by 


the electron tele Cope 3 vhich normally requires a 


particie ol range »% /( \Ne electron to 


{ 


[his arrangement has been used to measure 


{ 


Ol p and i mesons in a Va number ol 


’ (Counting rates are normally 20 electron 





1416 -ETTERS TO 
min in the w* beam and ~150 electrons/min in the yu 
beam with background of the order of 1 count/min. 

In the present investigation, the 1-2 pulse initiates a 
1 25 ser 
t; = 0.75 psec and placed in coincidence with the electron 


gate of duration 7 This gate is delayed by 
detector. Thus the system counts electrons of energy 
>25 Mev which are born between 0.75 and 2.0 psec 
after the muon has come to rest in carbon. Consider 
now the possibility that the muons are created in 
reaction (1) with large polarization in the direction of 
motion, If the gyromagnetic ratio is 2.0, these will 
maintain their polarization throughout the trajectory 
Assume now that the processes of slowing down, stop 
ping, and the microsecond of waiting do not depolarize 
the muons. In this case, the electrons emitted from the 
target may have an angular asymmetry about the 
polarization direction, e.g., for spin 4 of the form 
1+-a cos#. In the absence of any vertical magnetic field, 
the counter system will sample this distribution at 
A= 100 
magnetically shielded enclosure about the target, which 
the muons to (u/sh)H 


radians per sec. The probability distribution in angle is 


We now apply a small vertical field in the 


CAUSES precess at a rate of 
carried around with the w-spin. In this manner we can, 
with a fixed counter system, sample the entire distribu 
tion by plotting counts as a function of magnetizing 
current for a given time delay. A typical run is shown 


in Fig. 2. As an example of a systematic check, we have 


AMPERES > CURRENT 


Variation of gated 3-4 counting rate with magnetizing 
Ihe solid curve is computed from an assumed electron 
distribution 1— 4 cosé gate-width 


resolution folded in 


Fic. 2 
current 


angular with counter and 


reduced the absorber in the telescope to 5 in. so that the 
end-of-range of the main pion beam occurred at the 
carbon target. The electron rate rose accordingly by a 
factor of 10, indicating that now electrons were arising 
from muons isotropically emitted by pions at rest in 
No variation in counting rate with mag 
netizing current was then observed, the ratio of the 
rate for J/= +4+0.170 amp to that for / 0.150 amp, 
for example, being 0.9894-0.028. The highest field pro 


the carbon 


duced at the target was ~50 gauss which generates a 


stray field outside of the magnetic shield of <yy the 
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cyclotron fringing field of 20 gauss. The only conceiv- 
able effect of the magnetizing current is the precession 
of muon spins and we are, therefore, led to conclusions 
I-IV as necessary consequences of these observations. 

The solid curve in Fig. 2 is a theoretical fit to a 
distribution 1—4 cos@, where 

(1) the gyromagnetic ratio is taken to be + 2.00; 

(2) the angular breadth of the electron telescope and 
the gate-width smearing are folded in, as well as (to 
first order) the exponential decay rate of muons within 
the gate; 

(3) the small residual cyclotron stray field (up for 
Fig. 2, the positive magnetizing current producing a 
down field) is included. This has the accidental effect of 


converting the 100° initial angle (J7=0) to 89° as in 


lig. 2. We note that this experiment establishes only a 
lower limit to the magnitude of a, since the percent 
polarization at the time of decay is not known. If 


polarization is complete, a 0.33+0.03. 

Proof of the 2x symmetry of the distribution and the 
sign of the moment was obtained by shifting the 
with respect to the incident 


) 


electron counters to 65 
muon direction. The repetition of a magnetizing run 
yielded a curve as in Fig. 2 but shifted to the right by 
0.075 ampere (5.9 gauss) corresponding to a precession 
angle of 37°, in agreement with the spatial rotation of 
the counter system. Thus we are led to conclusions V 
and VI 

A specific model, the two-component neutrino theory, 
has been proposed by Lee and Yang? in an attempt to 
introduce parity nonconservation naturally into ele- 
mentary particle theory. This theory predicts, for our 
experimental arrangement and on the basis of 1.86 
for the integrated spectrum (Fig. 2), a ratio of the 
order of 2.5 for energies greater than 35 Mev. We have 
increased the amount of absorber in the electron tele- 
scope to exclude electrons of less than ~35 Mev. The 
resulting peak-to-valley ratio was then observed to be 
1.92+0.19,." 

We have also detected asymmetry in negative muon 
decay and have verified that the moment is negative 
and roughly equal to that of the positive muon.’ The 
asymmetry in this case is also peaked backwards. 

Various other materials were investigated for p* 
mesons. Nuclear emulsion as a target was found to have 
a significantly weaker asymmetry (peak-to-valley ratio 
of 1.40+-0.07) and it is interesting to note that this did 
not increase with reduced delay and gate width. Neither 
was there any evidence for an altered moment. It seems 
possible that polarized positive and negative muons will 
become a powerful tool for exploring magnetic fields in 
nuclei (even in Pb, 2% of the u~ decay into electrons’), 
atoms, and interatomic regions 

The authors wish to acknowledge the essential! role of 
Professor Tsung-Dao Lee in clarifying for us the papers 
of Lee and Yang. We are also indebted to Professor 
C. S$. Wu® for reports of her preliminary results in the 
Co® experiment which played a crucial part in the 





LETTERS TO 


Columbia discussions this 


experiment. 


immediately preceding 


* Research supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com 
mission, 

t Also at International Business Machines, Watson Scientific 
Laboratories, New York, New York. 

'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 

* Lee, Oehme, and Yang, Phys. Rev. (to be published) 

*T. D. Lee and C. N. Yang, Phys. Rev. (to be published) 

*R. Dalitz, Phil. Mag. 44, 1068 (1953) 

’T. D, Lee and C, N. Yang (private communication) 

* Wu, Ambler, Hudson, Hoppes, and Hayward, Phys. Rev. 105, 
1413 (1957), preceding Letter 

7 The Fierz-Pauli theory for spin 4 particles predicts a g value 
of 4. See F. J. Belinfante, Phys. Rev. 92, 997 (1953) 

*V. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953) 

*M. Weinrich and L. M. Lederman, Proceedings of the CERN 
Symposium, Geneva, 1956 (European Organization of Nuclear 
Research, Geneva, 1956) 

The field interval, AH, between peak and valley in Fig. 2 
gives the magnetic moment directly by (wAH/sh)(t)4+-4T)b—n 
where 6=1,.06 is a first-order resolution correction which takes 
into account the finite gate width and muon lifetime. The 5% 
uncertainty comes principally from lack of knowledge of the 
magnetic field in carbon. Independent evidence that g=2 (to 
~10%) comes from the coincidence of the polarization axis 
with the velocity vector of the stopped y's. This implies that 
the spin precession frequency is identical to the w cyclotron 
frequency during the 90° net magnetic deflection of the muon 
beam in transit from the cyclotron to the 1-2 telescope. We have 
designed a magnetic experiment to determine the 
magnetic moment to ~).03% 

4! Note added in proof.-We have how observed an energy de 
pendence of a in the 1+<acos@ distribution which is somewhat 
less steep but in rough qualitative agreement with that predicted 
by the two-component neutrino theory (u-+e+v+yv) without 
derivative coupling. The peak-to-valley ratios for electrons 
traversing 9.3 g/cm?*, 15.6 g/cm*, and 19.8 g/cm? of graphite are 
observed to be 1.80+0,07, 1.8440.11, and 2.20+0.10, respec 
tively 
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FE have recently obtained a K~-meson beam from 

the Bevatron in which the intensity was greatly 
enhanced by selection of particles emitted in the forward 
direction. We further improved the usefulness of the 
beam incident on our emulsion stacks by causing the 
magnetically analyzed particles of 435 Mev/c to tra 
verse a polystyrene degrader of 18.36 g/cm? and 
undergo a second bending of 180°, thus discarding the 
pion component of the beam. The remaining back 
ground tracks are chiefly muons and electrons. A small 
emulsion stack exposed in order to evaluate the beam 
has already yielded useful information. Although much 
more work is planned on this and a larger stack, some 
of the data now in hand are of sufficient interest and 
reliability for a preliminary report. In order to make 
quantitative measurements the emulsion density was 
carefully determined, and we employed our new range- 
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Measurements obtained from the interaction and decay 
of negative K mesons in emulsion 


Taare I 


1.46_6 °°") KX 10°* sec 
8) 10°? emt 
free path for inelastic collisions in emulsion 27.24 2.3 em 
2327.8 
(2341.52 
9065.34 
961.44 3.3 mM, 
978 +25 )m, 
40+ 0.6 Mey 
12+ 1.0 Mey 
+84 3.0 Mey 
m+n! 13/13 


stars at rest 


mean life 
proton elastic scattering cross section (52 


from X*-»proton decay) 0.7) m, 


from Z ~* mass difference) 


from Ko + p92" +m 
from Ao + pL +9" 
from K~-+ p elastic collisions 
Binding of A® in ,He® 
Binding of A®° in ,xHet 
Binding of A® in ,Li® 
Decay branching ratio (X*-+p+* 


mass 2.3) m, 


at rest 1.5) m, 


in flight 


mass 


mass 


A 
A 
K 
z* mass 
Zz 
A 
K 
A 


mass 


i) iv? 
Frequency distribution of prongs from A 
Prongs 0: 1: 2: 3: 4: 5:6:7:8:9 
Distrib. 36:43:63: 30:28: 20:9:2:2:1 
Frequency distribution of prongs from A 
Prongs 0 1 2 4 4 5 6 7 8:9 
Distrib. 16:22:46: 34:31:14:8:4:0:1 
Frequency distribution of prongs from K 
fragments 
Prongs 1:2: 3: 4:5:6:7 
Distrib. 1:3:11:12:6:3:2 1 
Frequency distribution of hyperfragment prongs 
Prongs 1: 2: 3:4:5:6:7 
Distrib. 4:11:15:5:3:1:1 8 


Frequency of hyperfragment emission from A 


stars in flight 
10:11:12 

i: Gr 1 

stars that emit hyper 


8 
j 


28/1152 


Ratio of mesonic to nonmesonic decay of hyperfragments 9/42 


stars 


energy curve.' The numbers in ‘Table I were derived 
from along-the-track scanning of 1224 K mesons, Of 
these, 21 decayed in flight, 182 interacted inelastically 
in flight with emulsion nuclei, 6 scattered elastically 
from free protons in the emulsion, 2 interacted in flight 
with free protons to produce negative hyperons, and 
only 2 interacted at rest with free protons to produce 
charged hyperons (the two had opposite signs). The 
K -meson energy interval for which the interaction cross 
1) to 90 Mev 


of hyperfragments and their parent stars was carried 


sections were calculated was Analysis 
out on an IBM 650 digital computer using a program 
kindly supplied by Dr. C. Violet. We are greatly 
indebted to Ernestine Beleal, Anna-Mary Bush, Thoma 
Davis, John Dyer, Renée Feldman, Hester Lowe, Lynn 
Reynolds, and Toni Woodford for their conscientious 
scanning work 
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HE purpose of this note is to make known a 
number of investigations concerning the energy 
of interacting Fermi systems, All of these investigations 
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are based on an approximation which may be crudely 
characterized 
distance between particles to the distance traversed 


as an expansion in the ratio of the 


between successive virtual scatterings. This parameter 
can be small either because the interaction is weak, or 
because, although strong and repulsive, the interaction 
has a range short compared to the distance between 
particles. The similarity between these two alternatives 
is mathematically formulated and utilized by system 
atically rearranging perturbation theory according to 
the pseudopotential description of Fermi.' When the 
potential is weak, this rearrangement reduces essentially 
to ordinary perturbation theory; when it is strong, but 
of short range, the modified procedure may still be 
employed. In the present note we report on calculations 
dealing with each of these possibilities. 

(ur interest in the results of perturbation theory for 
weak interactions lies in the applicability of this method 
to nuclear physics. For a gas of nucleons with a density 
near the observed one, and interacting by conventional 
attractive nucleon-nucleon potentials, the perturbation 
for the 
examined this perturbation expression to 


expre energy’* converges quite rapidly.‘ 


We 


determine how large a repulsion is required in odd 


ssion 


have 


states in order to obtain conditional saturation from 
alone. Such a repulsion does not seem 
We have 


to studying saturation with more 


exchange force 
to be compatible with the scattering data 
also, preliminary 
realistic forces, examined the first-order energies, as a 
function of density, of states with given relative 
angular momentum. In the neighborhood of the ob 
served density, s, p, and d states are all significant. 
The second-order perturbation energy, which gives a 
first approximation to the correlational energy between 
each pair of particles, has also been calculated in the 
5 We have calculated this energy 


taking the exclusion principle into account (as in these 


earlier discussions.” 
references)'and also neglecting it. At the observed 
density, with conventional forces, the latter result is 
about four times as large as the former, and conse 
quently the Pauli principle is quite important. When it 
is taken into account, the second-order perturbation 
energy is about one-tenth of the first order and conver 
gence seems quite good,* 

The third-order perturbation expression contains two 
terms in addition to another contribution to the corre 
lational energy of each pair of particles. The first of 
these represents corrections to the energy arising from 
correlations in the motion of more than two particles; 
the second describes the effect on the correlations of 
two of the average velocity dependent field of the 
remainder. The former has recently been estimated by 
both Brueckner® and Bethe.‘ A slightly more detailed 
examination of it suggests a somewhat larger estimate 
(about one-eighth of the second-order energy at the 
The 


yreat weight has been given in recent discussions. 


is one to which 
1,6 


observed density) latter term 
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Attempts have been made to take it into account more 
accurately by making the equation for the pseudo- 
potential approximately “self-consistent.” A careful 
calculation of this term yields a result not significantly 
larger than that obtained for the former one. With 
conventional forces, a quadratic approximation to the 
velocity dependence of the potential overestimates the 
latter correction by a factor of two; an effective-mass 
approximation which also neglects the exclusion princi 
ple yields a value eight times too large. The essential 
point appears to be that because of the exclusion 
principle, and either the short range or weakness of the 
interaction, collisions take place rarely. When they do 
take place, however, the average momentum change is 
quite large. Consequently the quadratic approximation 
to the potential, although valid at low energies, con- 
siderably overestimates the difference in potential 
between typical initial and intermediate states. This 
overestimate is even greater when strong and more 
singular forces, with their characteristically higher 
momenta, are employed. After a smaller initial reduc- 
tion due to the exclusion principle, the second correction 
term is still overestimated by the reduced-mass approxi- 
mation to it, by a factor of three in the case of a tensor 
force, and a factor of five for a force with a hard core. 
In all cases the actual value of this correction term 
appears to be sufficiently smail to permit its determi- 
nation by modified perturbation theory. The more 
complicated self-consistent procedures of Brueckner 
and Levinson seem unnecessary.’ 

Our first application of this perturbation theory to a 
system in which there is a strong short-range interaction 
has been to the case of a pure hard-core gas. Such a 
gas is characterized by one parameter, the product of 
the hard-core radius, a, and the Fermi momentum, kr, 
and the energy may be expressed as an expansion in 
it. To third order, the energy of such a gas, with the 
spin degrees of freedom of a neutron-proton system, is*® 


12 


ar (M1 


2 log2)(k pa)? 


) 
-+—(kpra)+ 
Q2m|5 x on 


+-(0.78(k pa)? 


Approximations used in evaluating the third-order 
term may be in error by ten percent. To third order, 
effects of a velocity dependence of the average potential 
do not contribute, but effects of three- and four-body 
correlations do. The terms they give rise to would be 
significant in the nucleus if the hard-core interaction 
were present in all states and if its effect were not 
diminished by the surrounding nuclear attraction. 

* Present address: Service de Physique Mathématique, Centre 
d’Etudes Nucléaires de Saclay (Seine et Oise), France. 

¢ Present address: Harvard University, Cambridge, Massa 
chusetts uss 

' The use of these methods for refractive indexes is discussed 
by M. Lax, Revs. Modern Phys. 23, 287 (1951); the application 
to the many-body problem was first suggested by Brueckner, 
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Levinson, and Mahmoud, Phys. Rev. 95, 217 (1954). Closely 
related topics have been discussed in later papers of Brueckner 
and collaborators, by H. A. Bethe, Phys. Rev. 101, 1321 (1956), 
and by J. Goldstone, Proc. Roy. Soc. (London) (to be published). 

2H. Euler, Z. Physik 105, 553 (1937 

‘R. Huby, Proc. Phys. Soc. (London) A62, 62 (1949 

‘This feature of the perturbation theory has recently been 
emphasized by W. Swiatecki, Phys. Rev. 101, 1321 (1956) and 
in the context of the pse udopotential desc ription by H. A Bethe, 
reference 1 

*K. A. Brueckner, Phys. Rev. 100, 36 (1956) 

*K. A. Brueckner and C. A. Levinson, Phys 
1955); K. A. Brueckner, Phys. Rev. 97, 1352 (195 

7It should be that we refer to the 
treatment of the velocity dependence of the potential as described 
by them, and not to a kind of a Hartree self-consistency which is 
surely required for a finite nucleus 

* The first‘term in this expansion was originally described by 
W. Lenz, Z. Physik 56, 778 (1929 

* The second and third terms have been obtained by methods 
discussed by H. A. Bethe and J, Goldstone, 
Proc. Roy. Soc. (London) (to be published) and by K. Huang 
and C. N. Yang, Phys. Rev. 105, 767 (1957). The former restricted 
their attention to a special case showing the qualitative features 
of the two-body contribution, The latter independently derived 
the second order (entirely two-body) contribution 
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stressed self-consistent 


similar to those 
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N this note 
the énergy of 
body forces which qualitatively describe the observed 


we wish to report on a calculation! of 


nuclear matter interacting by two 
low-energy nuclear scattering data. In the S-dominant 
triplet J 
nent which reproduces the deuteron properties. In the 
singlet S state, they have a hard core (0.5 10°" cm), 
which leads to the prediction of a repulsive phase shift 


1 states, these forces contain a tensor « ompo 


consistent with the high-energy proton-proton scat 
tering.2 In the remaining states the forces have been 
chosen to reproduce the phase shifts of Feshbach and 
Lomon’ in the region below 150 Mev. Comparatively 
manageable calculations with these forces have been 
made possible by taking them to be separable.‘ These 
calculations have been performed and found to predict 
saturation at a density and energy not very different 
from the ones determined empirically. This saturation 
results primarily from repulsive interactions in states 
with nonzero angular momentum 

Probably the most significant results of these calcu 
latfons are their quite reasonable qualitative features 
The first of these is that the important contributions 
to the nuclear energy depend primarily on the properties 
of nuclear forces at the relative kinetic energies (below 
125 Mev) present in the nucleus, A tensor force affects 
the scattering data at these energies and therefore can 
alter the energy; a hard core of the usual dimensions 
has a much smaller effect. In particular, a hard core in 
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the singlet .S state alters the energy by only one Mev 
the normal density, and also at 1.4 
At the normal density, the hard core actually 


near times that 
density 
decreases the nuclear energy since at this density, the 
attraction, which must also be increased to maintain 
the correct scattering properties, overcompensales in 
the energy the repulsion of the hard core. At the higher 
density the results differ by one Mev in the opposite 
direction as the hard core starts to become really 
significant 

Even when the potential contains a hard core and 
deep attraction it does not seem possible to neglect the 
statistical effects of other particles on the scattering of 
two. They appear to be important whenever the 
scattering length of the two-body interaction is large 
to the The 
dynamical! effects of other partr les, on the other hand, 


compared distance between particles 
have a small effect on the scattering of two 

More important than the changes produced by hard 
interactions In 


For lack of 


have used for each of these a 


cores are the effects of the low-energy 
states ol higher relative angular momenta 
better information, we 
potential which duplicates the corresponding Feshbach 
Lomon phase shift. These phase shifts (unlike any 
determined from meson-theoretic potentials) describe 
the scattering data below 100 Mev at least qualitatively. 
‘| hey 
prediction of very little P-wave scattering when aver 
of fairly 


the other is the presence ol a net 


are characterized by two properties one is the 


aged over spins, but substantial individual 


P-wave phase shifts; 
repulsion in relative D states diue to a sizable repulsion 
in the D-dominant triplet J=1 state. The latter feature 
is one which cannot be reconciled with simple central 
forces whatever their exchange. However, it seems to 
agree with the prediction of a singular tensor force in 
the triplet J 


and the intermediate momenta higher, the repulsive 


1 state.’ Since the scattering is weaker 


effects of the exclusion principle are nol 80 important 
in most of these states of higher angular momenta, In 
all but one, the *P» state, the energy is closely related 
to the corre: ponding phase shift 
Using the forces described above, we have determined 
the nuclear energy at the observed nuclear density and 
at 1.4 times that density. At the observed density we 
obtain a volume energy per nucleon of 18 Mev,® and 
at the higher density we obtain a smaller bindiny 
The 
densities and probably fairly close to the observed one. 


While 


they do not appear to depend sensitively on variations 


energy calculated minimum lies between these 


we place little weight on the numerical result 


in potential consistent with the same scattering phase 
shifts 


lar trom definite 


They do appear to make it plausible, although 


that the YTOSSs propertie olf nuclear 


matter may be qualitatively understood on the basis 


of two-body forces alone. In particular it seems that 


the “‘real”’ forces present in relatively low-energy scat 


tering may give rise to saturation at a density near the 





1420 LETTERS TO 
experimental one, and with an energy near the empirica! 
one, This possibility exists, despite the correct conclu- 
sions of the classical discussions of saturation, primarily 
because the forces are so complicated. Even at low 
energies, the scattering data themselves seem to require 
a velocity dependence, a strong tensor force, or both. 
A more detailed account of these results and their 
derivation is being prepared. We should like to thank 
the University of Birmingham and the Institute for 
Theoretical Physics in Copenhagen for hospitality and 


helpfulness, the U.S, National Science Foundation and 


the French Bureau of Mines for financial support, and 
H. A Bethe, A. Bohr, G. Brown, J. 
Mottelson, R. Peierls, and W. Swiatecki for stimulating 
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discussions, valuable criticism, and the exposition of 
their own views on these problems. 
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